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Preface

Existence and/or nonexistence of roots of functions have been the subjects of nu-

merous investigations. In some cases, the function under investigation may have one

or more parameters, to which the corresponding existence problem then depends

on. A simple example is the following. We are given a quadratic polynomial of the

form p(λ|α, β) = λ2 + αλ+ β, where α, β are real numbers, and we are required to

find the exact conditions on the parameters α and β such that the quadratic poly-

nomial p does not have any real roots. Such a problem is easy since a necessary and

sufficient condition for all roots of p to be nonreal numbers is that its discriminant

is negative, that is, α2 − 4β < 0.

More generally, given a nonlinear function F (λ|α1, α2, ..., αn) with n parameters

α1, ..., αn, it is desired to determine the exact region containing these parameters

such that for each (α1, ..., αn) in this region, none, some or all of the roots of F lie

in a specified subregion of the domain of F. Unfortunately a general answer to this

problem is unknown.

In some situations, however, the corresponding problems can be transformed into

the existence and nonexistence of tangents of curves associated with the function

F . Such an approach has been exploited by the authors and collaborators recently

for characteristic functions associated with difference and differential equations. A

formal theory, however, has only been developed by the first author in the last two

years. In this book, we present this Cheng-Lin envelope method in a systematic

manner, introduce sufficiently many technical tools related to this method, and

show how they are used in handling characteristic functions involving a reasonable

number of parameters.

• The book begins with an elementary example involving the quadratic poly-

nomials. Basic definitions, symbols and results are then introduced which

will be used throughout the book.

• In Chapter 2, envelopes of families of straight lines and dual points of order

m of envelopes are introduced.

• In Chapter 3, quasi-tangent lines of curves are introduced. Then sweeping

functions are used to obtain information on the number of tangent lines of

v
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curves and the distribution of dual points.

• In Chapter 4, quasi-polynomials associated with ordinary difference equa-

tions and ordinary functional differential equations are introduced.

• In Chapter 5, necessary and sufficient conditions are established for real

quintic polynomials to have nonpositive roots.

• In Chapter 6, quasi-polynomials related to difference equations are consid-

ered, and necessary as well as sufficient conditions for the nonexistence of

positive roots are found.

• In Chapter 7, quasi-polynomials related to functional differential equations

are considered, and necessary as well as sufficient conditions for the exis-

tence of real roots are found.

• In the appendix, we collect some useful distribution maps of dual sets of

order 0 of curves made up of several pieces.

This book is self-contained in the sense that only basic Calculus and elementary

properties of convex functions are needed. Therefore this book will be useful to col-

lege students who want to see immediate applications of first semester analysis they

have just learned. On the other hand, the Cheng-Lin envelope method announced

here is new, therefore this book will also be useful to graduate students who wish

to pursue research in the area of equations involving several parameters. Since we

have derived numerous necessary and sufficient conditions for the existence and/or

nonexistence of roots of characteristic functions, our book can also be used as a

reference for scientists who are concerned with qualitative properties of functional

equations.

Our thanks go to Shao Yuan Huang who helped in the preparation of the graphs

and in suggesting some of the results in this book, and also to the National Science

Council of R. O. China for the financial supports of the first author during the last

30 years.

We tried our best to eliminate any errors. If there are any that have escaped

our attention, your comments and corrections will be much appreciated.

Sui Sun Cheng and Yi-Zhong Lin
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Chapter 1

Prologue

1.1 An Example

A basic problem in mathematics is to make sure roots of a given function exist or

do not exist. There are now numerous means for handling such problems. Yet the

idea of transforming the root seeking problem into one that counts the number of

tangent lines of a related function does not seem to have drawn much attention.

In this book, we intend to explain in great detail how this idea can be realized for

functions that involve a reasonable number of parameters.

To motivate what follows, let us consider the familiar real quadratic polynomial

f(λ|a, b) = λ2 + aλ+ b,

involving two real parameters a and b.

Fig. 1.1

Suppose we want to determine the necessary and sufficient condition satisfied by

the coefficients a and b in order that all the roots of f are nonreal. This is an easy

question since the roots of f are nonreal if, and only if, the discriminant a2−4b < 0.

We may however, approach this problem in a different manner. Let us collect all

the desired pairs (a, b) into the plane set Ω.

1
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Note first that,

(c, d) is in the complement of Ω

⇒ λ2 + cλ + d = 0 has a real root λ∗ ∈ R

⇒ (c, d) lies on the straight line Lλ∗
: λ∗x+ y = −λ2

∗.

This motivates us to draw all possible straight lines defined by

Lλ : λx+ y = −λ2, λ ∈ R. (1.1)

The resulting figure (see Figure 1.1) suggests the existence of a curve which ‘touches’

each of the possible straight lines at exactly one point. Such a curve is called the

envelope of the family of straight lines {Lλ : λ ∈ R}. Furthermore, this curve, as can

be checked by computer experiments (and by analysis to be given later), coincides

with the parabola

S : y =
x2

4
, x ∈ R.

Thus

(c, d) is in the complement of Ω ⇒ (c, d) lies on a tangent line of S.

Furthermore, by reversing the above arguments, it is easily seen that the converse

is also true! In other words,

complement of Ω = {(c, d)| there is a tangent of S passing through (c, d)} ,
or,

Ω = {(a, b)| no tangents of S pass through (a, b)} .
By inspecting Figure 1.1, it is easy to see that Ω is just the set of points lying above

the parabola S, that is,

Ω =

{

(a, b)
∣

∣

∣
b >

a2

4

}

,

which is the correct answer!

The same method can be applied to determine the set of points (a, b) such that

all roots of f(λ|a, b) are nonpositive. We consider, instead of {Lλ| λ ∈ (−∞,∞)}
above, the family of straight lines {Lλ| λ ∈ (0,∞)} . Then a unique point Pλ can be

associated with each Lλ so that the totality of these points form a curve S and Lλ
is the tangent line of S that passes through Pλ. See Figure 1.2. Furthermore, S is

the graph of the function y = x2/4 over the interval (−∞, 0) (instead of (−∞,∞)

as in the previous case). Again, it is clear from the Figure 1.2 that (a, b) is in the

required region if, and only if, a < 0 and b > a2/4, or, a ≥ 0 and b ≥ 0.

The same conclusion can easily be checked by manipulating the well known

formula for the roots of f(λ|a, b). Indeed, for each point (a, b) in the lower half

plane, f(0|a, b) = b < 0. Since limλ→∞,λ∈R f(λ|a, b) = +∞, we see that f(λ|a, b)
must have a positive root. Therefore, the lower half plane cannot be part of the
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Fig. 1.2

required region. So, we consider the closed upper half plane. For each (a, b) which

lies strictly above the parabola defined by y = x2/4, since a2 − 4b < 0, f(λ|a, b)
has two conjugate roots (which are definitely nonpositive). Suppose now (a, b) lies

below the parabola and above the x-axis. Since a2 − 4b ≥ 0, f(λ|a, b) has two real

nonzero roots

λ± =
−x ±

√
a2 − 4b

2
.

Furthermore, if λ+, λ− ≤ 0, then

−x = λ+ + λ− ≤ 0 and y = λ+λ− ≥ 0,

and conversely, if x ≥ 0, y ≥ 0, then

λ− ≤ λ+ =
−a+

√
a2 − 4b

2
≤ −a + a

2
= 0.

We have thus verified that the region that we are seeking is defined by

x < 0 and y > x2/4, or, x ≥ 0 and y ≥ 0.

In this book, we intend to make clear the various concepts involved in the above

examples, to develop the corresponding mathematical tools, and to illustrate our

idea by studying in great details two types of functions (to be collectively called

quasi-polynomials) that are much studied in the theory of ordinary difference equa-

tions and ordinary differential equations.

1.2 Basic Definitions

Basic concepts from Calculus will be assumed in this book. For the sake of complete-

ness, we will, however, briefly go through some of these concepts and their related

information. We will also introduce here some common notations and conventions

which will be used in this book.
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First of all, sums and products of a set of numbers are common. However, empty

sums or products may be encountered. In such cases, we will adopt the convention

that an empty sum is taken to be zero, while an empty product will be taken as

one.

The union of two sets A and B will be denoted by A ∪ B or A + B, their

intersection by A∩B or AB, their difference by A\B, and their Cartesian product by

AB. The notations A2, A3, ..., stand for the Cartesian products A×A, A×A×A, ...,
respectively. It is also natural to set A1 = A. The number of elements in a set Ω

will be denoted by |Ω| .
The set of real numbers will be denoted by R, the set of complex numbers by

C, the set of integers by Z, the set of nonnegative integers by N and the set of all

real m vectors by Rm. The imaginary unit will be denoted by i.

Therefore, the set of integers which are greater than or equal to n ∈ R is Z[n,∞),

the set of nonpositive complex numbers is C\(0,∞), the set of nonnegative complex

numbers is C\(−∞, 0), the set of nonzero complex numbers is C\{0}, etc.

Real functions defined on intervals of R will usually be denoted by

f, g, h, F, G,H, etc. However, the identity function will be denoted by Υ, that

is Υ(x) = x for all x ∈ R; while the constant function will be denoted by Θγ , that

is, Θγ(x) = γ for x ∈ R. In particular, the null function is denoted by Θ0. Given

an interval I in R, the chi-function χI : I → R is defined by

χI(x) = 1, x ∈ I. (1.2)

The restriction of a real function f defined over an interval J (which is not disjoint

from I) will be written as fχI , so that fχI is now defined on I ∩ J and

(fχI) (x) = f(x), x ∈ I ∩ J.

Let f be a real function defined for points near α ∈ R. Recall that the deriva-

tive of f at α is f ′(α) = limx→α(f(x) − f(α))/(x − α), the right derivative of f

at α is f ′+(α) = limx→α+(f(x) − f(α))/(x − α) and the left derivative of f at α is

f ′−(α) = limx→α−(f(x)− f(α))/(x−α). For real functions of two or more indepen-

dent variables, we may define partial derivatives in similar manners. In particular,

let g(x, y) be a real function of two variables, the partial derivative of g with respect

to x at (α, β) is denoted by g′x(α, β).

Let I be an interval which may be open or closed on either sides. As usual, f :

I → R is said to be continuous at an interior point ξ of I if limx→ξ f(x) = f(ξ). If I

is closed on the left (right) with the boundary point c (respectively d), then f is said

to be continuous at c if limx→c+ f(x) = f(c) (respectively limx→d− f(x) = f(d)). f

is said to continuous on I if it is continuous at every point of I. The derivative of f

at an interior point ξ of I is f ′(ξ). If I is closed on the left with the boundary point

c, then the derivative of f at c is taken to be the right derivative of f at c, i.e.,

f ′(c) = lim
x→c+

f(x) − f(c)

x− c
= f ′+(c);
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while if I is closed on the right with the boundary point d, then the derivative of f

at d is

f ′(d) = lim
x→d−

f(x) − f(d)

x− d
= f ′−(c).

Therefore, if f is a real function defined on an interval I (e.g. [c, d)), then f is said

to be differentiable if f ′(x) exists for every x ∈ I, and in such a case, the derived

function f ′ is the function defined on I with f ′(x) as its value at x ∈ I. f is said

to be smooth on I if its derived function f ′ is continuous on I. A smooth function

g defined on an interval I is denoted by g ∈ C1(I).

In the sequel, we need sufficient conditions for a function to be smooth on an

interval I.

Example 1.1. Suppose g : I → R, where I = [c, d), is continuous. If f : I → R

satisfies f ′(x) = g(x) for x ∈ (c, d), then f ∈ C1(I). Indeed, it suffices to show that

f ′ is continuous at c. This can be seen by using the mean value theorem:

lim
x→c+

f(x) − f(c)

x− c
= lim

x→c+
q(ζx)

where ζx is a number in (0, x). Since limx→c+ q(ζx) = q(c), we see that f ′+(c) exists,

is equal to q(c), and

lim
x→c+

f ′(x) = lim
x→c+

q(x) = q(c) = f ′+(c).

In other words, f ′ is continuous at c.

Given a real function g of a real variable, the following limits (which may, or

may not exist)

lim
x→c+

g(x), lim
x→c−

g(x), lim
x→c+

g′(x), lim
x→c−

g′(x),

lim
x→−∞

g(x), lim
x→+∞

g(x), lim
x→−∞

g′(x), lim
x→+∞

g′(x)

will be needed quite extensively for expressing various facts. For this reason, we

will employ the following notations

g(c+) = lim
x→c+

g(x), g(c−) = lim
x→c−

g(x),

g′(c+) = lim
x→c+

g′(x), g′(c−) = lim
x→c−

g′(x),

g(−∞) = lim
x→−∞

g(x), g(+∞) = lim
x→+∞

g(x),

g′(−∞) = lim
x→−∞

g′(x), g′(+∞) = lim
x→+∞

g′(x).

The graph of a real function f defined on a set J of real numbers is the set
{

(x, y) ∈ R2|y = f(x), x ∈ J
}

.

For the sake of convenience, we will use the same notation to indicate a (real)

function of a real variable and its graph. Therefore, in the sequel, we will meet
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statements such as ‘the set S is also the graph of a function y = S(x) defined on

the interval I ...’.

Now let g be a function defined on an interval I. If the derivative g′(λ) exists,

then the tangent line of the graph g through the point (λ, g(λ)) is taken to mean

the graph of the function Lg|λ defined by

Lg|λ(x) = g′(λ)(x − λ) + g(λ), x ∈ R. (1.3)

The so called ‘vertical tangents’ in some of the elementary analysis text books will

not be regarded as tangent lines of our functions.

We say that a point (α, β) in the plane is strictly above (above, strictly below,

below) the graph of a function g if α belongs to the domain of g and g(α) < β

(respectively g(α) ≤ β, g(α) > β and g(α) ≥ β). The corresponding notations1 are

(α, β) ∈ ∨(g), (α, β) ∈ ∨(g), (α, β) ∈ ∧(g) and (α, β) ∈ ∧(g).

Example 1.2. Let g(x) = x2/4 for x ∈ R. Then (a, b) ∈ ∨(g) if, and only if,

b > a2/4, while (a, b) ∈ ∨(g) if, and only if, b ≥ a2/4.

We also need to handle the ‘ordering’ relations between points and several graphs

in the plane. Suppose we now have two real functions g1 and g2 defined on real

subsets I1 and I2 respectively. We say that (α, β) ∈ ∨(g1) ⊕ ∨(g2) if α ∈ I1 ∩ I2
and β > g1(α) and β > g2(α), or, α ∈ I1\I2 and β > g1(α), or, α ∈ I2\I1 and

β > g2(α). The notations (α, β) ∈ ∨(g1) ⊕ ∨(g2), (α, β) ∈ ∨(g1) ⊕ ∧(g2), etc. are

similarly defined.

If we now have n real functions g1, ..., gn defined on intervals I1, ..., In respec-

tively, we write (α, β) ∈ ∨(g1) ⊕ ∨(g2) ⊕ · · · ⊕ ∨(gn) if α ∈ I1 ∪ I2 ∪ · · · ∪ In, and

if

α ∈ Ii1∩Ii2∩···∩Iim ⇒ β > gi1(α), β > gi2(α), ..., β > gim(α), i1, ..., im ∈ {1, ..., n}.

The notations (α, β) ∈ ∨(g1) ⊕ ∨(g2) ⊕ · · · ⊕ ∨(gn), etc. are similarly defined.

Example 1.3. Let f(x) = x2/4 for x < 0 and g(x) = x2/4 for x ∈ (−∞, 1]. Then

(a, b) ∈ ∨(f) ⊕∨(Θ0) if, and only if, a < 0 and b > a2/4, or, a ≥ 0 and b ≥ 0,

and

(a, b) ∈ ∨(g) ⊕ ∨(Υ/4) if, and only if, a < 1 and b > a2/4, or, a ≥ 1 and b ≥ a/4.

Example 1.4. Let G1, G2 and G3 be respectively the functions (see Figure 1.3)

G1(x) = 2 exp(1 − x) − 3, x ∈ (−∞, 1),

G2(x) = 2 exp(1 + x) − 3, x ∈ (−1,∞),

and

G3(x) = −x2, x ∈ [−1, 1].
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Fig. 1.3

Then
{

(x, y) ∈ R2 : y > max {G1(x), G2(x)}
}

= ∨(G1)⊕∨(G2) = ∨(G1)⊕∨(G2)⊕∨(G3).

Note that ∨(G1) ⊕ ∨(G2) is a better description of the set on the left hand side

than ∨(G1) ⊕ ∨(G2) ⊕ ∨(g3) since less work is needed to figure out its precise

content. An even better one is as follows. We first note by solving G1(x) = G2(x)

that the x-coordinate of the point of intersection of the two graphs G1 and G2

is 0. Then ∨(G1) ⊕ ∨(G2) is equal to ∨(G1χ(−∞,0)) ⊕ ∨(G2χ[0,∞)). Again, the

latter description is preferred since it is ‘precise’ in the sense that the domains of

G1χ(−∞,0) and G2χ[0,∞) have empty intersection. In spite of the precision obtained,

however, cumbersome calculations (such as finding the point of intersection of the

graphs G1 and G2) may be needed which are irrelevant to the illustration of the

principles involved. Therefore in the sequel, we may use less precise formulas such

as ∨(G1) ⊕ ∨(G2).

1∨(g) is the epigraph of g. Such a term, however, is not needed in the sequel.
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Chapter 2

Envelopes and Dual Sets

2.1 Plane Curves

The concept of a ‘plane curve’ naturally arises from observing a piece of string ly-

ing in the plane or from observing the motion of a particle moving in the plane.

There are different ways to ‘simulate’ plane curves. For instance, a stretched string

between the real numbers a and b, where a < b, can be simulated by the mathe-

matical interval [a, b] in the set R of real numbers. A more general plane curve can

be regarded as a subset of the plane. For example, the unit circle can be described

as
{

(x, y) ∈ R2|x2 + y2 = 1
}

.

Yet another way to simulate a plane curve is to regard it as the ‘portrait’ of a

pair of ‘parametric’ functions. For instance, the unit circle can be regarded as a set

of points (x, y) in the plane such that

x = cos t, y = sin t, t ∈ [0, 2π] .

Undoubtedly, the reason for choosing a pair of functions of the form x = ψ(t) and

y = φ(t) for t in a closed interval [a, b] and then describing our curve as

S =
{

(ψ(t), φ(t)) ∈ R2| t ∈ [a, b]
}

is that this set resembles our curve. Note that if we trace the points in S, and plot

them in the plane. We may label each of the points with the independent variable

t. In particular, the point (ψ(a), φ(a)) is labeled by a, and (ψ(b), φ(b)) by b. By this

act, we have ordered the image points according to increasing values of t.

On the other hand, if we are given two continuous functions x = u(t) and

y = v(t) defined on the interval [a, b), the set of points

{(u(t), v(t))| t ∈ [a, b)} (2.1)

does not seem to resemble a physical string. However, it resembles the trajectory

traced out by a moving particle between the time a and any time c < b. Since

c is arbitrary, we may still (loosely) call (2.1) the curve1 represented by u(t) and
1also called the phase portrait of the parametric functions

9
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v(t) over [a, b). Again, a direction is associated naturally with this curve so as to

indicate the fact that our particle moves from the present time t = a to an arbitrary

future time c < b.

For the same reason, let I be a general real interval and let x = ψ(t) and

y = φ(t) be continuous functions defined on I. Then the set {(ψ(t), φ(t))| t ∈ I} is

called the curve generated by the pair on I. It is also natural to say that the point

(ψ(t1), φ(t2)) precedes the point (ψ(t2), φ(t2)) if t1 < t2.

For example, the functions

ψ(t) = λ cos t, φ(t) = λ sin t, λ > 0,

defined for t ∈ [0, 2π) represents a ‘counterclockwise’ curve

Γλ = {(ψ(t), φ(t))| t ∈ [0, 2π)} . (2.2)

Note that for each λ > 0, Γλ defined by (2.2) is a different curve. The totality

of such curves is called a family. Note further that Γλ is equal to
{

(x, y) ∈ R2| x2 + y2 = λ2
}

. (2.3)

The ‘defining relation’ in (2.3) is

x2 + y2 = λ2,

which can also be put in the general form

F (x, y, λ) = 0, (2.4)

where F is a function of three variables.

Note that the expression (2.4) is not ‘standard’ since the curves corresponding

to λ are not ‘explicitly’ given by pairs of functions. In fact, in the general situation,

‘implicit function theorems’ in Advanced Calculus are needed to show that implicitly

defined curves can also be described by functions. Nevertheless, there may be some

easy situations. As an example, let f, g, h : I → R. Then for each fixed λ ∈ I, the

equation

f(λ)x + g(λ)y = h(λ), (f(λ), g(λ)) 6= 0,

is the defining equation for a straight line Lλ in the x, y-plane.

One common type of curves consists of graphs of real functions of a real variable.

More precisely, let g be a real function of a real variable defined on an interval I,

then its graph

{(x, g(x))| x ∈ I}
is a curve which can be generated by

x = t, y = g(t), t ∈ I.

The question then arises as to when a curve G described by a pair of continuous

parametric functions x = ψ(t) and y = φ(t) is also the graph of a real function g.

One case is quite simple. Suppose ψ and φ are defined on the interval I and ψ is
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strictly increasing on I. Then the inverse ψ−1 exists and is defined on ψ(I). Thus

the function g defined by g(x) = φ(ψ−1(x)) for x ∈ ψ(I) will do the job. Note

that if ψ and φ are also smooth (i.e. continuously differentiable) on the interval I,

say I = (α, β), then the fact that ψ′(t) > 0 on I is sufficient for ψ to be strictly

increasing. We may, however, allow ψ′(t) = 0 for some point γ ∈ (α, β) for reaching

the same conclusion. Indeed, if α < t < γ, then ψ(γ)−ψ(t) = ψ′(ξ)(γ− t) for some

ξ ∈ (t, γ), and hence ψ(γ) > ψ(t). By similar reasoning, we see that ψ is strictly

increasing on I. Hence G is also the graph of a function g which, in view of the

chain rule,

dg

dx
=
φ′(t)

ψ′(t)

is also smooth on the interval (ψ(α), ψ(β)) except perhaps when ψ′(t) = 0. There

may be situations such that g is smooth on the whole interval ψ(I). For instance, if

φ′(t)

ψ′(t)
= q(t), t ∈ (α, β)\{γ}

but q(t) is continuous at t = γ (cf. Example 1.1), then

lim
x→ψ(γ)+

dg

dx
= lim

t→γ+
q(t) = q(γ) = lim

t→γ−

q(t) = lim
x→ψ(γ)−

dg

dx
,

which shows that g is smooth on ψ(I).

Theorem 2.1. Let G be the curve described by a pair of smooth functions x(t) and

y(t) on an interval I such that x′(t) > 0 for t ∈ I except at perhaps one point γ. If

q is a continuous function defined on I such that y′(t)/x′(t) = q(t) for t ∈ I\{γ},
then G is also the graph of a smooth function y = G(x) defined on x(I).

For example, let

x(t) = 3t2 + 2αt, y(t) = 2t3 + αt2, λ > 0,

where α < 0. Note that

(x(0+), y(0+)) = (0, 0), (x(+∞), y(+∞)) = (+∞,+∞).

Since

x′(t) = 6t+ 2α, y′(t) = 6t2 + 2αt,

we have

y′(t)

x′(t)
= t, t ∈ R\{−α/3}.

By Theorem 2.1, the curve G described by the parametric functions x(t) and y(t)

over (0,∞) is the graph of a smooth function y = G(x) defined over (0,∞) which

is also strictly decreasing.
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2.2 Envelopes

Given a family of curves Gλ which can be expressed in the implicit form (2.4), where

λ belongs to a subset Λ of R, we may sometimes be able to associate exactly one

point Pλ in each Gλ such that the totality of these points form a curve S. Such an

associated curve S is called an envelope of the family {Gλ| λ ∈ Λ} if the curves Gλ
and S share a common tangent line2 at the common point Pλ. An example can be

seen in Figure 1.1 in which the curve S defined by y = x2/4 is the envelope of the

family of straight lines Lλ.

There are several concepts which we need to clarify before envelopes can be

determined. Let us first proceed in an informal manner. Let Λ be an interval in R.

Assume the curve S represented by x = ψ(λ) and y = φ(λ) for λ ∈ Λ is an envelope

of the family of curves Gλ expressed in the form (2.4). For each point (ψ(λ), φ(λ))

that lies in the curve S, the requirement that it is also some point in Gλ leads us to

F (ψ(λ), φ(λ), λ) = 0,

and hence

F ′
x(ψ(λ), φ(λ), λ)ψ′(λ) + F ′

y(ψ(λ), φ(λ), λ)φ′(λ) + F ′
λ(ψ(λ), φ(λ), λ) = 0. (2.5)

If (ψ′(λ), φ′(λ)) = 0 or (F ′
x(ψ(λ), φ(λ), λ), F ′

y(ψ(λ), φ(λ), λ)) = 0, then

F ′
λ(ψ(λ), φ(λ), λ) = 0 by (2.5). Otherwise, we may suppose (ψ′(λ), φ′(λ)) 6= 0

and (F ′
x(ψ(λ), φ(λ), λ), F ′

y(ψ(λ), φ(λ), λ)) 6= 0. Since the former is the tangent vec-

tor of S and the latter is the gradient of F (as a function of the variables x and

y) at the point (x, y) = (ψ(λ), φ(λ)), if we require further that the tangent lines

coincide, then

(ψ′(λ), φ′(λ)) = K(F ′
y(ψ(λ), φ(λ), λ),−F ′

x(ψ(λ), φ(λ), λ)) (2.6)

for some nonzero constant K. By (2.5) and (2.6), we see that F ′
λ(ψ(λ), φ(λ), λ) = 0

holds again.

Note that in the above derivations, we have made assumptions that the various

derivatives exist and that the tangent lines are well defined. The following is now

clear.

Theorem 2.2. Let Λ be an interval in R. Suppose we have a family {Gλ| λ ∈ Λ}
of curves Gλ that can be expressed in the form (2.4), where F is differentiable. If

the envelope of this family exists and can be expressed by the differentiable vector

function (ψ(λ), φ(λ)) over Λ. Then
{

F (ψ(λ), φ(λ), λ) = 0,

F ′
λ(ψ(λ), φ(λ), λ) = 0,

(2.7)

for λ ∈ Λ.
2Strictly speaking, we need to define the concept of a tangent line of a plane curve described by

implicit functions or by parametric functions. See the remarks in the Note section of this Chapter.
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Note that the above result only provides a necessary condition. If there is a

curve which satisfies the equations in (2.7), it may not yield the envelope of the

family of the curves. As an example, let a family of curves be defined by

F (x, y, λ) = (x− λ)2 − y3 = 0, λ ∈ R.

Solving (2.7), we see that ψ(λ) = λ and φ(λ) = 0 for λ ∈ R. The corresponding

curve is just the x-axis which is not the envelope since it is not tangent to any curve

in the family.

However, in some special cases, the solution of (2.7) may yield the envelope.

Indeed, let us consider the family of straight lines Lλ in the x, y-plane defined by

Lλ : f(λ)x + g(λ)y = h(λ), (f(λ), g(λ)) 6= 0, (2.8)

where f, g, h are real differentiable functions defined on an interval I. Then the

condition (2.7) becomes the system
{

f(λ)ψ(λ) + g(λ)φ(λ) = h(λ),

f ′(λ)ψ(λ) + g′(λ)φ(λ) = h′(λ),
(2.9)

which is solvable for ψ(λ) and φ(λ) when the determinant f(λ)g′(λ)−f ′(λ)g(λ) 6= 0.

Theorem 2.3. Let f, g, h be real differentiable functions defined on the interval I

such that f(λ)g′(λ) − f ′(λ)g(λ) 6= 0 for λ ∈ I. Let Φ be the family of straight lines

of the form (2.8). Let the curve S be defined by the functions x = ψ(λ), y = φ(λ):

ψ(λ) =
g′(λ)h(λ) − g(λ)h′(λ)

f(λ)g′(λ) − f ′(λ)g(λ)
, φ(λ) =

f(λ)h′(λ) − f ′(λ)h(λ)

f(λ)g′(λ) − f ′(λ)g(λ)
, λ ∈ I. (2.10)

If ψ and φ are differentiable functions over I such that (ψ′(λ), φ′(λ)) 6= 0 for λ ∈ I,

then S is the envelope of the family Φ.

Proof. Let λ ∈ I and Pλ = (ψ(λ), φ(λ)). Then Pλ is a point of Lλ since

(ψ(λ), φ(λ)) is a solution of (2.9). Next, we need to show that the curves Lλ and

S share a common tangent at the common point Pλ. Since Lλ is a straight line, we

only need to show that the straight line Lλ is also the tangent of the graph S at the

point Pλ. To see this, note that (ψ(λ), φ(λ)) is a solution of (2.9), hence we may see

from the first equation in (2.9) that

f ′(λ)ψ(λ) + f(λ)ψ′(λ) + g′(λ)φ(λ) + g(λ)φ′(λ) = h′(λ)

and hence in view of the second equation in (2.9),

f(λ)ψ′(λ) + g(λ)φ′(λ) = 0. (2.11)

This shows the ‘velocity’ vector (ψ′(λ), φ′(λ)) of S is orthogonal to the nonzero

vector (f(λ), g(λ)). Since the vector (f(λ), g(λ)) is also orthogonal to the straight

line Lλ, we see that our assertion must hold. Note that Pλ is unique since any other

point will yield another solution of (2.9) which is impossible. The proof is complete.
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Example 2.1. For each λ ∈ R, let the straight line Lλ in the x, y-plane be defined

by

Lλ : λx+ y = −λ2.

To find the envelope of the family {Lλ| λ ∈ R} , note that the determinant of the

following system of equations

f(λ|x, y) = λ2 + λx+ y = 0,

f ′λ(λ|x, y) = 2λ + x = 0,

is equal to −1. Hence by Theorem 2.3, the parametric functions describing the

envelope is given by

x(λ) = −2λ, y(λ) = λ2, λ ∈ R.

Thus the envelope S is described by the graph of the function

y =
x2

4
, x ∈ R.

We remark that the condition (ψ′(λ), φ′(λ)) 6= 0 in the above result is not

absolutely necessary for S to be the envelope of Φ. The reason can be seen from

the following example. Let g(x) = x2 for x ∈ R. Then its graph has a ‘tangent

line’ at the point (0, 0). Yet if we describe this graph by the parametric functions

x(λ) = λ2 and y(λ) = λ4 for λ ∈ R, then x′(0) = 0 = y′(0) and hence a nonzero

velocity vector at (0, 0) is not available3. For this reason, we provide a variant of

Theorem 2.3 as follows.

Theorem 2.4. Let f, g, h be real differentiable functions defined on the real interval

I such that f(λ)g′(λ) − f ′(λ)g(λ) 6= 0 and g(λ) 6= 0 for λ ∈ I where I is closed on

the right with boundary point d. Let Φ be the family of straight lines of the form

Lλ : f(λ)x + g(λ)y = h(λ), λ ∈ I. (2.12)

Let S be the curve defined by the parametric functions in (2.10). If ψ and φ are

smooth functions over I such that ψ′(λ) 6= 0 for λ ∈ I\{d} (but ψ′(d) may equal 0)

and limλ→d− φ
′(λ)/ψ′(λ) exists, then S is the envelope of the family Φ.

In view of the proof of Theorem 2.3, it suffices to consider what may happen for

points near and to the left of d. Assume without loss of generality that ψ′(λ) > 0

for λ ∈ (c, d) where c ∈ I is sufficiently near d. Then ψ is strictly increasing on (c, d]

and hence S is the graph of a differentiable function y = S(x) for x at ψ(d) and for

x near and to the left of ψ(d). In view of Cauchy’s mean value theorem

S′(ψ(d)) = lim
λ→d−

φ(d) − φ(λ)

ψ(d) − φ(λ)
= lim

λ→d−

φ′(µλ)

ψ′(µλ)

3Although a nonzero velocity vector is not available, a ‘tangent line’ may still exists for a smooth

parametric curve. See the remarks in the Note section of this Chapter.
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where µλ → d as λ→ d−. By (2.11), we may also see that

lim
λ→d−

φ′(µλ)

ψ′(µλ)
= lim

λ→d−

−f(µλ)

g(µλ)
=

−f(d)
g(d)

.

These show that the line Ld is the tangent line of S at the point (ψ(d), φ(d)). The

proof is complete.

We remark that the condition that g(λ) 6= 0 for λ ∈ I implies every straight line

of Φ is not vertical, so that we may treat the envelope as a graph whose tangent

lines can be defined by derivatives.

We remark further that the above result may be extended so as to allow ψ′(λ) =

0 at finitely many points in I, but is presented alone since it will be used many times

in the sequel. The proof of the following more general result is similar since we are

dealing with local properties of the envelope.

Theorem 2.5. Let f, g, h be real differentiable functions defined on the real in-

terval I such that f(λ)g′(λ) − f ′(λ)g(λ) 6= 0 and g(λ) 6= 0 for λ ∈ I. Let Φ be

the family of straight lines of the form (2.12). Let S be the curve defined by the

parametric functions in (2.10). If ψ and φ are smooth functions over I such that

ψ′(λ) 6= 0 for I\{d1, .., dm} where each di ∈ I and limλ→d−
i

φ′(λ)/ψ′(λ) as well as

limλ→d+
i

φ′(λ)/ψ′(λ) exist and are equal, then S is the envelope of the family Φ.

Example 2.2. Let

f(λ|p, q) = λ2 − λ+ λ−1(λ− 1)p+ q, λ > 0.

For each λ ∈ (0,∞), let Lλ be the straight line

Lλ : λ2 − λ + λ−1(λ − 1)x+ y = 0.

Since

f ′λ(λ|x, y) = 2λ− 1 + λ−2x,

we see that the determinant of the system f(λ|x, y) = 0 = f ′λ(λ|x, y) is 1. Solving

this system, we obtain

x(λ) = λ2 − 2λ3, y(λ) = 2λ
(

λ2 − 2λ + 1
)

, λ > 0.

Note that

x′(λ) = 2λ(1 − 3λ), y′(λ) = 2(λ− 1)(3λ− 1).

Thus x′(λ) has the unique positive root 1/3. Furthermore, x(λ) is strictly increasing

on (0, 1/3) and strictly decreasing on (1/3,∞). Also,

dy

dx
=

1

λ
− 1, λ ∈ (0, 1/3)∪ (1/3,∞),

d2y

dx2
=

1

2λ3(3λ− 1)
, λ ∈ (0, 1/3)∪ (1/3,∞).
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Fig. 2.1

These properties together with other easily obtained information allow us to depict

the curve G described by the parametric functions x(λ) and y(λ) as shown in Figure

2.1.

It is composed of two pieces G1 and G2. The first piece G1 corresponds to

the case where λ ∈ (0, 1/3) and the second G2 to the case where λ ∈ [1/3,∞).

Furthermore, G1 is the graph of a strictly increasing, strictly concave and smooth

function y = G1(x) defined on (0, x(1/3)) such that G1(0
+) = 0 and G′

1(0
+) = +∞;

and G2 is the graph of a function y = G2(x) which is strictly convex and smooth

over (−∞, x(1/3)] such that G2(−∞) = +∞ and G′
2(−∞) = −∞. By Theorem 2.3,

G1 is the envelope of the family {Lλ : λ ∈ (0, 1/3)} . Since

lim
λ→1/3

y′(λ)

x′(λ)
= lim

λ→1/3

dy

dx
(λ) = 2,

by Theorem 2.4, G2 is the envelope of the family {Lλ : λ ∈ [1/3,∞)} . Theorem 2.5

also shows that G is the envelope of the family {Lλ : λ ∈ (0,∞)} .

2.3 Dual Sets of Plane Curves

Given a plane curve S described by parametric functions, a point in the plane is

said to be a dual point of order m of S, where m is a nonnegative integer, if there

exist exactly m mutually distinct tangents of S that also pass through it. The set

of all dual points of order m of S in the plane is called the dual set of order m of

S. We remark that m = 0 is allowed. In this case, there are no tangents of S that

pass through the point in consideration.

Example 2.3. An easy example is the following. Let S be the graph of a real linear

function g defined by

g(x) = ax+ b, x ∈ R.
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Then, the only tangent line of S is itself. Hence, any point in S is a dual point of

order 1 and any other point is a dual point of order 0 (see Figure 2.2). Note that

if S̃ is the graph of the restriction gχI of g, where I is a real interval with positive

length, then the only tangent line of S̃ is S. Hence, any point in S is a dual point

of order 1 of S̃ and any other point is a dual point of order 0 of S̃.

Fig. 2.2

Let Φ be the family of straight lines of the form (2.8), and let S be the envelope

of the family Φ. If there is a point (a, b) in the plane such that there is a straight

line Lλ∗ in Φ which also passes through it, then

f(λ∗)a+ g(λ∗)b = h(λ∗),

that is, the equation

f(λ)a + g(λ)b = h(λ) (2.13)

has a solution λ = λ∗ in Λ. Conversely, if (2.13) has a solution λ = λ∗ in Λ, then

the straight line Lλ∗ in Φ passes through it. The set Φ, however, is just the set of

tangents of S. Thus we have the following result.

Theorem 2.6. Let Λ be an interval in R, and f, g, h be real differentiable functions

defined on Λ such that f(λ)g′(λ) − f ′(λ)g(λ) 6= 0 for λ ∈ Λ. Let Φ be the family of

straight lines of the form (2.8), and let the curve S be the envelope of the family Φ.

Then the point (a, b) in the plane is a dual point of order m of S, if, and only if,

the function f(λ)a + g(λ)b − h(λ) has exactly m mutually distinct roots in Λ.

The above result is fundamental in our later discussions since root seeking is

now equivalent to counting the number of tangents.
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2.4 Notes

Envelope is a standard concept in mathematics. An elementary exposition of related

concepts can be found in [2]. See also [13]. The concept of a dual set, however, is

new.

In Example 2.1, we solve the linear system

f(λ|x, y) = λ2 + λx+ y = 0,

f ′(λ|x, y) = 2λ+ x = 0,

to find the envelope described by

y =
x2

4
, x ∈ R.

Note that if λ is a solution of the above system, then it is a double root of f. Indeed,

if we let y = x2/4, then

f(λ|x, y) = λ2 + λx+
x2

4
=

(

λ +
x

2

)2

,

which has the double root −x/2. Thus our envelpoe method is related to the location

of parameters that yield double roots. However, the general theory cannot be based

on the simple idea of locating such parameters.

The plane curves described by implicit functions that we will encounter in the

sequel are straight lines. Therefore we do not need to define the concept of a tangent

line for such a curve. As for curves defined by parametric functions. We may employ

the concept of contact (due to Lagrange) to define their tangent lines. For instance,

let C be a plane curve and L a plane straight line with a point P in common. Take

a point A in C near P and let AD be the distance to L. If

lim
A→P,A∈C

AD

AP
= 0,

then L is the tangent line of C at P. We have avoided such a definition since we

only need tangent lines of graphs. As can be verified easily, the curve, defined by

the parametric functions x(λ) = λ2 and y(λ) = λ4 for λ ∈ R, has the tangent line

y = 0 at the point (0, 0).



January 12, 2009 14:53 World Scientific Book - 9.75in x 6.5in ws-book975x65

Chapter 3

Dual Sets of Convex-Concave Functions

3.1 Quasi-Tangent Lines

Envelopes as curves can take on complicated forms. In some cases, however, they

are graphs of convex functions or concave functions. In such cases, we may deduce

some of the properties of the corresponding envelopes.

Recall that a real function g defined on interval I of R is said to be convex if

g(ωα+ (1 − ω)β) ≤ ωg(α) + (1 − ω)g(β), ω ∈ (0, 1); α, β ∈ I,

and strictly convex if the above inequality is strict for α 6= β. g is said to be concave

(strictly concave) if −g is convex (respectively strictly convex). We will assume some

elementary facts about convex functions studied in elementary analysis (see e.g. the

first Chapter of [32]). In particular, it is known that when g is convex on I, then it

is continuous on the interior of I. The following is also true.

Lemma 3.1. Suppose g is a real differentiable function on the interval I. Then g

is strictly convex on I if, and only if, the derived function g′ is strictly increasing

on I. If in addition to the differentiability of g, g′′(x) exists and is positive for each

x in the interior of I, then g is strictly convex on I.

A proof can be found in the first Chapter of [32]. For the sake of completeness,

we sketch it as follows. Let g be a real differentiable function on the interval I.

Then

g(x) − g(d) =

∫ x

d

g′(t)dt, x ∈ I,

where d ∈ I. Let ω ∈ (0, 1) and α, β ∈ I such that α < β. If g′ is strictly increasing,

then

ωg(α) + (1 − ω)g(β) − g(ωα + (1 − ω)β)

= (1 − ω)

∫ β

ωα+(1−ω)β

g′(t)dt − ω

∫ ωα+(1−ω)β

α

g′(t)dt

> (1 − ω)

∫ β

ωα+(1−ω)β

g′(ωα + (1 − ω)β)dt − ω

∫ ωα+(1−ω)β

α

g′(ωα+ (1 − ω)β)dt

= 0.

19
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Conversely, let us take three points α, δ, β in I such that α < δ < β. Let P =

(α, g(α)), Q = (δ, g(δ)) and R = (β, g(β)). If g is strictly convex on I, then

slope PQ < slope PR < slope QR.

Thus

f ′(α) ≤ g(δ) − g(α)

δ − α
<
g(β) − g(δ)

β − δ
≤ f ′(β).

Finally, if g′′(x) > 0 on the interior of I, then g′ is strictly increasing on I (and

hence g is strictly convex on I) since

g′(β) − g′(α) =

∫ β

α

g′′(t)dt > 0

for any α, β ∈ I such that α < β. The proof is complete.

Example 3.1. Let I be a real interval with b ∈ I. Let I1 = I ∩ (−∞, b) and

I2 = I ∩ (b,+∞). Let g1 ∈ C1(I1) and g2 ∈ C1(I2) be strictly convex functions

on I1 and I2 respectively such that g1(b
−), g′1(b

−), g2(b
+) and g′2(b

+) exist, and

g1(b
−) = g2(b

+) as well as g′1(b
−) = g′2(b

+). Then the function g : I → R defined

by

g(x) =







g1(x) if x ∈ I1
g2(x) if x ∈ I2
g1(b

−) if x = b

,

in view of Lemma 3.1, is C1(I) and strictly convex.

Let g be a function defined on an interval I with c = inf I and d = sup I. Note

that c or d may be infinite, or may be outside the interval I, and that g(c+), g(d−),

g′(c+) or g′(d−) may not exist. In case c is finite and g(c+), g′(c+) exist, we may

define a straight line

Lg|c+(x) = g′(c+)(x− c) + g(c+), x ∈ R.

Similarly, if d is finite and g(d−), g′(d−) exist, we may define another straight line

Lg|d−(x) = g′(d−)(x− d) + g(d−), x ∈ R.

Together with the tangent lines of g (see (1.3)), they form the set of quasi-tangent

lines of g. The collection of all the quasi-tangent lines of g will be denoted by F(g).

Example 3.2. Suppose c, d ∈ R and g ∈ C1[c, d). Then Lg|c+ = Lg|c.

Example 3.3. Suppose c, d ∈ R and g : (c, d) → R is a smooth function such that

g(c+), g(d−), g′(c+), g′(d−) exist. Then an element of F(g) is either of the form

Lg|λ where λ ∈ (c, d), or Lg|c+ or Lg|d− .
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In view of the previous Example 3.3, the description of an element of F(g) may
be quite inconvenient. For this reason, we will simply write Lg|c for Lg|c+ provided
that c is finite and g(c+), g′(c+) exist, and Lg|d for Lg|d− provided that d is finite
and g(d−), g′(d−) exist. Therefore, the notation Lg|δ stands for a quasi-tangent
line of g and it is a true tangent line of g if δ is an interior point in I such that
g′(δ) exists, or is the left boundary point c ∈ I such that g′(c) exists, g(c+) = g(c)
and g′(c+) = g′(c), or is the right boundary point d ∈ I such that g′(d) exists,
g(d−) = g(d) and g′(d−) = g′(d).

Example 3.4. Suppose c, d ∈ R and g : (c, d) → R is a smooth function. Then
F(g) =

{
Lg|λ : λ ∈ Λ

}
, where Λ = [c, d] if g(c+), g(d−), g′(c+), g′(d−) exist; and

Λ = [c, d) if g(c+), g′(c+) exist but one of g(d−) or g′(d−) fails to exist.

The convenient notations stated above are also used in some of the figures to be
presented in the sequel. For instance, in Figure 3.1, the function g is defined over
(c, d), yet we write Lg|c instead of the more precise notation Lg|c+ .

3.2 Asymptotes

In case g is a function defined for x > d ∈ R, then g is said to have the asymptote
y(x) = αx+ β at x = +∞ if

lim
x→+∞{g(x) − (αx+ β)} = 0.

The asymptote of g at +∞ will be denoted by Lg|+∞. In case α = 0, we say that g
has a horizontal asymptote at +∞. Recall that if

α = lim
x→∞

g(x)
x

,

and

β = lim
x→∞{g(x) − αx}

exist, then the asymptote Lg|+∞ exists and is given by

Lg|+∞(x) = αx+ β.

The converse is also true.
Note further that if the graph of g is also described by the parametric functions

x = ψ(t) and y = φ(t) over the interval I = (σ, τ ) such that limt→τ− x(t) = +∞ (or
limt→τ− x(t) = −∞), then Lg|+∞(x) = αx + β (respectively Lg|−∞(x) = αx + β)
where

α = lim
t→τ−

φ(t)
ψ(t)

and β = lim
λ→τ−

{φ(t) − αψ(t)} .

The asymptote Lg|−∞ at −∞ is similarly defined, and its properties can similarly
be stated.
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Lemma 3.2. Let Φ = {Lλ| λ ∈ (σ, τ )}, where τ ∈ R, be a family of straight lines

Lλ defined by

Lλ : a(λ)x+ b(λ)y + c(λ) = 0, λ ∈ (σ, τ ),

where a, b, c are smooth functions defined on (σ, τ ) such that a(τ−), b(τ−), c(τ−)

exist and b(τ−) 6= 0. Let the envelope G of the family Φ be described by the con-

tinuous parametric functions x = ψ(λ) and y = φ(λ) for λ ∈ (σ, τ ). Suppose

limλ→τ− ψ(λ) = +∞ (or limλ→τ− ψ(λ) = −∞), ψ′(λ) 6= 0 for λ ∈ (σ, τ ) and that

G is also the graph of a function y = G(x) defined on (ψ(σ+),+∞) (respectively

(−∞, ψ(σ+))). Then the asymptote LG|+∞ (respectively LG|−∞) of G is given by

y = −a(τ
−)

b(τ−)
x+

c(τ−)

b(τ−)
, x ∈ R. (3.1)

Proof. For all λ sufficiently close to τ, say, for λ ∈ (τ − δ, τ ) where δ is some

positive number, ψ(λ) > 0 and ψ′(t) > 0. The tangent of the envelope G at the

point (φ(λ), ψ(λ)), where λ ∈ (τ − δ, τ ), is given by both functions

y =
φ′(λ)

ψ′(λ)
x+ φ(λ) − φ′(λ)

ψ′(λ)
ψ(λ),

and

y = −a(λ)
b(λ)

x− c(λ)

b(λ)
.

Hence

φ′(λ)

ψ′(λ)
= −a(λ)

b(λ)

and

φ(λ) − φ′(λ)

ψ′(λ)
ψ(λ) = −c(λ)

b(λ)

for all λ ∈ (τ − δ, τ ). Thus

lim
λ→τ−

φ′(λ)

ψ′(λ)
= −a(τ

−)

b(τ−)

and

lim
λ→τ−

{

φ(λ) − φ′(λ)

ψ′(λ)
ψ(λ)

}

= −c(τ
−)

b(τ−)
.

These show that the asymptote of G at +∞ is given by (3.1). The proof is complete.

Example 3.5. Let

f(λ|x, y) = λ3 − λ2 + λ(λ − 1)x+ y, λ > 0.

Let a(λ) = λ(λ − 1), b(λ) = 1 and c(λ) = λ3 − λ2 for λ > 0. Then

f ′λ(λ|x, y) = 3λ2 − 2λ+ (2λ− 1)x, λ > 0.
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Hence

D(λ) = a(λ)b′(λ) − a′(λ)b(λ) = 1 − 2λ,

which is not zero for λ ∈ (0, 1/2). Let Φ = {Lλ| λ ∈ (0, 1/2)} be the family of

straight lines defined by

Lλ : f(λ|x, y) = 0, λ ∈ (0, 1/2).

Then the envelope G of Φ is given by

φ(λ) =
3

2

λ
(

2
3 − λ

)

λ− 1
2

,

ψ(λ) =
1

2

λ2(λ− 1)2

λ− 1
2

,

for λ ∈ (0, 1/2). Note that

ψ′(λ) = −2
−3λ + 1 + 3λ2

(2λ − 1)
2 ,

φ′(λ) = 2λ (λ − 1)
3λ2 − 3λ+ 1

(2λ− 1)
2 ,

for λ ∈ (0, 1/2). Since ψ(0) = 0, limλ→(1/2)− ψ(λ) = −∞, ψ(λ) < 0 and ψ′(λ) < 0

and

φ′(λ)

ψ′(λ)
= −λ(λ − 1) > 0

for λ ∈ (0, 1/2), we see that G is also the graph of a function y = G(x) defined on

(−∞, 0). By Lemma 3.2, the asymptote LG|−∞ is given by

LG|−∞(x) =
1

4
x+

1

8
.

The same conclusion can be arrived at by definition. Indeed, as can be checked

easily,

lim
λ→(1/2)−

φ(λ)

ψ(λ)
=

1

4
and lim

λ→(1/2)−

{

φ(λ) − 1

4
ψ(λ)

}

=
1

8
.

3.3 Intersections of Quasi-Tangent Lines and Vertical Lines

Let g be a strictly convex and smooth function defined on a real interval I with

c = inf I and d = sup I (so that c may be −∞ and d may be +∞). Let F(g) =

{Lg|λ : λ ∈ Λ} be the set of all quasi-tangent lines of g defined in the last Section.

Let the y-coordinate of the point of intersection of the vertical straight line x = α

with Lg|λ be denoted by ~g(λ|α), that is,

~g(λ|α) = Lg|λ(α), where λ ∈ Λ and α ∈ R. (3.2)
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We will also write ~(λ|α) instead of ~g(λ|α) in case no confusion is caused. It is

easily seen that for each fixed α ∈ R, ~ as a function1 of λ in Λ is continuous (since

g is smooth).

It also appears that in case d < +∞ and g has a ‘vertical tangent at d’, then

the y-coordinate of the point of intersection will tend to −∞. We will prove this

statement and its converse as follows.

Lemma 3.3. Suppose c, d ∈ R and g : (c, d) → R is a smooth and strictly convex

function. Then g(d−) > −∞. Furthermore, g′(d−) = +∞ if, and only if,

lim
λ→d−

~g(λ|α) = −∞ for any α < d. (3.3)

Proof. Since g′(x) is increasing in (c, d), if we pick any a ∈ (c, d), then

g(x) = g(a) +

∫ x

a

g′(t)dt ≥ g(a) + g′(a)(x − a), x ∈ (a, d).

Thus

g(d−) ≥ g(a) + g′(a)(d− a) > −∞
as required. Consequently, either g(d−) < +∞ or g(d−) = +∞.

Suppose g′(d−) = +∞. If g(d−) <∞, then

lim
λ→d−

{g′(λ)(α − λ) + g(λ)} = −∞

for any α < d. If g(d−) = +∞, then (3.3) also holds. Indeed, if ~(λ|α) = Lg|λ(α) is

bounded below, say by β. Fix u ∈ R with max{c, α} < u < d and g(u) > β. Since

g(d−) = g′(d−) = +∞, there is λ1 ∈ (u, d) such that 0 < (g(u)−β)/(u−α) < g′(λ1).

Let Lg|λ1
be the tangent line of g passing through (λ1, g(λ1)). Then

Lg|λ1
(x) = g′(λ1)(x− u) + Lg|λ1

(u).

Since g is convex, we see that g(u) ≥ Lg|λ1
(u). Therefore,

~(λ1|α) = g′(λ1)(α − λ1) + g(λ1) = g′(λ1)(α− u+ u− λ1) + g(λ1)

= g′(λ1)(x − u) + Lg|λ1
(u) <

g(u) − β

u− α
(α− u) + g(u) = β,

which is a contradiction. Hence ~(λ|α) cannot be bounded below. Conversely, if

(3.3) holds, then g(d−) > −∞ clearly implies g′(d−) = ∞. The proof is complete.

We remark that the condition c ∈ R is not needed in the proof. Thus the

interval (c, d) in the above result can be replaced by (−∞, d) or [c, d).

Example 3.6. Suppose c, d ∈ R and g : (c, d) → R is a strictly convex

and smooth function such that g(c+), g′(c+), g(d−) exist and limλ→d− ~g(λ|α) =

−∞ for any α < d. Then the set of quasi-tangent lines of g is
{

Lg|λ : λ ∈ [c, d)
}

but

not
{

Lg|λ : λ ∈ [c, d]
}

since g′(d−) = +∞ by Lemma 3.3.

1The function ~(λ|α), since it is equal to Lg|λ(α), may be avoided. However, it is used to remind

us of the different roles played by λ and α. This function may be called the sweeping function.
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Lemma 3.4. Suppose g : (c,∞) → R is a strictly convex and smooth function such
that g′(+∞) = ∞. Then limλ→∞ �g(λ|α) = −∞ for any α ∈ R.

Proof. Since g′(+∞) = +∞ and g is strictly convex, then there is r > c such
that g′(r) > 0 and g(x) ≥ Lg|r(x) for x > c. Hence g(+∞) = +∞. The rest of the
proof is similar to that of Lemma 3.3.

It is important to note that the converse in Lemma 3.4 is not true in general as
can be seen from the following result.

Lemma 3.5. Assume g : (c,∞) → R is a strictly convex and smooth function such
that g(+∞) = −∞ and g′(+∞) = 0. Then limλ→∞ �g(λ|α) = −∞ for any α ∈ R.

Proof. Since g′(+∞) = 0, it suffices to show that limλ→∞ {−λg′(λ) + g(λ)} =
−∞. For this purpose, take t < λ, then for some ξ ∈ (t, λ),

g(λ) − g(t) = g′(ξ)(λ − t) < g′(λ)(λ − t).

Hence

lim sup
λ→∞

{g′(λ)(ω − λ) + g(λ)} ≤ lim sup
λ→∞

{tg′(λ) + g(t)} = g(t).

Since t is arbitrary, and since g(+∞) = −∞, we see that the left hand side is −∞
as required. The proof is complete.

There are some obvious variants of the above results. For example, if g :
(−∞, c) → R is a strictly convex and smooth function such that g′(−∞) = −∞,

then limλ→∞ �g(λ|α) = −∞ for any α ∈ R.

The statement, that

lim
λ→∞

�g(λ|α) = −∞ for any α ∈ R,

(where it is understood that � is defined for all large λ) is cumbersome. For this
reason, we will adopt the equivalent notation g ∼ H+∞ instead. Similarly, we set

g ∼ H−∞ if, and only, if lim
λ→−∞

�g(λ|α) = −∞ for any α ∈ R;

g ∼ Hd− if, and only if, lim
λ→d−

�g(λ|α) = −∞ for any α < d

and

g ∼ Hd+ if, and only if, lim
λ→d+

�g(λ|α) = −∞ for any α > d.

Therefore, in case g is smooth and strictly convex on (c, d), in view of Lemma
3.3, g′(d−) = +∞ if, and only if, g ∼ Hd− . In case g is smooth and strictly convex
on (c,∞), then in view of Lemma 3.4, g′(+∞) = +∞ implies g ∼ H+∞, etc.

Now suppose J is any subinterval of Λ. If α ≤ inf J, then for any λ1 and λ2 that
satisfy inf J ≤ λ1 < λ2 ≤ sup J, since g is strictly convex, the slope of g at x = λ1 is
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less than the slope of the chord joining the points (λ1, g(λ1)) and (λ2, g(λ2)) which

in turn is less than the slope of g at λ2, hence

~(λ1|α) = g′(λ1)(α− λ1) + g(λ1) >
g(λ1) − g(λ2)

λ1 − λ2
(α− λ1) + g(λ1)

=
g(λ1) − g(λ2)

λ1 − λ2
(α − λ2) + g(λ2) > g′(λ2)(α − λ2) + g(λ2) = ~(λ2|α).

Thus ~ is strictly decreasing on J . Similarly, if α ≥ sup J, then ~ is strictly increasing

on J.

Theorem 3.1. Let g be a strictly convex and smooth function defined on a real

interval I with c = inf I and d = sup I. Let F(g) = {Lg|λ : λ ∈ Λ} be the set of

all quasi-tangent lines of g. Let ~ be defined by (3.2). Then ~ is continuous on Λ.

Furthermore, given any subinterval J of Λ, if α ≤ inf J, then ~ is strictly decreasing

on J, while if α ≥ sup J, then ~ is strictly increasing on J. In particular, if α is an

interior point of I, then ~(λ|α) has a local maximum g(α) at λ = α.

Example 3.7. If g is a strictly convex and smooth function defined on (c, d) and

g(c+), g(d−), g′(c+) and g′(d−) exist. Then F(g) =
{

Lg|λ : λ ∈ [c, d]
}

. If α ≤ c,

then ~ is strictly decreasing on [c, d], and hence

Lg|d(α) = ~(d|α) = inf
µ∈[c,d]

~(µ|α) < sup
µ∈[c,d]

~(µ|α) = ~(c|α) = Lg|c(α). (3.4)

If α ≥ d, then ~ is strictly increasing on [c, d], and hence

Lg|c(α) = inf
µ∈[c,d]

~(µ|α) < sup
µ∈[c,d]

~(µ|α) = Lg|d(α). (3.5)

Next, suppose α ∈ (c, d). Such a case is slightly more complicated. First, note that

g is strictly convex on (c, d), g′(c+) < g′(d−) so that the lines Lg|c and Lg|d intersect

at some unique point (a, b). Furthermore, a > c for otherwise the line Lg|c, being the

line that joins (a, b) and (c, g(c+)), will have a slope which is greater than the slope

of the line Lg|d (which is the line joining (a, b) and (d, g(d−)). This is contrary to

the fact that g′(c+) < g′(d−). Similarly, a < d. Thus a ∈ (c, d). Now that a ∈ (c, d),

we may see further that b < g(a) since the point (a, g(a)) lies above Lg|c(a) and

Lg|d(a). If α ∈ (c, d), then either α ∈ (c, a] or α ∈ (a, d). Suppose α ∈ (c, a]. Then

~ is strictly decreasing on [α, d] and

g(α) = sup
µ∈[α,d]

~(µ|α) > ~(λ|α) > inf
µ∈[α,d]

~(µ|α) = Lg|d(α), α < λ < d, (3.6)

as well as ~ is strictly increasing on [c, α] and

g(α) = sup
µ∈[c,α]

~(µ|α) > ~(λ|α) > inf
µ∈[c,α]

~(µ|α) = Lg|d(α), c < λ < α. (3.7)

Next suppose α ∈ (a, d). Then ~ is strictly increasing on [c, α] and

g(α) = sup
µ∈[c,α]

~(µ|α) > ~(λ|α) > inf
µ∈[c,α]

~(µ|α) = Lg|c(α), c < λ < α, (3.8)

as well as ~ is strictly decreasing on [α, d] and

g(α) = sup
µ∈[α,d]

~(µ|α) > ~(λ|α) > inf
µ∈[α,d]

~(µ|α) = Lg|c(α), c < λ < d. (3.9)
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Example 3.8. Let g be a strictly convex and smooth function defined on a real

interval with c = inf I and d = sup I. We now assume that d < +∞ and d /∈ I.

Let F(g) =
{

Lg|λ : λ ∈ Λ
}

be the set of all quasi-tangent lines of g, and let J

be a subinterval of I such that supJ = d. If α ≤ inf J, then ~ is strictly de-

creasing on J, so that infµ∈J ~(µ|α) occurs at µ = d and supµ∈J ~(µ|α) occurs at

µ = inf J. In case g′(d−) = +∞, then by Lemma 3.3, we may know further that

infµ∈J ~(µ|α) = limλ→d− Lg|λ(α) = −∞. If α > d, then ~ is strictly increasing on

J so that supµ∈J ~(µ|α) occurs at µ = d. In case g′(d−) = +∞, by Lemma 3.3, we

may know further that

sup
µ∈J

~(µ|α) = lim
λ→d−

~(µ|α) = lim
λ→d−

{g′(λ)(α− λ) + g(λ)} = +∞.

Finally, suppose α = d. If g′(d−) = +∞, we assert that

sup
µ∈J

~(µ|α) = lim
λ→d−

~(λ|α) = g(d−),

where we recall from Lemma 3.3 that g(d−) is either finite or equal to +∞. Indeed,

suppose g(d−) exists. Since for any c < x < y < d, g(y) − g(x) = g′(z)(y − x) for

some z ∈ (x, y) and since g is strictly convex,

g(y) − g(x) > g′(x)(y − x).

If x→ d−, then y → d− and

0 ≥ lim
x→d−

g′(x)(d− x) ≥ 0.

So limx→d− g
′(x)(d−x) = 0. Hence limλ→d− ~(λ|α) = g(d−). Next, suppose g(d−) =

+∞. Since limx→d− g
′(x)(d− x) ≥ 0, we see that

lim
λ→d−

~(λ|α) = g(d−) = ∞.

In the above example, we have assumed that g′(d−) = +∞. In view of Lemma

3.3, we may assume the equivalent condition g ∼ Hd− . We remark also that if we

replace the condition that d < +∞ with sup I = +∞, then similar conclusions hold

if we also replace the condition g′(d−) = +∞ by g ∼ H+∞.

Example 3.9. Suppose c ∈ R and g : (c,∞) → R is a strictly convex and smooth

function such that g(c+) and g′(c+) exist, and the asymptote Lg|+∞ of the graph

g as x → ∞ exists. Then
{

Lg|λ : λ ∈ [c,+∞)
}

is the set of quasi-tangent lines

of g. We assert that limλ→∞ ~(λ|α) = infλ∈[α,+∞) ~(λ|α) = Lg|+∞(α) for any α.

Indeed, we may assume without loss of generality that Lg|+∞(x) = 0 and (hence)

g(+∞) = 0. Note first that g(x) > 0 for x ∈ (c,∞). Furthermore, g′(x) < 0 for

x ∈ (c,∞) for otherwise if g′(ξ) ≥ 0 for some ξ ∈ (c,∞), then g(x) ≥ g(ξ) > 0 for

x ∈ (ξ,∞), which is contrary to our assumption g(+∞) = 0. We now assert that

limx→∞(−x)g′(x) = 0. Indeed, this follows from

0 ≤ (α − x)g′(x) = (α− x)
Lg|x(x/2) − g(x)

x/2− x

≤ 2
(α

x
− 1

) {

Lg|x

(x

2

)

− g(x)
}

≤ 2
(α

x
− 1

)

Lg|x

(x

2

)

≤ 2
(α

x
− 1

)

g
(x

2

)
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for x > α and g(x/2) → 0 as x→ ∞. Hence

lim
u→∞

~(u|α) = 0 = Lg|+∞(α).

In view of the above examples, we may consider a strictly convex and smooth

function g defined on I satisfying the following special cases and make similar con-

clusions:

C1: I = (c, d), where c, d ∈ R, and g(c+), g(d−), g′(c+) as well as g′(d−) exist.

C2: I = (c, d), where c, d ∈ R, g(c+) and g′(c+) exist, and g ∼ Hd− .

C3: I = (c,∞), where c ∈ R, g(c+) and g′(c+) exist, and g ∼ H+∞.

C4: I = (c,∞), where c ∈ R, g(c+) and g′(c+) exist, and Lg|+∞ exists.

C5: I = (−∞,∞), and Lg|+∞ and Lg|−∞ exist.

C6: I = (−∞,∞), and Lg|−∞ exists and g ∼ H+∞.

C7: I = (−∞, d), and Lg|−∞ exists and g ∼ Hd− .

C8: I = (−∞, d), and g ∼ H−∞ and g ∼ Hd− .

C9: I = [c, d), where c, d ∈ R, and g(d−) as well as g′(d−) exist.

C10: I = [c, d), where c, d ∈ R, and g ∼ Hd− .

C11: I = [c,∞), where c ∈ R, and g ∼ H+∞.

C12: I = [c,∞), where c ∈ R, and Lg|+∞ exists.

Indeed, case (C1) has already been discussed. As for case (C2), in view of

the explanations in Examples 3.7 and 3.8, we may make the following conclusions:

F(g) =
{

Lg|λ : λ ∈ Λ
}

where Λ = [c, d). Furthermore, the following statements

hold.

• When α ≤ c, ~ is strictly decreasing on [c, d), and

Lg|c(α) = sup
µ∈[c,d)

~(µ|α) > ~(λ|α) > −∞, λ ∈ (c, d). (3.10)

• When c < α < d, ~ is strictly increasing on [c, α] and

g(α) = sup
µ∈[c,α]

~(µ|α) > ~(λ|α) > Lg|c(α), λ ∈ (c, α), (3.11)

as well as ~ strictly decreasing on [α, d) and

g(α) = sup
µ∈[α,d)

~(µ|α) > ~(λ|α) > −∞ = lim
µ→d−

~(µ|α), λ ∈ (α, d). (3.12)

• When α = d, ~ is strictly increasing on [c, d) and

g(d−) = sup
µ∈[c,d)

~(µ|α) > ~(λ|α) > Lg|c(α), λ ∈ (c, d). (3.13)

• When α > d, ~ is strictly increasing on [c, d) and

+∞ = lim
µ→d−

~(µ|α) > ~(λ|α) > Lg|c(α), λ ∈ (c, d). (3.14)
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Next, suppose (C3) holds. Then F(g) =
{

Lg|λ : λ ∈ Λ
}

where Λ = [c,+∞).

Furthermore, the following statements hold.

• When α ≤ c, the function ~ is strictly decreasing on [c,∞) and

sup
µ∈[c,∞)

~(µ|α) = Lg|c(α) > ~(λ|α) > −∞ = inf
µ∈[c,∞)

~(µ|α), λ ∈ (c,∞).

• When c < α, the function ~ is strictly decreasing on [α,∞) and

sup
µ∈[α,∞)

~(µ|α) = g(α) > ~(λ|α) > −∞ = inf
µ∈[α,∞)

~(µ|α), λ ∈ (α,∞),

and strictly increasing on [c, α] and

sup
µ∈[c,α]

~(µ|α) = g(α) > ~(λ|α) > Lg|c(α) = inf
µ∈[c,α]

~(µ|α), λ ∈ (c, α).

Next, suppose (C4) holds. Then F(g) =
{

Lg|λ : λ ∈ Λ
}

where Λ = [c,+∞).

The lines Lg|c and Lg|+∞ intersect at exactly one point (a, b) with a ∈ (c,+∞) and

b < g(a). Furthermore, the following statements hold.

• When α ≤ c, ~ is strictly decreasing on [c,∞) and

sup
µ∈[c,∞)

~(µ|α) = Lg|c(α) > ~(λ|α) > inf
µ∈[c,∞)

~(µ|α) = Lg|+∞(α), λ ∈ (c,∞).

• When α ∈ (c, a], ~ is strictly decreasing on [α,∞) and

sup
µ∈[α,∞)

~(µ|α) = g(α) > ~(λ|α) > inf
µ∈[α,∞)

~(µ|α) = Lg|+∞(α), λ ∈ (α,∞),

and ~ is strictly increasing on [c, α] and

sup
µ∈[c,α]

~(µ|α) = g(α) > ~(λ|α) > Lg|c(α) = inf
µ∈[c,α]

~(µ|α), λ ∈ (c, α).

• When α ∈ [a,∞), ~ is strictly decreasing on [α,∞) and

sup
µ∈[α,∞)

~(µ|α) = g(α) > ~(λ|α) > Lg|+∞(α) = inf
µ∈[α,∞)

~(µ|α), λ ∈ (α,∞),

and ~ is strictly increasing on [c, α] and

sup
µ∈[c,α]

~(µ|α) = Lg|c(α) > ~(λ|α) > Lg|c(α) = inf
µ∈[c,α]

~(µ|α), λ ∈ (c, α).

Next suppose (C5) holds. Then F(g) =
{

Lg|λ : λ ∈ R
}

. The lines Lg|−∞ and

Lg|+∞ intersect at exactly one point (a, b) with b < g(a). Furthermore, the following

statements hold.

• When α ≤ a, ~ is strictly decreasing on [α,∞) and

g(α) = sup
µ∈[α,∞)

~(µ|α) > ~(λ|α) > inf
µ∈[α,∞)

~(µ|α) = Lg|+∞(α), λ ∈ (α,∞),

and ~ is strictly increasing on (−∞, α] and

Lg|−∞(α) = inf
µ∈(−∞,α]

~(µ|α) < ~(λ|α) < sup
µ∈(−∞,α]

~(µ|α) = g(α), λ ∈ (−∞, α].
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• When α > a, ~ is strictly decreasing on [α,∞) and

g(α) = sup
µ∈[α,∞)

~(µ|α) > ~(λ|α) > inf
µ∈[α,∞)

~(µ|α) = Lg|+∞(α), λ ∈ (α,∞),

and ~ is strictly increasing on (−∞, α] and

Lg|−∞(α) = inf
µ∈(−∞,α]

~(µ|α) < ~(λ|α) < sup
µ∈(−∞,α]

~(µ|α) = g(α), λ ∈ (−∞, α).

Next suppose (C6) holds. Then F(g) =
{

Lg|λ : λ ∈ R
}

. For any α ∈ R, ~ is

strictly decreasing on [α,∞) and

g(α) = sup
µ∈[α,∞)

~(µ|α) > ~(λ|α) > inf
µ∈[α,∞)

~(µ|α) = −∞, λ ∈ (α,∞),

and ~ is strictly increasing on (−∞, α] and

g(α) = sup
µ∈(−∞,α]

~(µ|α) > ~(λ|α) > inf
µ∈(−∞,α]

~(µ|α) = Lg|−∞(α), λ ∈ (−∞, α).

The cases (C7) is similar to the case (C2). Now we have F(g) =
{

Lg|λ : λ ∈ (−∞, d)
}

. Furthermore, the following statements hold.

• When α < d, ~ is strictly increasing on (−∞, α] and

g(α) = sup
µ∈(−∞,α]

~(µ|α) > ~(λ|α) > Lg|−∞(α), λ ∈ (−∞, α),

as well as ~ is strictly decreasing on [α, d) and

g(α) = sup
µ∈[α,d)

~(µ|α) > ~(λ|α) > −∞ = lim
µ→d−

~(µ|α), λ ∈ (α, d).

• When α = d, ~ is strictly increasing on (−∞, d) and

g(d−) = sup
µ∈(−∞,d)

~(µ|α) > ~(λ|α) > Lg|−∞(α), λ ∈ (−∞, d).

• When α > d, ~ is strictly increasing on (−∞, d) and

+∞ = lim
µ→d−

~(µ|α) > ~(λ|α) > Lg|−∞(α), λ ∈ (−∞, d).

The cases (C8), (C9), (C10), (C11) and (C12) are handled in manners similar

to the cases (C7), (C1), (C2), (C3) and (C4) respectively.

3.4 Distribution Maps for Dual Points

To count the number of tangent lines of a plane curve S that also pass through a

point (α, β) in the plane, it suffices to consider the sweeping function ~ defined by

(3.2).

Theorem 3.2. Let g be a strictly convex and smooth function defined on a real

interval I with c = inf I and d = sup I. Let F(g) = {Lg|λ : λ ∈ Λ} be the set of

all quasi-tangent lines of g. Let ~ be defined by (3.2). Then a point (α, β) in the

plane is a dual point of order m of the graph g if, and only if, there are exactly m

mutually distinct λ1, λ2, ..., λm in I such that ~(λ1|α) = · · · = ~(λm|α) = β.
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Indeed, if there is a tangent line Lg|u of the graph of g that passes through the

point (α, β), then ~(u|α) = β. Conversely, if ~(u|α) = β for some u ∈ I, then there

is a tangent line Lg|u of the graph of g that passes through the point (α, β).

In view of Theorem 3.2 and the properties of ~ described in the previous Section,

we may count the number of tangents of smooth and strictly convex functions.

There are several cases. Let us begin with g : (c, d) → R that is strictly convex and

smooth such that g(c+), g(d−), g′(c+) and g′(d−) exist (see Figure 3.1). First of

all, the set of quasi-tangent lines of g is
{

Lg|c : c ∈ [c, d]
}

. Let (a, b) be the unique

point of intersection of the lines Lg|c and Lg|d described in Example 3.7. Let ~(λ|α)

(defined by (3.2)) be the y-coordinate of the intersection of the quasi-tangent line

Lg|λ with the vertical line x = α. By the conclusions observed in Example 3.7, if

(α, β) is a point in the plane such that α ≤ c, then ~ is strictly decreasing on [c, d]

and (3.4) holds. Thus

• if β ∈ (−∞, Lg|d(α)], the equation ~(λ|α) = β does not have any solution

in (c, d),

• if β ∈ (Lg|d(α), Lg|c(α)), the equation ~(λ|α) = β has exactly one solution

in (c, d), and

• if β ∈ [Lg|c(α),+∞), the equation ~(λ|α) = β has no solution in (c, d).

By Theorem 3.2, when α ≤ c, the point (α, β) which satisfies Lg|c(α) ≤ β or

Ld(α) ≥ β is a dual point of order 0, and the point (α, β) which satisfies Lg|d(α) <

β < Lg|c(α) is a dual point of order 1. See Figure 3.1.

Similarly, if (α, β) is a point in the plane such that α ∈ (c, a], then

• if β ∈ (−∞, Lg|d(α)], the equation ~(λ|α) = β does not have any solution

in (c, d),

• if β ∈ (Lg|d(α), Lg|c(α)], the equation ~(λ|α) = β has exactly one solution

in (α, d),

• if β ∈ (Lg|c(α), g(α)), the equation ~(λ|α) = β has exactly one solution in

(c, α) and exactly one solution in (α, d),

• if β = g(α), the equation ~(λ|α) = β has the exact solution λ = α,

• if β > g(α), the equation ~(λ|α) = β does not have any solutions in (c, d).

By Theorem 3.2, when α ∈ (c, a], the point (α, β) which satisfies β > g(α) or

β < Lg|d(α) is a dual point of order 0, the point (α, β) which satisfies Lg|d(α) <

β ≤ Lg|c(α) is a dual point of order 1, and the point (α, β) which satisfies Lg|c(α) <

β < g(α) is a dual point of order 2. Similar conclusions hold for the cases α ≥ d

and α ∈ (a, d).

In view of the above discussions, we see that each point (α, β) in the plane may

be regarded as a dual point of S and marked with its order and the corresponding

‘distribution map’ is shown in Figure 3.1. This map can be described in different

manners. One convenient description is as follows.
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Theorem 3.3. Let g : (c, d) → R be a strictly convex and smooth function such

that g(c+), g(d−), g′(c+) and g′(d−) exist. Then the following statements hold.

(1) (α, β) in the plane is a dual point of order 0 of g if, and only if,

(i) α ≤ c and β ≥ Lg|c(α), or,

(ii) α ∈ (c, d) and β > g(α), or,

(iii) α ≥ d and β ≥ Lg|d(α), or,

(iv) β ≤ min
{

Lg|c(α), Lg|d(α)
}

.

(2) (α, β) in the plane is a dual point of order 1 of g if, and only if,

(i) α ∈ (c, d) and β = g(α), or,

(ii) α ∈ (c, d) and min
{

Lg|c(α), Lg|d(α)
}

< β ≤ max
{

Lg|c(α), Lg|d(α)
}

, or,

(iii) α ∈ R\(c, d) and min
{

Lg|c(α), Lg|d(α)
}

< β < max
{

Lg|c(α), Lg|d(α)
}

.

(3) (α, β) in the plane is a dual point of order 2 of g if, and only if,

(i) α ∈ (c, d) and max
{

Lg|c(α), Lg|d(α)
}

< β < g(α).

(4) Dual points of order greater than 2 of g do not exist.

Fig. 3.1 g ∈ C1(c, d); g(c+), g(d−), g′(c+), g′(d−) exist

We remark, as explained in the statements following Example 3.3, that the

notations Lg|c and Lg|d are used instead of the more precise notations Lg|c+ and

Lg|d− , since we have assumed the existence of g(c+), g(d−), g′(c+) and g′(d−) and

therefore Lg|c and Lg|d can be treated as elements in the set of quasi-tangent lines

of g. Similar practice will be used in the rest of this book.

We also remark that there are different ways to express our dual sets. For

instance, the condition (iv) β ≤ min
{

Lg|c(α), Lg|d(α)
}

in the conclusion (a) above

is equivalent to α ≤ a and β ≤ Lg|c(α), or α > a and β ≤ Lg|d(α). The right choice

depends on the specific problem at hand. Yet another possible way to describe the

above result is by means of the ordering relations introduced for points and graphs.

For example, the conclusion (a) is the same as saying the dual set of order 0 of g is
(

∨(Lg|c) ⊕∨(g) ⊕∨(Lg|d)
)

∪
(

∧(Lg|d) ⊕∧(Lg|c)
)

,
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or
(

∨(Lg|cχ(−∞,c]) ⊕ ∨(g) ⊕ ∨(Lg|dχ[d,∞))
)

∪
(

∧(Lg|d) ⊕ ∧(Lg|c)
)

,

and the conclusion (c) is the same as saying that the dual set of order 2 of g is

(∧(g)) ∪
(

∨(Lg|d) ⊕∨(Lg|c)
)

.

The conclusion (b) is more difficult to express but it is the complement of the dual

sets in (a) and (b).

In view of the cumbersome descriptions of the dual sets, we will refer from time

to time to the more appealing distribution maps in later discussions. Therefore a

full understanding of the distribution map in Figure 3.1 is important. In particular,

we remark that in Figure 3.1, we use ‘closed’ and ‘open’ brackets as we usually do

in describing open and closed intervals in R. For instance, on the vertical line x = c,

the set of points lying above and including the point (c, Lg|c(c)) (which cannot be

confused with (c, g(c)) since g is not defined at c) are dual points of order 0, and

the set of points lying immediately below are dual points of order 1, and hence

at the point (c, Lg|c(c)) we use a closed bracket and an open bracket to indicate

these facts. This practice is convenient and self-explanatory and will be used in all

subsequent discussions.

At least two variants of Theorem 3.3 are available. The first one is concerned

with the same function g in Theorem 3.3 with the additional assumption that it is

also strictly decreasing on (c, d). Although the same conclusions can be made, the

corresponding distribution map, however, can be drawn differently, see Figure 3.2.

Fig. 3.2

The second has to do with a concave function. In view of Figure 3.2, if we now

have a function g : (c, d) → R which is strictly decreasing, strictly concave and

smooth, then the corresponding distribution map can be depicted as in Figure 3.3.

Once we fully understand the ‘sweeping method’ used to obtain Theorem 3.3,

we may apply the conclusions in the previous sections for various convex functions
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Fig. 3.3

to draw the corresponding distribution maps. Since the principles are the same and

therefore most of the details will be skipped in the following discussion. Instead,

we present the more important distribution maps and describe them in convenient

manners. The variants of these distribution maps that are similar to those in Figures

3.2 and 3.3, however, will be assumed valid and skipped.

Before we proceed to describe the distribution maps, let us first classify our

strictly convex and smooth function g defined on a real interval I in the following

manners:

• I = (c, d); c, d ∈ R; g(c+), g′(c+) exist; g(d−), g′(d−) exist; Figure 3.1

• I = [c, d]; c, d ∈ R; Figure 3.4

• I = (c, d); c, d ∈ R; g(c+), g′(c+) exist; g(d−) exists; g ∼ Hd− ; Figure 3.5

• I = (c, d); c, d ∈ R; g(c+), g′(c+) exist; g(d−) = +∞; g ∼ Hd− ; Figure 3.6

• I = [c, d); c, d ∈ R; g(d−), g′(d−) exist; Figure 3.7

• I = [c, d); c, d ∈ R; g(d−) exists; g ∼ Hd− ; Figure 3.8

• I = [c, d); c, d ∈ R; g(d−) = +∞; g ∼ Hd− ; Figure 3.9

• I = (c,+∞); c ∈ R; g(c+), g′(c+) exist; Lg|+∞ exists; Figure 3.10

• I = (c,+∞); c ∈ R; g(c+), g′(c+) exist; g ∼ H+∞; Figure 3.11

• I = (−∞, d); d ∈ R; Lg|−∞ exists; g(d−) exists; g ∼ Hd− ; Figure 3.12

• I = (−∞, d); d ∈ R; Lg|−∞ exists; g(d−) = +∞; g ∼ Hd− ; Figure 3.13

• I = (−∞, d); d ∈ R; g ∼ H−∞; g(d−) exists; g ∼ Hd− ; Figure 3.14

• I = (−∞, d); d ∈ R; g ∼ H−∞; g(d−) = +∞; g ∼ Hd− ; Figure 3.15

• I = [c,+∞); c ∈ R; Lg|+∞ exists; Figure 3.16

• I = [c,+∞); c ∈ R; g ∼ H+∞; Figure 3.17

• I = (−∞,+∞); Lg|−∞ exists; Lg|+∞ exists; Figure 3.18

• I = (−∞,+∞); Lg|−∞ exists; g ∼ H+∞; Figure 3.19

• I = (−∞,+∞); g ∼ H−∞; g ∼ H+∞; Figure 3.20
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Theorem 3.4. Let g : [c, d] → R be a strictly convex and smooth function. Then

the following statements hold.

(1) (α, β) in the plane is a dual point of order 0 of g if, and only if,

(i) β > g(α), or

(ii) β < min
{

Lg|c(α), Lg|d(α)
}

.

(2) (α, β) in the plane is a dual point of order 1 of g if, and only if,

(i) α ∈ [c, d] and β = g(α), or,

(ii) α ∈ (c, d) and min
{

Lg|c(α), Lg|d(α)
}

≤ β < max
{

Lg|c(α), Lg|d(α)
}

, or,

(iii) α ∈ R\(c, d) and min
{

Lg|c(α), Lg|d(α)
}

≤ β ≤ max
{

Lg|c(α), Lg|d(α)
}

.

(3) (α, β) in the plane is a dual point of order 2 of g if, and only if,

(i) α ∈ (c, d) and max
{

Lg|c(α), Lg|d(α)
}

≤ β < g(α).

(4) Dual points of order greater than 2 of g do not exist.

Fig. 3.4 g ∈ C1[c, d]

Theorem 3.5. Let g : (c, d) → R be a strictly convex and smooth function such

that g(c+),g′(c+) and g(d−) exist and g ∼ Hd− . Then the following statements hold.

(1) (α, β) in the plane is a dual point of order 0 of g if, and only if,

(i) α ≤ c and β ≥ Lg|c(α), or,

(ii) α ∈ (c, d) and β > g(α), or,

(iii) α = d and β ≥ g(d−), or,

(iv) α = d and β ≤ Lg|c(α), or

(v) α > d and β ≤ Lg|c(α).

(2) (α, β) in the plane is a dual point of order 1 of g if, and only if,

(i) α ∈ (c, d) and β = g(α), or,

(ii) α ≤ c and β < Lg|c(α), or,

(iii) α ∈ (c, d) and β ≤ Lg|c(α), or,

(iv) α = d and Lg|c(α) < β < g(d−), or,
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(v) α > d and β > Lg|c(α).

(3) (α, β) in the plane is a dual point of order 2 of g if, and only if,

(i) α ∈ (c, d) and Lg|c(α) < β < g(α).

(4) Dual points of order greater than 2 of g do not exist.

Fig. 3.5 g ∈ C1(c, d); g(c+), g′(c+), g(d−) exist; g ∼ Hd−

Fig. 3.6 g ∈ C1(c, d); g(c+), g′(c+) exist; g(d−) = +∞; g ∼ Hd−

Theorem 3.6. Let g : (c, d) → R be a strictly convex and smooth function such that

g(c+) and g′(c+) exist, g(d−) = +∞ and g ∼ Hd− . Then the following statements

hold.

(1) (α, β) in the plane is a dual point of order 0 of g if, and only if,

(i) α ≤ c and β ≥ Lg|c(α), or,

(ii) α ∈ (c, d) and β > g(α), or,

(iii) α ≥ d and β ≤ Lg|c(α).
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(2) (α, β) in the plane is a dual point of order 1 of g if, and only if,

(i) α ∈ (c, d) and β = g(α), or,

(ii) α ≤ c and β < Lg|c(α), or,

(iii) α ∈ (c, d) and β ≤ Lg|c(α), or,

(iv) α ≥ d and β > Lg|c(α).

(3) (α, β) in the plane is a dual point of order 2 of g if, and only if,

(i) α ∈ (c, d) and Lg|c(α) < β < g(α).

(4) Dual points of order greater than 2 of g do not exist.

Fig. 3.7 g ∈ C1[c, d); g(d−), g′(d−) exist

Theorem 3.7. Let g : [c, d) → R be a strictly convex and smooth function such

that g(d−) and g′(d−) exist. Then the quasi-tangent lines Lg|c and Lg|d intersect

at some unique point (a, b) where a ∈ (c, d). Furthermore, the following statements

hold.

(1) (α, β) in the plane is a dual point of order 0 of g if, and only if,

(i) α < c and β > Lg|c(α), or,

(ii) α ∈ [c, d) and β > g(α), or

(iii) α ≥ d and β ≥ Lg|d(α), or,

(iv) β ≤ Lg|d(α) and β < Lg|c(α).

(2) (α, β) in the plane is a dual point of order 1 of g if, and only if,

(i) α ∈ [c, d) and β = g(α), or,

(ii) α ≤ c and Lg|d(α) < β ≤ Lg|c(α), or,

(iii) α ∈ (c, a) and Lg|d(α) < β < Lg|c(α), or,

(iv) α ∈ [a, d) and Lg|c(α) ≤ β ≤ Lg|d(α), or,

(v) α ∈ [d,+∞) and Lg|c(α) ≤ β < Lg|d(α).

(3) (c) (α, β) in the plane is a dual point of order 2 of g if, and only if,

(i) α ∈ (c, d) and Lg|c(α) ≤ β and Lg|d(α) < β < g(α).

(4) (d) Dual points of order greater than 2 of g do not exist.
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Theorem 3.8. Let g : [c, d) → R be a strictly convex and smooth function such

that g(d−) exists and g ∼ Hd− . Then the following statements hold.

(1) (α, β) in the plane is a dual point of order 0 of g if, and only if,

(i) α < c and β > Lg|c(α), or,

(ii) α ∈ [c, d) and β > g(α), or,

(iii) α ≥ d and β < Lg|c(α), or,

(iv) α = d and β ≥ g(d−).

(2) (α, β) in the plane is a dual point of order 1 of g if, and only if,

(i) α < c and β ≤ Lg|c(α), or,

(ii) α ∈ (c, d) and β < Lg|c(α), or,

(iii) α > d and β ≥ Lg|c(α), or,

(iv) α ∈ [c, d) and β = g(α), or,

(v) α = d and Lg|c(α) ≤ β < g(d−),

(3) (α, β) in the plane is a dual point of order 2 of g if, and only if,

(i) α ∈ (c, d) and Lg|c(α) ≤ β < g(α).

(4) Dual points of order greater than 2 of g do not exist.

Fig. 3.8 g ∈ C1[c, d); g(d−) exists; g ∼ Hd−

Theorem 3.9. Let g : [c, d) → R be a strictly convex and smooth function such

that g(d−) = +∞ and g ∼ Hd− . Then the following statements hold.

(1) (α, β) in the plane is a dual point of order 0 of g if, and only if,

(i) α < c and β > Lg|c(α), or,

(ii) α ∈ [c, d) and β > g(α), or,

(iii) α ≥ d and β < Lg|c(α).

(2) (α, β) in the plane is a dual point of order 1 of g if, and only if,

(i) α < c and β ≤ Lg|c(α), or,

(ii) α ∈ (c, d) and β < Lg|c(α), or,
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(iii) α ≥ d and β ≥ Lg|c(α), or,

(v) α ∈ [c, d) and β = g(α).

(3) (α, β) in the plane is a dual point of order 2 of g if, and only if,

(i) α ∈ (c, d) and Lg|c(α) ≤ β < g(α).

(4) Dual points of order greater than 2 of g do not exist.

Fig. 3.9 g ∈ C1[c, d); g(d−) = +∞; g ∼ Hd−

Fig. 3.10 g ∈ C1(c,∞); g(c+), g′(c+) exist; Lg|+∞ exists

Theorem 3.10. Let g : (c,∞) → R be a strictly convex and smooth function such

that g(c+) and g′(c+) exist, and the asymptote Lg|+∞ exists. Then the following

statements hold.

(1) (α, β) in the plane is a dual point of order 0 of g if, and only if,

(i) α ≤ c and β ≥ Lg|c(α), or,

(ii) α ∈ (c,∞) and β > g(α), or,
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(iii) β ≤ min
{

Lg|c(α), Lg|+∞(α)
}

.

(2) (α, β) in the plane is a dual point of order 1 of g if, and only if,

(i) α > c and β = g(α), or,

(ii) α ≤ c and Lg|+∞ < β < Lg|c, or,

(iii) α > c and min{Lg|+∞(α), Lg|c(α)} < β ≤ max{Lg|+∞(α), Lg|c(α)}.
(3) (α, β) in the plane is a dual point of order 2 of g if, and only if,

(i) α > c and max{Lg|+∞(α), Lg|c(α)} < β < g(α).

(4) Dual points of order greater than 2 of g do not exist.

Theorem 3.11. Let g : (c,∞) → R be a strictly convex and smooth function such

that g(c+) and g′(c+) exist, and g ∼ H+∞. Then the following statements hold.

(1) (α, β) in the plane is a dual point of order 0 of g if, and only if,

(i) α ≤ c and β ≥ Lg|c(α), or,

(ii) α > c and β > g(α).

(2) (α, β) in the plane is a dual point of order 1 of g if, and only if,

(i) α > c and β = g(α), or,

(ii) α ≤ c and β < Lg|c(α), or,

(iii) α > c and β ≤ Lg|c(α).

(3) (α, β) in the plane is a dual point of order 2 of g if, and only if,

(i) α > c and Lg|c(α) < β < g(α).

(4) Dual points of order greater than 2 of g do not exist.

Fig. 3.11 g ∈ C1(c,∞); g(c+), g′(c+) exist; g ∼ H+∞

Theorem 3.12. Let g : (−∞, d) → R be a strictly convex and smooth function

such that g(d−) exists, the asymptote Lg|−∞ exists and g ∼ Hd− . Then the following

statements hold.

(1) (α, β) in the plane is a dual point of order 0 of g if, and only if,
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(i) α < d and β > g(α), or,

(ii) α ≥ d and β ≤ Lg|−∞(α), or,

(iii) α = d and β ≥ g(d−).

(2) (α, β) in the plane is a dual point of order 1 of g if, and only if,

(i) α < d and β = g(α), or,

(ii) α < d and β ≤ Lg|−∞(α), or,

(iii) α = d and Lg|−∞(α) < β < g(d−), or,

(iv) α > d and β > Lg|−∞(α).

(3) (α, β) in the plane is a dual point of order 2 of g if, and only if,

(i) α < d and Lg|−∞(α) < β < g(α).

(4) Dual point of order greater than 2 of g do not exist.

Fig. 3.12 g ∈ C1(−∞, d); Lg|−∞ exists; g(d−) exists; g ∼ Hd−

Theorem 3.13. Let g : (−∞, d) → R be a strictly convex and smooth function such

that g(d−) = +∞, g ∼ Hd− and the asymptote Lg|−∞ exists. Then the following

statements hold.

(1) (α, β) in the plane is a dual point of order 0 of g if, and only if

(i) α < d and β > g(α), or

(ii) α ≥ d and β ≤ Lg|−∞(α).

(2) (α, β) in the plane is a dual point of order 1 of g if, and only if,

(i) α < d and β = g(α), or,

(ii) α ≥ d and β > Lg|−∞(α).

(3) (α, β) in the plane is a dual point of order 2 of g if, and only if,

(i) α < d and Lg|−∞(α) < β < g(α).

(4) Dual points of order greater than 2 of g do not exist.
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Fig. 3.13 g ∈ C1(−∞, d); Lg|−∞ exists; g(d−) = +∞; g ∼ Hd−

Theorem 3.14. Let d ∈ R. Let g : (−∞, d) → R be a strictly convex and smooth

function such that g(d−) exists, g ∼ Hd− and g ∼ H−∞. Then the following state-

ments hold.

(1) (α, β) in the plane is a dual point of order 0 of g if, and only if, α < d and

β > g(α), or, α = d and β ≥ g(d−).

(2) (α, β) in the plane is a dual point of order 1 of g if, and only if, α < d and

β = g(α), or, α = d and β < g(d−), or, α > d.

(3) (α, β) in the plane is a dual point of order 2 of g if, and only if, α < d and

β < g(α).

(4) Dual points of order greater than 2 of g do not exist.

Fig. 3.14 g ∈ C1(−∞, d); g ∼ H−∞; g(d−) exists; g ∼ Hd−
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Theorem 3.15. Let g : (−∞, d) → R be a strictly convex and smooth function

such that g(d−) = +∞, g ∼ Hd− and g ∼ H−∞. Then the following statements

hold.

(1) (α, β) in the plane is a dual point of order 0 of g if, and only if, α < d and

β > g(α).

(2) (α, β) in the plane is a dual point of order 1 of g if, and only if,

(i) α < d and β = g(α), or

(ii) α ≥ d.

(3) (α, β) in the plane is a dual point of order 2 of g if, and only if, α < d and

β < g(α).

(4) Dual points of order greater than 2 of g do not exist.

Fig. 3.15 g ∈ C1(−∞, d); g(d−) = +∞; g ∼ H−∞; g ∼ Hd−

Theorem 3.16. Let g : [c,∞) → R be a strictly convex and smooth function

such that the asymptote Lg|+∞ exists. Then the quasi-tangent lines Lg|c and Lg|d
intersect at the unique point (a, b) where a ∈ (c, d). Furthermore, the following

statements hold.

(1) (α, β) in the plane is a dual point of order 0 of g if, and only if,

(i) α < c and β > Lg|c(α), or,

(ii) α ≥ c and β > g(α), or

(iii) β ≤ Lg|+∞(α) and β < Lg|c(α).

(2) (α, β) in the plane is a dual point of order 1 of g if, and only if,

(i) α ∈ [c, d) and β = g(α), or,

(ii) α ≤ c and Lg|+∞(α) < β ≤ Lg|c(α), or,

(ii) α ∈ [c, a) and Lg|+∞(α) < β < Lg|c(α), or,

(iii) α > a and Lg|+∞(α) ≥ β ≥ Lg|c(α), or,

(iv) α = a and β = Lg|c(a).
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(3) (α, β) in the plane is a dual point of order 2 of g if, and only if,

(i) Lg|c(α) ≤ β and Lg|+∞(α) < β < g(α).

(4) Dual points of order greater than 2 of g do not exist.

Fig. 3.16 g ∈ C1[c,∞); Lg|+∞ exists

Fig. 3.17 g ∈ C1[c,∞); g ∼ H+∞

Theorem 3.17. Let g : [c,∞) → R be a strictly convex and smooth function such

that g ∼ H+∞. Then the following statements hold.

(1) (α, β) in the plane is a dual point of order 0 of g if, and only if,

(i) α < c and β > Lg|c(α), or,

(ii) α ≥ c and β > g(α).

(2) (α, β) in the plane is a dual point of order 1 of g if, and only if,

(i) α ∈ (c,∞) and β = g(α), or,

(ii) α ≤ c and β ≤ Lg|c(α), or,
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(iii) α ∈ (c,∞) and β < Lg|c(α).

(3) (α, β) in the plane is a dual point of order 2 of g if, and only if,

(i) α > c and Lg|c(α) ≤ β < g(α).

(4) Dual points of order greater than 2 of g do not exist.

Theorem 3.18. Let g : R → R be a strictly convex and smooth function such that

the asymptotes Lg|−∞ and Lg|+∞ exist. Then the following statements hold.

(1) (α, β) in the plane is a dual point of order 0 of g if, and only if,

(i) β > g(α), or,

(ii) β ≤ min
{

Lg|−∞(α), Lg|+∞(α)
}

.

(2) (α, β) in the plane is a dual point of order 1 of g if, and only if,

(i) β = g(α), or,

(ii) min
{

Lg|−∞(α), Lg|+∞(α)
}

< β ≤ max
{

Lg|−∞(α), Lg|+∞(α)
}

.

(3) (α, β) in the plane is a dual point of order 2 of g if, and only if,

(i) max
{

Lg|−∞(α), Lg|+∞(α)
}

< β < g(α).

(4) Dual points of order greater than 2 of g do not exist.

Fig. 3.18 g ∈ C1(R); Lg|−∞, Lg|+∞ exist

Theorem 3.19. Let g : R → R be a strictly convex and smooth function such that

the asymptote Lg|−∞ exists and g ∼ H+∞. The the following statements hold.

(1) (α, β) in the plane is a dual point of order 0 of g if, and only if, β > g(α).

(2) (α, β) in the plane is a dual point of order 1 of g if, and only if,

(i) β = g(α), or,

(ii) β ≤ Lg|−∞(α).

(3) (α, β) in the plane is a dual point of order 2 of g if, and only if,

(i) Lg|−∞(α) < β < g(α).

(4) Dual points of order greater than 2 of g do not exist.
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Fig. 3.19 g ∈ C1(R); Lg|−∞ exists; g ∼ H+∞

Theorem 3.20. Let g : R → R be strictly convex and smooth function such that

g ∼ H−∞ and g ∼ H+∞. Then the following statements hold.

(1) (α, β) in the plane is a dual point of order 0 of g if, and only if, β > g(α).

(2) (α, β) in the plane is a dual point of order 1 of g if, and only if, β = g(α).

(3) (α, β) in the plane is a dual point of order 2 of g if, and only if, β < g(α).

(4) Dual points of order greater than 2 of g do not exist.

Fig. 3.20 g ∈ C1(R); g ∼ H−∞, g ∼ H+∞

A typical function g that satisfies the conditions in Theorem 3.20 is defined by

g(x) = x2/4 for x ∈ R. Indeed, since limx→±∞ g′(x) = ±∞, by Lemma 3.4, we see

that the conditions g ∼ H−∞ and g ∼ H+∞ are satisfied. Recall, however, that the

condition g′(+∞) = +∞ is not necessary for g ∼ H+∞. Indeed, in view of Lemma

3.5, we see that if g : R → R is strictly convex and smooth such that g ∼ H−∞,

g(+∞) = −∞ and g′(+∞) = 0, then (g ∼ H+∞ and hence) the conclusions in
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Theorem 3.20 still hold (see Figure 3.21).

Fig. 3.21 g ∈ C1(R); g ∼ H−∞; g(+∞) = −∞, g′(+∞) = 0

For example, consider the curve S defined by the parametric functions

x(λ) = −2λ+
1

λ2
, y(λ) = λ2 − 2

λ
,

defined for λ ∈ (0,∞). Since

(x(0+), y(0+)) = (+∞,−∞), (x(+∞), y(+∞)) = (−∞,+∞),

and

x′(λ) = −2

(

λ3 + 1

λ3

)

< 0, λ ∈ (0,∞),

we see that S is also the graph of a function y = S(x) defined on (−∞,∞). Fur-

thermore, since

y′(λ) = 2

(

λ+
1

λ2

)

= 2
λ3 + 1

λ2
,

we see that

dS

dx
= −λ, d

2S

dx2
=

λ3

2(λ3 + 1)
, λ > 0.

Hence S is a strictly decreasing, convex and smooth function which satisfies

S(−∞) = +∞, S′(−∞) = −∞ S(+∞) = −∞ and S′(+∞) = 0. Its dual set

of order 0, in view of Theorem 3.20, is ∨(S).

3.5 Intersections of Dual Sets of Order 0

Dual sets of some smooth and convex (or concave) functions are given in the previous

section. Therefore, when we are facing with a curve that is composed of several

smooth graphs of functions which are either convex or concave, its dual sets can



January 12, 2009 14:53 World Scientific Book - 9.75in x 6.5in ws-book975x65

48 Dual Sets of Envelopes and Characteristic Regions of Quasi-Polynomials

then be obtained by unions and intersections of dual sets of the individual functions.

Although the principle is easy, the intersection can be technically difficult to find.

However, since we emphasize C\R and C\(0,∞)-characteristic regions2 in this

book, we only need intersections of dual sets of order 0.

Let us first consider an example. Let G1 be a strictly decreasing, strictly concave

and smooth function defined on (c, d) such that G1(c
+), G′

1(c
+) and G(d−) exist as

well as G′
1(d

−) = −∞. Let G2 be a strictly convex and smooth function defined on

[c,∞) such that G2(c) = G1(c
+) and G′

2(c) = G′
1(c

+) and G′
2(+∞) = +∞. Then

the intersection of dual sets of order 0 of G1 and G2 can be found as follows. We

first single out the dual set of order 0 of G1 in the distribution map depicted in

Figure 3.1 (more precisely Figure 3.3) and then the dual set of order 0 of G2 in

Figure 3.11. The resulting intersection Ω is then easily found. The three dual sets

are depicted from left to right in Figure 3.22.

Fig. 3.22 Intersection of the dual sets of order 0 in Figures 3.3 and 3.11

The intersection Ω can also be described conveniently in the following manner:

(α, β) ∈ Ω if, and only if, α ≥ d and β > G2(α). By means of the chi-function χI
defined in (1.2), we may also state our result as follows.

Theorem 3.21. Let c, d ∈ R, G1 ∈ C1(c, d) and G2 ∈ C1[c,∞). Suppose the

following conditions hold:

(i) G1 is strictly decreasing, strictly concave on (c, d) such that G1(c
+), G′

1(c
+) and

G(d−) exist as well as G′
1(d

−) = −∞;

(ii) G2 is strictly convex on [c,∞) such that G2 ∼ H+∞;

(iii) G2(c) = G1(c
+) and G′

2(c) = G′
1(c

+).

Then the intersection of the dual sets of order 0 of G1 and G2 is ∨(G2χ[d,∞)).

As another example, recall the function g defined in Example 3.1. If we now

let L be the straight line L defined by y = g′1(b
−)(x− b) + g1(b

−) for x ∈ R, then

the dual set of order 0 of g is equal to the intersection of the dual sets of order 0

of g1, g2 and L. Indeed, this follows from the fact that a point (x, y) is in the dual

2Definitions will be given in Section 4.2.
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set of order 0 of g if, and only if, no tangent lines of g passes through (x, y) and a

tangent line of g is either a tangent line of g1, g2 or L. An example is illustrated in

Figure 3.23 in which g1 is the restriction of the quadratic function g(x) = x2/4 over

(−∞, 1) and g2 the restriction of the same function over (1,∞).

Fig. 3.23 Intersection of the dual sets of order 0 of g1, g2 and L

Theorem 3.22. Let I be a real interval with b ∈ I. Let I1 = I ∩ (−∞, b) and

I2 = I ∩ (b,+∞). Let g1 ∈ C1(I1) and g2 ∈ C1(I2) be strictly convex functions

on I1 and I2 respectively such that g1(b
−), g′1(b

−), g2(b
+) and g′2(b

+) exist, and

g1(b
−) = g2(b

+) as well as g′1(b
−) = g′2(b

+). Let the function g : I → R be defined

g(x) =







g1(x) if x ∈ I1
g2(x) if x ∈ I2
g1(b

−) if x = b

,

and let

L(x) = g′1(b
−)(x− b) + g1(b

−), x ∈ R.

Then g ∈ C1(I) and its dual set of order 0 is equal to the intersection of the dual

sets of order 0 of g1, g2 and L.

As a variant, we have the following.

Theorem 3.23. Let I be a real interval with b ∈ I. Let I1 = I ∩ (−∞, b] and

I2 = I ∩ (b,+∞). Let g1 ∈ C1(I1) and g2 ∈ C1(I2) be strictly convex functions on

I1 and I2 respectively such that g2(b
+) and g′2(b

+) exist, and g1(b) = g2(b
+) as well

as g′1(b) = g′2(b
+). Let the function g : I → R be defined

g(x) =

{

g1(x) if x ∈ I1
g2(x) if x ∈ I2

.

Then g ∈ C1(I) and its dual set of order 0 is equal to the intersection of the dual

sets of order 0 of g1 and g2.

The same principles can be used to derive intersections of dual sets of order 0

of various smooth convex or concave functions. We collect some of them in the

Appendix for future references.



January 12, 2009 14:53 World Scientific Book - 9.75in x 6.5in ws-book975x65

50 Dual Sets of Envelopes and Characteristic Regions of Quasi-Polynomials

3.6 Notes

Elementary properties of convex functions are given in [32]. Several results in

Section 3.3 are taken from [6]. Lemma 3.2 is provided by S. Y. Huang. The

distribution maps in this Chapter are new.
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Chapter 4

Quasi-Polynomials

4.1 ∆- and ∇-Polynomials

Real functions with several parameters arise in many situations. To see some ex-

amples, let us consider several population models as follows. First, let xk denote

the population size of a species in the time period k. The Malthus model asserts

that the change ∆xk = xk+1 − xk is proportional to xk, that is,

∆xk = γxk, k ∈ N, (4.1)

where γ is a real proportionality constant (called the rate of growth). Assuming

that it takes σ periods of time (naturally σ ≥ 1) for the new born to mature and

be ready for reproduction, a more general model may appear in the following form

∆xk = γxk−σ, k ∈ N. (4.2)

When external factors (such as infectious diseases) cause depletion of the young

people in the population, it is possible that the depleted population can be modeled

in the form

xk−τ+1 − xk−τ = ρxk−σ, k ∈ N,

where τ is a nonnegative integer such that τ ≥ σ. Therefore, the overall population

now obeys the model

∆xk − ∆xk−τ = (γ − ρ)xk−σ, k ∈ N,

which can be written as a ‘neutral difference equation’ with delay:

∆(xk − xk−τ) + (ρ− γ)xk−σ = 0, k ∈ N. (4.3)

Once a mathematical model is built, its implications will be needed to compare

with realities. One way to deduce implications of our models is to find their solu-

tions. For instance, in the case of (4.2), a solution is a (real or complex) sequence

of the form x = {x−σ, x−σ+1, ...} such that substitution of it into (4.2) renders an

identity. A good guess may lead us to solutions which are geometric sequences,

namely, x =
{

λk
}∞

k=−σ
. Substitution of x into (4.2) then leads us further to the

equation

λk
{

λ− 1 − γλ−σ
}

= 0.

51
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Therefore, for each root of the rational equation

λ− 1 − γλ−σ = 0,

we can find a corresponding solution of (4.2).

Similarly, by considering equation (4.3), we are led to the equation

λk
{

λ − 1 − λ−τ (λ− 1) + λ−σ(ρ− γ)
}

= 0

and then the rational equation

λτ+1 − λτ − (λ− 1) + (ρ− γ)λτ−σ = 0.

In general, given a recurrence relation of the form

anxk+n + an−1xk+n−1 + an−2xk+n−2 + · · ·+ a0xk = 0, k ∈ Z, (4.4)

where n is a fixed positive integer, the same consideration will lead us to the poly-

nomial

f(λ|an, an−1, an−2, ..., a0) = anλ
n + an−1λ

n−1 + an−2λ
n−2 + · · ·+ a0, (4.5)

while if we are given a difference equation more general than (4.3), to rational

functions of the form

F (λ) = f0(λ) + λτ1f1(λ) + · · ·+ λτmfm(λ) (4.6)

where τ1, ..., τm are integers, and f0(λ), ..., fm(λ) are polynomials of the form (4.5).

Note that in case τ1, ..., τm are nonnegative integers, then the above function is

just a polynomial. If one of τ1, ..., τm is negative, then the set of roots of (4.6) can

be found by finding the roots of the polynomial

λmax{−τ1,...,−τm}F (λ).

In the sequel, we will therefore regard F (λ) as a ‘∆-polynomial’. The integers

τ1, τ2, ..., τm will be called the powers of F (λ) and without loss of any generality,

we may assume that they are mutually distinct nonzero integers. For instance,

the ∆-polynomial f0(λ) + λτ1f1(λ) is said to have one power if τ1 6= 0, while

f0(λ) + λτ1f1(λ) + λτ2f2(λ) is said to have two powers if τ1 and τ2 are distinct

nonzero integers.

A further classification of ∆-polynomials is possible. To this end, we now treat

(4.5) as a function with ‘hidden parameters’, that is, as a polynomial of n + 2

variables λ, an, an−1, ...a0, where λ varies over a subset of C and each ai varies over

a subset of R. Such a function is said to have degree1 n if an varies over a subset

of R containing points other than 0. We say that F (λ) in (4.6) (now treated as a

multivariate function) is a ∆(d0, d1, ..., dm)-polynomial if the degrees of f0, f1, ..., fm
are d0, d1, ..., dm respectively. For instance,

λ− 1 + λ−3p+ λ−4q, p, q ∈ R
1This term is not to be confused with the degree of a polynomial with only one independent

variable.



January 12, 2009 14:53 World Scientific Book - 9.75in x 6.5in ws-book975x65

Quasi-Polynomials 53

is a ∆(1, 0, 0)-polynomial with powers −3 and −4, while the function

(aλ + b) + λ−1c+ λ−2d+ λ−3p, a, b, c, d, p∈ R,

is a ∆(1, 0, 0, 0)-polynomial with powers −1, −2 and −3. On the other hand, a

∆(1, 1)-polynomial must be of the form

aλ + b+ (cλ+ d)λ−τ

where a 6= 0 and c 6= 0.

So far we have considered discrete time population models. In some cases, it is

better to consider continuous time models as well. A well known example is the

decay process of a radioactive material. Let x(t) be the mass of such a material at

time t. One model assumes that the rate of change x′(t) is proportional to its mass

at t, that is,

x′(t) = γx(t), t ≥ 0. (4.7)

While another model assumes that the rate of change x′(t) not only depends on its

mass at t, but also depends on its mass at a previous time, say x(t − τ ). Then we

are led to differential equations with ‘delay’:

x′(t) + ax(t) + bx(t− τ ) = 0, t ≥ 0. (4.8)

If we seek solutions of (4.7) in the form eλt, then we are led to

eλt(λ − γ) = 0.

Therefore, a root of the polynomial equation

λ− γ = 0

will lead us to the solution eγt. Similarly, if we seek solutions in the form eλt of the

linear differential equation (the damped oscillator equation)

x′′(t) + ax′(t) + bx(t) = 0, t ∈ R, (4.9)

then we are led to the polynomial equation

λ2 + aλ + b = 0 (4.10)

obtained by substituting x(t) = eλt into (4.9). In general, if we consider more

general linear differential equations of the form

x(n)(t) + an−1x
(n−1)(t) + an−2x

(n−2)(t) + · · ·+ a0x(t) = 0, t ∈ R, n ∈ Z[1,∞),

(4.11)

similar considerations will lead us to the polynomial (4.5) again.

However, if we substitute eλt into (4.8), then instead of a polynomial equation,

we will end up with

λ+ a+ be−λτ = 0.

More general differential equations with delays and/or ‘advancements’ will fur-

ther lead us to a more general class of ‘∇-polynomials’. More precisely, let
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f0(λ), f1(λ), ..., fm(λ) be polynomials (with ‘hidden parameters’). A function of

the form

F (λ) = f0(λ) + e−λτ1f1(λ) + · · ·+ e−λτmfm(λ)

where τ1, ..., τm are mutually distinct nonzero real numbers, is called a ∇-

polynomial. The numbers τ1, ..., τm will be called the powers of F. We also say

that F is a ∇(d0, d1, ..., dm)-polynomial if the degrees of f0, ..., fm are d0, d1, ..., dm
respectively.

In the sequel, a quasi-polynomial is either a polynomial, a ∆-polynomial or a

∇-polynomial2.

Example 4.1. ∆-polynomials of the form

λ − 1 + λ−τp+ λ−σq = 0,

λ − 1 + λτp+ λσq = 0,

λ − 1 + λ−τp+ λσq = 0,

λ− 1 + λ−τ (λ − 1)p+ λ−σq = 0,

λ − 1 + λ−τp+ λ−σq + λ−δr = 0,

λ− 1 + λτp+ λσq + λδr = 0,

λ − 1 + λ−τ (λ− 1)c+ λ−τp+ λ−δq = 0,

(λ − 1)n + λ−τ (λ − 1)p+ λ−σq = 0,

where p, q, r, c ∈ R and τ, σ, δ ∈ Z and n ∈ Z[1,∞), arise from considering difference

equations of the respective form

xk+1 − xk + pxk−τ + qxk−σ = 0, where τ > σ ≥ 0,

xk+1 − xk + pxk+τ + qxk+σ = 0, where τ > σ ≥ 0,

xk+1 − xk + pxk−τ + qxk+σ = 0, where τ, σ ≥ 0,

∆(xk + pxk−τ) + qxk−σ = 0, where τ > 0; σ ≥ 0,

xk+1 − xk + pxk−τ + qxk−σ + rxk−δ = 0, where 0 < τ < σ < δ,

xk+1 − xk + pxk+τ + qxk+σ + rxk+δ = 0, where τ > σ > δ > 0,

∆(xk + cxk−τ) + pxk−τ + qxk+δ = 0, where τ, δ > 0,

and

∆n (xk + pxk−τ) + qxk−σ = 0, where n, τ > 0; δ ≥ 0.

2Pontryagyn in [25] used the same term to indicate the class of functions of the form G(λ, eλ)
where G(λ,x) is a polynomial in two variables. The same term has also been used for (4.6) in

Gel’fond [14].
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Example 4.2. ∇-polynomials of the form

λ+ a+ e−τλu+ e−σλv = 0,

λ+ a+ eλτu+ eλσv = 0,

λ+ a+ eλτ b+ eλσu+ eλδv = 0,

λ+ a+ e−λτu+ eλσv = 0,

λ+ e−λτλu+ eλσv = 0,

λ+ aλe−λτ + b+ e−λτu+ eλσv = 0,

λn + e−λτλnu+ e−λσv = 0

where a, b, c, g, p, q, r, τ, σ, δ ∈ R and n ∈ Z[1,∞), arise from considering functional

differential equations of the respective form

x′(t) + ax(t) + bx(t− τ ) + cx(t− σ) = 0, where 0 < τ < σ.

x′(t) + ax(t) + bx(t+ τ ) + cx(t+ σ) = 0, where 0 < τ < σ

x′(t) + ax(t) + bx(t+ τ ) + cx(t+ σ) + gx(t+ δ) = 0, where 0 < τ < σ < δ

x′(t) + ax(t) + bx(t− τ ) + cx(t+ σ) = 0, where τ, σ > 0

d

dλ
[x(t) + px(t− τ )] + qx(t+ σ) = 0, where τ, σ > 0,

d

dλ
[x(t) + cx(t− τ )] + rx(t) + px(t− τ ) + qx(t+ σ) = 0, where τ, σ > 0,

and

dn

dλn
[x(t) + px(t− τ )] + qx(t− σ) = 0, where τ, σ > 0.
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4.2 Characteristic Regions

For polynomials with order greater than 4, it is well known that there are no general

formula for their roots. Therefore, finding roots of quasi-polynomials is a non-trivial

problem. In some cases, however, we are not required to find the explicit roots of

quasi-polynomials.

As an example, let us call a real solution of (4.11) oscillatory if it is neither

eventually positive nor eventually negative. Then it is not difficult, using elementary

theory of ordinary differential equations, to show that every real solution of the

equation (4.9) oscillates if, and only if, the polynomial equation (4.10) does not

have any real roots. But to determine the latter property of (4.10) is easy. Indeed,

the roots of (4.10) are nonreal if, and only if, a2 − 4b > 0.

More generally, a result in the theory of ordinary differential equations states

that every real solution of the linear differential equation (4.11) with real constant

coefficients a0, a1, ..., an−1 oscillates if, and only if, the polynomial (4.5) does not

have any real roots. Then we need to decide when (4.5) does or does not have any

real roots.

A similar result for (4.4) also holds. Let us call a real solution (sequence) of

(4.4) oscillatory if it is neither eventually positive nor eventually negative. Then a

result in the theory of ordinary difference equations (see e.g. [40]) states that every

real solution of (4.4) oscillates if, and only if, the polynomial (4.5) does not have

any positive roots.

As for differential equations with delays and advancements, we have the following

result (see e.g. [1]): Consider the n-th order differential equation

dn

dtn

[

x(t) +
∑

ϑ

pix(t− τi)

]

+
∑

κ

qkx(t− σk) = 0, (4.12)

where n ≥ 1, ϑ, κ are initial segments of natural numbers, and pi, τi, qk, δk ∈ R

for i ∈ ϑ and k ∈ κ. A necessary and sufficient condition for the oscillation of all

solutions of (4.12) is that the quasi-polynomial

f(λ) = λn + λn
∑

ϑ

pie
−λτi +

∑

κ

qke
−λσk

has no real roots.

In another direction, it is desired to know when all the roots of a polyno-

mial lie inside the open unit circle, or inside the open left-half plane (see e.g.,

[25, 33–35, 38]. Such problems attracted mechanical engineers who faced the prob-

lem of resolving the instability of steam engines. In general, given a function

f(λ|an, an−1, ..., a0) with n + 1 real parameters, we are interested in finding the

exact region Ψ for (an, an−1, ..., a0) so that for each (an, an−1, ..., a0) ∈ Ψ, none,

some or all of the roots of the function f lie in a specific subset Φ of the domain of

f . It is natural to call Ψ the characteristic region. For example, the characteristic

region for the function

f(λ|a, b) = λ2 + b, b ∈ R,
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to have all roots in C\R is {b ∈ R| b > 0} , while the characteristic region for the

function to have exactly one root in (0,∞) is {b ∈ R| b < 0} .
In case Ψ is meant for all solutions to lie in Φ, we may also call Ψ the

Φ-characteristic region for short.

In this book, we will emphasize C\(0,∞)-characteristic regions for ∆-

polynomials and C\R-characteristic regions for ∇-polynomials.

Theorem 4.1. Let I be a real interval which is the union of two disjoint intervals

I1 and I2. Then the C\I-characteristic region of a quasi-polynomial F (λ) is the

intersection of the C\I1- and the C\I2-characteristic regions of F (λ).

The proof is quite easy which follows from the fact that F (λ) does not have any

roots in I if, and only if, it does not have any roots in I1 nor I2.

Example 4.3. As we have already seen in Chapter 1, the C\R-characteristic region

for f(λ|a, b) = λ2 + xλ + y in the x, y-plane is
{

(x, y) ∈ R2 : y < x2/4
}

, and the

C\(0,∞)-characteristic region Ω for f(λ|x, y) = λ2 + xλ+ y is defined by

x < 0 and y > x2/4, or, x ≥ 0 and y ≥ 0.

The C\ {0}-characteristic region for f(λ|x, y) = λ2 + xλ + y is also easy to find.

Indeed, λ = 0 is a root of f(λ|x, y) if, and only if, y = 0. Thus the C\ {0}-
characteristic region is

{

(x, y) ∈ R2 : y = 0
}

. Once the C\(0,∞)-characteristic re-

gion for f(λ|x, y) = λ2 + xλ + y is found, we can then find its C\(−∞, 0)-

characteristic region as well. Indeed, note that λ is a negative root of f(λ|x, y) if,

and only if, −λ is a positive root of f(λ|−x, y). Thus the C\(−∞, 0)-characteristic

region is defined by x > 0 and y > x2/4, or, x ≤ 0 and y ≥ 0.

The next question is then to find the C\(0,∞)-characteristic regions for more

general quasi-polynomials. This, in general, is a difficult question.

In some special cases, however, we may find the desired C\(0,∞)-characteristic

regions by standard techniques. As an example, consider the quasi-polynomial

λ − 1 + λ−σp = 0,

where σ is an integer. In case σ is 0 or −1, the C\(0,∞)-characteristic region is

defined by p ≥ 1 and p ≤ −1 respectively. But in case σ is neither −1 nor 0, the

corresponding C\(0,∞)-characteristic region is not easy to find. We will see later

(as a consequence of Theorems 6.1 and 6.2) that it is defined by p(σ+1)σ+1/σσ > 1.

In this book, by means of finding dual sets of envelopes, we will show how char-

acteristic regions for several important types of quasi-polynomials can be found. Be-

fore we study the general quasi-polynomials, let us illustrate the basic procedures

by looking into two specific examples.

Example 4.4. Recall the function

f(λ|x, y) = λ2 − λ+ λ−1(λ− 1)x+ y, λ > 0,
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in Example 2.2. For each λ ∈ (0,∞), let Lλ be the straight line defined by

f(λ|x, y) = 0. Let

x(λ) = λ2 − 2λ3, y(λ) = 2λ(λ2 − 2λ + 1),

for λ > 0. We have shown that the curves G1 and G2 described by x(λ) and

y(λ) over the respective intervals (0, 1/3) and [1/3,∞) are the envelopes of the

families {Lλ : λ ∈ (0, 1/3)} and {Lλ : λ ∈ [1/3,∞)} respectively, and that the curve

G described by the parametric functions x(λ) and x(λ) over (0,∞) is the envelope

of the family {Lλ : λ ∈ (0,∞)} . The curves G1 and G2 are depicted in Figure 2.1

which shows that G2 is the graph of a function y = G2(x) over (−∞, 1/27). By

Theorem 2.6, the C\(0,∞)-characteristic region of f(λ|x, y) is just the dual set

of order 0 of G. In view of the distribution of dual points exemplified by Figure

A.1, we may see that the desired dual set is the set of points (x, y) that satisfies

x ≤ 0 and y > G2(x). An alternate derivation is as follows. By Theorem 4.1, the

C\(0,∞)-characteristic region of f(λ|x, y) is the intersection of the C\(0, 1/3)- and

the C\[1/3,∞)-characteristic regions of f(λ|x, y). By Theorem 2.6, the C\(0, 1/3)-

and the C\[1/3,∞)-characteristic regions of f(λ|x, y) are the dual sets of order 0

of the envelopes G1 and G2 respectively. Again, in view of Figure A.1, we see that

the same conclusion holds.

Example 4.5. Let

h(λ|x, y) = (λ − 1)3λ2 + λ(λ − 1)3x+ y, λ > 0,

and let Lλ be the straight line defined by h(λ|x, y) = 0. Since

h′λ(λ|x, y) = (λ − 1)2(4λ− 1)x+ λ(λ − 1)2(5λ− 2), λ > 0,

we see that the determinant of the linear system h(λ|x, y) = 0 = h′λ(λ|x, y) is

D(λ) = (λ − 1)2(4λ− 1),

which has positive roots 1 and 1/4. By solving the linear system for x and y, we

may obtain the parametric functions

x(λ) = −λ(5λ− 2)

4λ− 1
, y(λ) =

(λ − 1)4λ2

4λ− 1

for λ ∈ (0,∞)\{1, 1/4}. We have

x′(λ) = −2
10λ2 − 5λ + 1

(4λ − 1)
2 , y′(λ) = 2 (λ− 1)

3
λ

10λ2 − 5λ+ 1

(4λ− 1)
2

and

dy

dx
= −(λ − 1)3λ,

d2y

dx2
= −1

2
(λ − 1)

2 (4λ− 1)
3

10λ2 − 5λ+ 1

for λ ∈ (0,∞)\{1, 1/4}.Since (x′(λ), y′(λ)) 6= 0 for λ ∈ (0,∞)\{1/4, 1},by Theorem

2.3, the curves G1, G2 and G3 described by x(λ) and y(λ) over the respective inter-

vals (0, 1/4), (1/4, 1) and (1,∞) are the envelopes of the families {Lλ : λ ∈ (0, 1/4)} ,
{Lλ : λ ∈ (1/4, 1)} and {Lλ : λ ∈ (1,∞)} respectively.
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By Theorem 4.1, the C\(0,∞)-characteristic region of h(λ|x, y) is the intersec-

tion of the C\(0, 1/4)-, C\{1/4}-, C\(1/4, 1)-, C\{1}- and C\(1,∞)-characteristic

regions of h(λ|x, y). The C\{1}-characteristic region, since h(1|x, y) = y, is C\R,
which is also the dual set of order 0 of Θ0. The C\{1/4}-characteristic region is

the set of points that do not lie on the straight line L1/4, that is, C\L1/4, which is

also the dual set of order 0 of L1/4. As for the other three regions, by Theorem 2.6,

the C\(0, 1/4)-characteristic region is the dual set of order 0 of the envelope G1,

the C\(1/4, 1)-characteristic region is the dual set of order 0 of the envelope G2,

and the C\(1,∞)-characteristic region is the dual set of order 0 of the envelope G3.

In principle, we may thus find the desired C\(0,∞)-characteristic region by taking

intersection of the five different subsets just described.

There remains the computation of the intersection, however. To this end, we

first observe that the information on x(λ) and y(λ) described above allow us to show

that G1 is the graph of a strictly increasing, strictly concave and smooth function

y = G1(x) defined over the interval (−∞, 0) such that G1(0
−) = 0 and G′

1(0
−) = 0,

that G2 is the graph of a strictly increasing, strictly convex and smooth function

y = G2(x) defined over (−1,∞) such that G2((−1)+) = 0, G′
2((−1)+) = 0 and

G2(+∞) = +∞, and that G3 is the graph of a strictly decreasing and strictly

convex function y = G3(x) defined over (−∞,−1) such that G3((−1)−) = 0,

G′
3((−1)−) = 0, G3(−∞) = +∞ and G′

3(−∞) = −∞. Since limλ→(λ∗)− x(λ) = −∞
and limλ→(λ∗)+ x(λ) = +∞, in view of Lemma 3.2, we also see that L1/4 is the

asymptote of G1 at −∞ and of G2 at +∞. See Figure 4.1

Fig. 4.1

Next, we apply Theorem 3.22 to conclude that the intersection of the dual sets

of order 0 of G2, G3 and the straight line Θ0 is equal to the dual set Ω of order 0

of the curve described by x(λ) and y(λ) over the interval (1/4,∞). Finally, in view

of Figure A.12, the intersection of Ω with the dual sets of order 0 of L1/4 and G1 is

equal to Ω itself. We have thus completed the computation part.
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We remark that in the rest of this book, we will employ standard procedures

similar to those just described for deriving more general characteristic regions. A

good understanding of the previous two Examples is thus essential in the sequel.

4.3 Notes

Oscillation theory of difference and differential equations is a well developed sub-

ject. Several standard references are [1, 36, 37, 40]. In particular, necessary and

sufficient conditions for oscillation in terms of characteristic functions can be found

in these references. The term quasi-polynomial is used by different authors (see e.g.

[14, 31]) and may have meaning different from ours.

Although we will emphasize C\(0,∞)-characteristic regions for ∆-polynomials

and C\R-characteristic regions for ∇-polynomials, our method can be applied to

obtain other characteristic regions as well. We demonstrate this by showing the

following: If

β < 2π2, 0 ≥ α ≥ −β2/4,
α

π4
+

β

π2
< 1, (4.13)

then the roots of the quadratic polynomial λ2 + βλ − α fall inside the interval

(−π2, 0]. The proof is quite easy and follows the same principles in the previous

examples. Indeed, for each λ ∈ (−π2 , 0], consider the staright lines

Lλ : λ2 + xλ− y = 0.

The envelope S of the family
{

Lλ : λ ∈ (−π2, 0]
}

is given by

y = −x
2

4
, x ∈ [0, 2π2).

Then the desired dual set of order 2, according to the distribution map Figure 3.1 is

exactly the one described by (4.13) (with α and β replaced by x and y respectively).

Such a result is used in several recent papers in obtaining the positivity properties

of Green’s functions for supported beams (see e.g. [16]).

The Cheng-Lin theory in the previous Chapters is formalized by the first author

and appears here for the first time. By means of this theory, we can approach

the root seeking problems by looking for all, some or none of the tangent lines of

envelopes. In particular, for a function of the form F (λ|x, y) = f(λ)x+g(λ)y−h(λ)
where λ belongs to a real interval I, its I-characteristic region can be approached

by the following Cheng-Lin envelope method (as illustrated by the examples in

the previous Section). More specifically, we first find F ′
λ(λ|x, y), then calculate

the determinant D(λ) of the linear system F (λ|x, y) = 0 = F ′
λ(λ|x, y). Then we

break the interval I into several subintervals into two groups of subintervals, say,

I1, I2, ..., Im, and Im+1 , ..., In according to whether D(λ) 6= 0 or D(λ) = 0. For

each interval, we may try to find the corresponding characteristic regions by finding

the dual sets of order 0 of envelopes or appropriate straight lines. Then the I-

characteristic region is their intersection.
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Chapter 5

C\(0, ∞)-Characteristic Regions of Real
Polynomials

5.1 Quadratic Polynomials

We have found the C\(0,∞)-characteristic regions of the quadratic polynomials

in the first Chapter by means of the formula of the roots. Since explicit formulas

of roots of general polynomials are not available, we need alternate means to find

the corresponding regions. Dual sets of envelopes may be used to find some of

these regions. Indeed, we will show that the C\(0,∞)-characteristic regions of real

polynomials with degrees less than or equal to 5 can be found.

Before doing so, we will illustrate the principle behind by looking at the real

quadratic polynomial again. Let

f(λ|x, y) = λ2 + xλ + y, x, y ∈ R, (5.1)

and let us denote its C\(0,∞)-characteristic region by Ω.

Theorem 5.1. A point (x, y) ∈ R2 belongs to the C\(0,∞)-characteristic region

Ω of the quadratic polynomial f(λ|x, y) = λ2 + λx + y if, and only if, x ≥ 0 and

y ≥ 0, or, x < 0 and y > x2/4.

Proof: First of all, let Lλ be the straight line in the x, y-plane defined by

f(λ|x, y) = 0, that is,

Lλ : λx+ y = −λ2, λ > 0. (5.2)

Since the determinant of the linear system

f(λ|x, y) = λ2 + λx+ y = 0, λ > 0, (5.3)

f ′λ(λ|x, y) = 2λ+ x = 0, λ > 0, (5.4)

is equal to −1, we may solve for x and y in terms of λ:

x(λ) = −2λ, y(λ) = λ2, λ > 0.

Since

x′(λ) = −2, y′(λ) = 2λ, λ > 0,

61
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by Theorem 2.3, the envelope G of the family {Lλ| λ ∈ (0,∞)} is described by the

parametric functions x(λ) and y(λ)

In view of Theorem 2.6, Ω is just the dual set of order 0 of the envelope G. To

find the dual set, note that G can also be described by the graph of the function

y = G(x) defined on (−∞, 0), where

y = G(x) =
x2

4
, x < 0.

Furthermore, G(x) is a strictly convex and smooth function on (−∞, 0) such that

G(−∞) = +∞, G(0−) = 0, G′(−∞) = −∞ and G′(0−) = 0. Thus LG|0 is Θ0, and

G ∼ H−∞ by Lemma 3.3. In view of the distribution of dual points exemplified by

Figure 3.11, (a, b) is a dual point of order 0 of G if, and only if, a < 0 and b > G(a),

or, a ≥ 0 and b ≥ 0. The proof is complete.

We remark that the above result can also be stated as follows: a point (x, y) ∈ Ω

if, and only if, (x, y) ∈ ∨(G) ⊕∨(Θ0χ[0,+∞)).

Note that the proof of the above result actually suggests more conclusions. In-

deed, in view of the distribution of dual points exemplified by Figure 3.11, we may

see that a point (x, y) is a dual point of order 1 of G if, and only if, x < 0 and

y = x2/4, or, x < 0 and y ≤ 0, or, x ≥ 0 and y < 0; while a point (x, y) is a dual

point of order 2 of G if, and only if, x < 0 and 0 < y < x2/4.

Theorem 5.2. The quadratic polynomial λ2 + λx+ y has exactly one positive root

if, and only if, x < 0 and y = x2/4, or, x < 0 and y ≤ 0, or, x ≥ 0 and y < 0; it

has exactly two distinct positive roots if, and only if, x < 0 and 0 < y < x2/4.

Since the roots of λ2 +λx+y are
(

−x±
√

x2 − 4y
)

/2, we may see further that

when λ2 + λx + y has exactly one positive root, then this root is a double root if,

and only if, y = x2/4.

We remark that the same principle can be used to handle other types of char-

acteristic regions. For instance, let α be a fixed real number, and suppose we are

concerned with the necessary and sufficient conditions that guarantee our quadratic

polynomial does not have any roots in (α,+∞). All we now need to do is to find

the dual set of order 0 of the envelope G of the family {Lλ| λ ∈ (α,+∞)} . Then

we will end up with the parametric functions

x(λ) = −2λ, y(λ) = λ2 where λ > α.

Thus the envelope is now also the graph of the function y = G(x) defined by

y = G(x) =
x2

4
, x < −2α.

In view of the distribution of dual points exemplified by Figure 3.11, the dual set

of order 0 of G is then the set of points (a, b) that satisfies a < −2α and b > a2/4,

or, a ≥ −2α and

b ≥ G′(−2α) (a − (−2α)) +G(−2α) = −a(x+ 2α) + α2.
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We also remark that the proofs to be presented in the subsequent results will

be based on similar principles, a clear understanding of the above explanations is

therefore crucial at this point.

5.2 Cubic Polynomials

Let

f(λ|x, y, z) = λ3 + xλ2 + yλ + z, x, y, z ∈ R,

and let its C\(0,∞)-characteristic region be Ω.

If z < 0, then f(0|x, y, z) = z < 0, and limλ→∞,λ∈R f(λ|x, y, z) = +∞. Thus

f(λ|x, y, z) has at least one positive real root.

If z = 0, then

f(λ|x, y, 0) = λ3 + xλ2 + yλ = λ(λ2 + xλ+ y),

thus f(λ|x, y, 0) does not have any positive roots if, and only if, λ2 + xλ + y does

not have any positive roots. Theorem 5.1 can then be applied to handle this case.

We are now left with the case where z > 0. We will look for the level set

Ω(z) =
{

(x, y) ∈ R2 : (x, y, z) ∈ Ω
}

(5.5)

of Ω for each z > 0.

Theorem 5.3. Suppose z is a fixed positive number. Then the curve described by

the parametric functions

x(λ) = −2λ+
z

λ2
, y(λ) = λ2 − 2z

λ
, λ > 0,

is also the graph of a function y = G(x) defined on R. Furthermore, Ω(z) in (5.5)

is equal to ∨(G).

Proof. Let z be a fixed positive number c. Let Lλ be the straight line defined

by

Lλ : λ2x+ λy = −λ3 − c, λ ∈ (0,∞). (5.6)

Since the determinant of the linear system

f(λ|x, y, c) = λ3 + xλ2 + yλ + c = 0, λ > 0, (5.7)

f ′λ(λ|x, y, c) = 3λ2 + 2xλ+ y, λ > 0, (5.8)

is equal to −λ2, we may solve x and y in terms of λ:

x(λ) = −2λ +
c

λ2
, y(λ) = λ2 − 2c

λ
, λ > 0.

Note that

x′(λ) = −2 − 2c

λ3
< 0, y′(λ) = 2λ +

2c

λ2
> 0, λ > 0.
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By Theorem 2.3, the envelope G of the family {Lλ : λ ∈ (0,∞)} is described by

x(λ) and y(λ) defined above. Also, by Theorem 2.6, Ω(z) is just the dual set of

order 0 of the envelope G.

Note that

(x(0+), y(0+)) = (+∞,−∞), (x(+∞), y(+∞)) = (−∞,+∞),

that x(λ) is a strictly decreasing function on (0,∞), that y(λ) is a strictly increasing

function on (0,∞), and that

dy

dx
(λ) = −λ < 0,

d2y

dx2
(λ) =

1

2 + 2c
λ3

=
λ3

2

1

λ3 + c
> 0, λ > 0.

These properties together with other easily obtained information allow us to easily

draw the envelope G. The curve G is the graph of a function y = G(x) which is

strictly decreasing, strictly convex and smooth on (−∞,+∞) such that G(−∞) =

+∞, G′(−∞) = −∞, G(+∞) = −∞ and G′(+∞) = 0. Then in view of the

distribution of dual points exemplified by Figure 3.21, (a, b) is a dual point of order

0 if, and only if, b > G(a). The proof is complete.

We remark that since the function G is defined on R, is strictly decreasing and

strictly convex on R, each (a, b) ∈ Ω(z) if and only if, a = x(λ) for some (unique)

λ ∈ (0,∞) and b > y(λ).

Example 5.1. Consider the polynomial

f(λ| − 1, 1, 1) = λ3 − λ2 + λ+ 1 = 0

The roots of f(λ) are approximately 0.7718+i1.1151, 0.7718−i1.1151 and −0.5437.

Thus, (a, b, z) = (−1, 1, 1) is a dual point in Ω. The same conclusion can be obtained

by Theorem 5.3. Indeed, the curve G is now defined by the parametric functions

x(λ) = −2λ +
1

λ2
, y(λ) = λ2 − 2

λ
, λ > 0,

Since x(1) = −1 = a and y(1) = −1 < 1 = b, we see that (a, b) is strictly above G.

5.3 Quartic Polynomials

In the previous Section, we have found C\(0,∞)-characteristic regions of cubic

polynomials by considering families of straight lines defined by (5.6). Alternatively,

we may consider straight lines of the form

f(λ|x, y, c) = λ3 + aλ2 + yλ + z, a, y, z ∈ R,

in the y, z-plane. Since the parametric functions in Theorem 5.3 are relatively

simple, it is probably not worth the effort to work out the details. In the case

of quartic polynomials, different descriptions of the C\(0,∞)-characteristic regions

may make a difference in different applications. We will therefore provide two

descriptions.
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5.3.1 First Description

Let

f(λ|a, b, c, d) = λ4 + aλ3 + bλ2 + cλ+ d, a, b, c, d ∈ R,

and let its C\(0,∞)-characteristic region be denoted by Ω.

If d < 0, then f(0|a, b, c, d) = d < 0, and limλ→∞,λ∈R f(λ|a, b, c, d) = +∞. Thus

f(λ|a, b, c, d) has a positive real root.

If d = 0, then

f(λ|a, b, c, 0) = λ4 + aλ3 + bλ2 + cλ = λ(λ3 + aλ2 + bλ+ c),

thus f(λ|a, b, c, 0) does not have any positive roots if, and only if λ3 + aλ2 + bλ+ c

does not have any positive roots. Theorem 5.3 can then be applied to handle this

case.

We are left with the case where d > 0. We will look for the level set

Ω(c, d) =
{

(a, b) ∈ R2 : (a, b, c, d) ∈ Ω
}

(5.9)

of Ω for each pair (c, d) in the upper half c, d-plane

Γ =
{

(c, d) ∈ R2 : d > 0
}

.

It turns out that we need to break Γ into three mutually disjoint parts Γ′,Γ′′ and

Γ′′′ (see Figure 5.1) where

Fig. 5.1

Γ′ =
{

(c, d) ∈ R2 : c < 0, 0 < d < (c/4)4/3
}

, (5.10)

Γ′′ =
{

(c, d) ∈ R2 : c < 0, d = (c/4)4/3
}

, (5.11)

and

Γ′′′ =
{

(c, d) ∈ R2 : c ≥ 0, d > 0
}

∪
{

(c, d) ∈ R2 : c < 0, d > (c/4)4/3
}

. (5.12)
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We also need the following preparatory result on the properties of the quartic

polynomial

h(λ|c, d) = λ4 + cλ+ 3d, λ > 0, (c, d) ∈ Γ. (5.13)

Lemma 5.1. Let Γ′,Γ′′ and Γ′′′ be defined by (5.10), (5.11) and (5.12) respectively.

The following results hold:

(i) if (c, d) ∈ Γ′′′, then h(λ|c, d) > 0 for λ > 0,

(ii) if (c, d) ∈ Γ′′, then h(λ|c, d) > 0 for λ ∈ (0, (−c/4)1/3) ∪ ((−c/4)1/3,∞), and

(iii) if (c, d) ∈ Γ′, then h(λ|c, d) has two positive roots ξ1 and ξ2 such that h(λ|c, d) >
0 for λ ∈ (0, ξ1), h(λ|c, d) < 0 for λ ∈ (ξ1, ξ2) and h(λ|c, d) > 0 for λ ∈ (ξ2,∞).

Proof. Consider the quartic equation

h(λ|x, y) = λ4 + xλ+ 3y = 0. (5.14)

We can interpret (5.14) as an equation describing a family {Lλ| λ ∈ (0,∞)} of

straight lines defined by Lλ : λx + 3y = −λ4. Since the determinant of the linear

system

h(λ|x, y) = λ4 + xλ+ 3y = 0, λ > 0,

h′λ(λ|x, y) = 4λ3 + x = 0, λ > 0, (5.15)

is −3, we may solve x and y in terms of λ:

x(λ) = −4λ3, y(λ) = λ4, λ > 0. (5.16)

Since

x′(λ) = −12λ2, y′(λ) = 4λ3, λ > 0,

by Theorem 2.3, the parametric functions of the envelope of the family

{Lλ| λ ∈ (0,∞)} are given by x(λ) and y(λ). Note that this envelope can also be

described by the graph of the function y = G(x) where

y = G(x) =
(x

4

)4/3

, x < 0.

Since G′(x) = 4
3
(x
4
)1/3 < 0 for x < 0 and G′′(x) = 4

9
(x
4
)−2/3 > 0 for x < 0, the

function G(x), as shown in Figure 5.1, is a strictly convex and smooth function on

(−∞, 0) such that G(−∞) = +∞, G′(−∞) = −∞, G(0−) = 0 and G′(0−) = 0. In

view of the distribution of dual points exemplified by Figure 3.11, a point (c, d) ∈ Γ′′′

is a dual point of order 0 of G. In other words, there cannot be any positive λ such

that h(λ|c, d) = 0. Since limλ→0+ h(λ|c, d) = 3d > 0, thus h(λ|c, d) > 0 for λ > 0.

Next, a point (c, d) ∈ Γ′′ is a dual point of order 1 of G. In other words, there

exists a unique positive λ such that h(λ|c, d) = 0 and the unique root is (−c/4)1/3.

Since limλ→0+ h(λ|c, d) = 3d > 0 and limλ→+∞ h(λ|c, d) → ∞, thus for (c, d) ∈ Γ′′,

h(λ|c, d) > 0 for λ ∈ (0, (−c/4)1/3) ∪ ((−c/4)1/3,∞). Next, a point (c, d) ∈ Γ′ is a
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dual point of order 2 of G. In other words, h(λ|c, d) has two positive roots ξ1 and ξ2
such that h(λ|c, d) > 0 for λ ∈ (0, ξ1), h(λ|c, d) < 0 for λ ∈ (ξ1, ξ2) and h(λ|c, d) > 0

for λ ∈ (ξ2,∞). The proof is complete.

Theorem 5.4. Let Γ′,Γ′′ and Γ′′′ be defined by (5.10), (5.11) and (5.12) respec-

tively. Let Ω(c, d) be defined in (5.9). Let G be the curve described by the parametric

functions

x(λ) = −2λ+
c

λ2
+

2d

λ3
, y(λ) = λ2 − 2c

λ
− 3d

λ2
, λ > 0.

(i) If (c, d) ∈ Γ′, then the restriction G1 of G over the interval (0, ξ1) and the

restriction G3 of G over (ξ2,∞), where ξ1 and ξ2 are the positive roots of the

function h(λ|c, d) found in Lemma 5.1, are the graphs of smooth and strictly

convex functions y = G1(x) and y = G3(x) defined over (x1(ξ1),∞) and

(−∞, x(ξ2)) respectively; furthermore, (a, b) ∈ Ω(c, d) if, and only if, a ≤ x(ξ1)

and b > G3(a), or, a ∈ (x(ξ1), x(ξ2)) and b > max{G1(a), G3(a)} , or a ≥ x(ξ2)

and b > G1(a) (that is, (a, b) ∈ ∨(G1) ⊕∨(G3)).

(ii) If (c, d) ∈ Γ′′∪Γ′′′, then the curve G is the graph of a function y = G(x) defined

on R; furthermore, Ω(c, d) is the set of points strictly above the curve G.

Proof. Let (c, d) be a fixed pair in Γ. Let Lλ be the straight line in the x, y-plane

defined by

Lλ : λ3x+ λ2y = −λ4 − cλ− d, λ ∈ (0,∞).

Since the determinant of the linear system

f(λ|x, y, c, d) = λ4 + xλ3 + yλ2 + cλ + d = 0, λ > 0, (5.17)

f ′λ(λ|x, y, c, d) = 4λ3 + 3xλ2 + 2yλ + c = 0, λ > 0, (5.18)

is −λ4 < 0, we may solve x and y in terms of λ:

x(λ) = −2λ+
c

λ2
+

2d

λ3
, y(λ) = λ2 − 2c

λ
− 3d

λ2
, λ > 0.

Let G be the curve described by x(λ) and y(λ) for λ > 0. Note that

x′(λ) = −2 − 2c

λ3
− 6d

λ4
=

−2

λ4
h(λ|c, d),

y′(λ) = 2λ+
2c

λ2
+

6d

λ3
=

2

λ3
h(λ|c, d),

for λ > 0, where h(λ|c, d) is defined in (5.13), and

dy

dx
= −λ, d

2y

dx2
=
λ4

2

1

h(λ|c, d)
for λ > 0 except when h(λ|c, d) is zero.

Suppose (c, d) ∈ Γ′. Then

(x(0+), y(0+)) = (+∞,−∞), (x(+∞), y(+∞)) = (−∞,+∞). (5.19)
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Furthermore, in view of Lemma 5.1,

x′(λ) =
−2

λ4
h(λ|c, d) < 0, y′(λ) =

2

λ3
h(λ|c, d) > 0, λ ∈ (0, ξ1) ∪ (ξ2,∞),

x′(λ) =
−2

λ4
h(λ|c, d) > 0, y′(λ) =

2

λ3
h(λ|c, d) < 0, λ ∈ (ξ1, ξ2)

dy

dx
= −λ < 0, λ ∈ (0, ξ1) ∪ (ξ1, ξ2) ∪ (ξ2,∞), (5.20)

d2y

dx2
=
λ4

2

1

h(λ|c, d) > 0, λ ∈ (0, ξ1) ∪ (ξ2,∞),

and

d2y

dx2
=
λ4

2

1

h(λ|c, d) < 0, λ ∈ (ξ1, ξ2).

Fig. 5.2

These properties together with other easily obtained information allow us to

depict the curve G as shown in Figure 5.2. It is composed of three pieces G1, G2 and

G3 and two turning points (α1, β1) = (x(ξ1), y(ξ1)) and (α2, β2) = (x(ξ2), y(ξ2)).

The first pieceG1 corresponds to the case where λ ∈ (0, ξ1], the second G2 to the case

where λ ∈ (ξ1, ξ2), and the third G3 to the case where λ ∈ [ξ2,∞). Furthermore, G1

is the graph of a function y = G1(x) which is strictly decreasing, strictly convex, and

smooth over [α1,+∞), G2 is the graph of a function y = G2(x) which is strictly

decreasing, strictly concave, and smooth over (α1, α2), and the curve G3 is the

graph of a function y = G3(x) which is strictly decreasing, strictly convex, and

smooth over (−∞, α2] such that G′
3(−∞) = −∞. Hence, G

(v)
1 (α1) = G

(v)
2 (α+

1 ) and

G
(v)
3 (α2) = G

(v)
2 (α−

2 ) for v = 0, 1, furthermore, by Lemma 3.4, G3 ∼ H−∞.

In view of (5.20), we may infer from Theorem 2.4 that G1 is the envelope of the

family {Lλ| λ ∈ (0, ξ1]} (since limλ→ξ1 y
′(λ)/x′(λ) = limλ→ξ1 (−λ) = −ξ1). Simi-

larly, by Theorems 2.3 and 2.5, we may show that G2 is the envelope of the family

{Lλ| λ ∈ (ξ1, ξ2)} , and that G3 is the envelope of the family {Lλ| λ ∈ [ξ2,∞)} .



January 12, 2009 14:53 World Scientific Book - 9.75in x 6.5in ws-book975x65

C\(0,∞)-Characteristic Regions of Real Polynomials 69

By Theorems 2.6 and 4.1, Ω(c, d) is just the intersection of the dual sets of order

0 of G1, G2 and G3.

But in view of the distribution map in Figure A.14, (a, b) is in Ω(c, d) if, and

only, if a ≤ α1 and b > G3(a), or, a ∈ (α1, α2) and b > max {G1(a), G3(a)} , or

a ≥ α2 and b > G1(a). The proof of (i) is complete.

Next suppose (c, d) ∈ Γ′′′. Then (5.19) holds again. Furthermore, in view of

Lemma 5.1,

x′(λ) =
−2

λ4
h(λ|c, d) < 0, y′(λ) =

2

λ3
h(λ|c, d) > 0, λ ∈ (0,∞),

dy

dx
= −λ < 0, λ ∈ (0,∞),

and

d2y

dx2
=
λ4

2

1

h(λ|c, d) > 0, λ ∈ (0,∞).

These properties together with other easily obtained information allow us to show

that G is the envelope of the family {Lλ| λ ∈ (0,∞)} and that it is the graph of

a function y = G(x) which is strictly decreasing, strictly convex and smooth over

(−∞,+∞).

Next suppose (c, d) ∈ Γ′′. Then (5.19) holds again. Furthermore, in view of

Lemma 5.1,

x′(λ) =
−2

λ4
h(λ|c, d) < 0, y′(λ) =

2

λ3
h(λ|c, d) > 0,

dy

dx
= −λ < 0, (5.21)

and

d2y

dx2
=
λ4

2

1

h(λ|c, d) > 0

for λ ∈ (0, (−c/4)1/3) ∪ ((−c/4)1/3,∞). As in the first case (see also Example

2.2), we may consider the restrictions of G over the two intervals (0, (−c/4)1/3] and

((−c/4)1/3,∞) and then show that G is the envelope of the family {Lλ| λ ∈ (0,∞)}
and that it essentially looks the same as the envelope in the previous case.

The envelope in both cases is the graph of a function y = G(x) which is strictly

decreasing, strictly convex and smooth (by Theorem 2.1) for x ∈ (−∞,+∞). Fur-

thermore, the function G satisfies G′(−∞) = −∞ and G′(+∞) = 0. In view of the

distribution of dual points exemplified by Figure A.26, the dual set of order 0 of G

is the set of points (a, b) strictly above the curve G. The proof of (ii) is complete.

We remark that since the function G is defined on R, is strictly decreasing and

strictly convex on R, (a, b) ∈ Ω(c, d) if, and only if, a = x(λ) for some (unique)

λ ∈ (0,∞) and b > y(λ).
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Example 5.2. Consider the polynomial

f(λ|0, 8,−4, 0.5) = λ4 + 8λ2 − 4λ + 0.5 = 0.

The roots of f are approximately −0.2463 + i2.8497, −0.2463 − i2.8497, 0.2463 +

i0.0213 and 0.2463− i0.0213. Thus, (a, b, c, d) = (0, 8,−4, 0.5) is a dual point in Ω.

The same conclusion can be obtained by Theorem 5.4. Indeed, (c, d) = (−4, 0.5) ∈
Γ′, and the roots of h(λ| − 4, 0.5) are ξ1 = 0.3802... and ξ2 = 1.4349... The curves

G1, G3 are now defined respectively by the parametric functions

G1 : x(λ) = −2λ − 4

λ2
+

1

λ3
, y(λ) = λ2 +

8

λ
− 3

2λ2
, λ ∈ (0, 0.3802...),

and

G3 : x(λ) = −2λ − 4

λ2
+

1

λ3
, y(λ) = λ2 +

8

λ
− 3

2λ2
, λ ∈ (1.4349...,∞).

Since (a, b) = (0, 8) satisfies

x(λ) = a = 0

for the unique number λ = 0.2481... ∈ (0,∞) and x(λ) = a = 0 > x(1.4349...) =

−4.4741..., b = 8 > G1(0) = 7.9376... . Thus (a, b) ∈ Ω(−4, 0.5).

Example 5.3. Consider the polynomial

f(λ| − 5, 10,−4, 0.5) = λ4 − 5λ3 + 10λ2 − 4λ+ 0.5 = 0.

The roots of f are approximately 2.2616+i1.6322, 2.2616−i1.6322, 0.2384+i0.0862

and 0.2384− i0.0862. Thus, (a, b, c, d) = (−5, 10,−4, 0.5) ∈ Ω. The same conclusion

can be obtained by Theorem 5.4. Indeed, (c, d) = (−4, 0.5) ∈ Γ′, and the roots of

h(λ| − 4, 0.5) are ξ1
.
= 0.3802 and ξ2

.
= 1.4349. The curves G1, G3 are now defined

respectively by the parametric functions

G1 : x(λ) = −2λ − 4

λ2
+

1

λ3
, y(λ) = λ2 +

8

λ
− 3

2λ2
, λ ∈ (0, 0.3802...),

G3 : x(λ) = −2λ − 4

λ2
+

1

λ3
, y(λ) = λ2 +

8

λ
− 3

2λ2
, λ ∈ (1.4349...,∞).

Since (a, b) = (−5, 10) satisfies

x(λ) = a = −5

for the numbers λ = 0.2725..., 1, 2.1007... ∈ (0,∞) and x(0.3802...) = −10.237... <

x(λ) = a = −5 < x(1.4349...) = −4.4741..., b = 10 > max{G1(−5) = 9.2317...,

G3(−5) = 7.8813...}. Thus (a, b) ∈ Ω(−4, 0.5).
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Example 5.4. Consider the polynomial

f(λ| − 15, 57,−4, 0.5) = λ4 − 15λ3 + 57λ2 − 4λ+ 0.5 = 0

The roots of f are approximately 7.4655+i0.4758, 7.4655−i0.4758, 0.0345+i0.0800

and 0.0345−i0.0800.Thus, (a, b, c, d) = (−15, 57,−4, 0.5) ∈ Ω. The same conclusion

can be obtained by Theorem 5.4. Indeed, (c, d) = (−4, 0.5) ∈ Γ′, and the roots

of h(λ| − 4, 0.5) are ξ1
.
= 0.3802 and ξ2

.
= 1.4349. The curves G1, G3 are now

respectively defined by the parametric functions

G1 : x(λ) = −2λ − 4

λ2
+

1

λ3
, y(λ) = λ2 +

8

λ
− 3

2λ2
, λ ∈ (0, 0.3802...),

G3 : x(λ) = −2λ − 4

λ2
+

1

λ3
, y(λ) = λ2 +

8

λ
− 3

2λ2
, λ ∈ (1.4349...,∞).

Since (a, b) = (−15, 57) satisfies

x(λ) = a = −15

for the unique number λ
.
= 7.4653 ∈ (0,∞) and x(0.3802...)

.
= −10.237 > x(λ) =

a = −15, b = 57 > G3(−15)
.
= 56.775, Thus (a, b) ∈ Ω(−4, 0.5).

Example 5.5. Consider the polynomial

f(λ|1,−2, 1, 1) = λ4 + λ3 − 2λ2 + λ + 1 = 0.

The roots of f are approximately −2.0810, 0.7808+i0.6248, 0.7808−i0.6248 and

−0.4805. Thus, (a, b, c, d) = (1,−2, 1, 1) ∈ Ω. The same conclusion can be obtained

by Theorem 5.4. Indeed, (c, d) = (1, 1) ∈ Γ′′′ and

h(λ|1, 1) > 0, λ ∈ (0,∞).

The curve G4 is now defined by the parametric functions

G4 : x(λ) = −2λ +
1

λ2
+

2

λ3
, y(λ) = λ2 − 2

λ
− 3

λ2
, λ ∈ (0,∞).

Since x(1) = 1 = a and y(1) = −4 < −2 = b, we see that (a, b) ∈ Ω(1, 1).

Example 5.6. Consider the polynomial

f(λ| − 4, 7,−4, 1) = λ4 − 4λ3 + 7λ2 − 4λ+ 1 = 0.

The roots of f are approximately 1.6248 + i1.3002, 1.6248 − i1.3002, 0.3752 +

i0.3002 and 0.3752− i0.3002. Thus, (a, b, c, d) = (−4, 7,−4, 1) ∈ Ω. The same con-

clusion can be obtained by Theorem 5.4. Indeed, (c, d) = (−4, 1) ∈ Γ′′ and

h(λ| − 4, 1) > 0, λ ∈ (0, 1)∪ (1,∞).

The curve G5 is now defined by the parametric functions

G5 : x(λ) = −2λ − 4

λ2
+

2

λ3
, y(λ) = λ2 +

8

λ
− 3

λ2
, λ ∈ (0,∞).

Since x(1) = −4 = a and y(1) = 6 < 7 = b, we see that (a, b) ∈ Ω(−4, 1).
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5.3.2 Second Description

Consider the real quartic polynomial

f(λ|a, b, x, y) = λ4 + aλ3 + bλ2 + xλ+ y, a, b, x, y ∈ R,

with C\(0,∞)-characteristic region Ω. We will consider the level set of Ω at fixed

a, b ∈ R:

Ω(a, b) =
{

(x, y) ∈ R2| (a, b, x, y) ∈ Ω
}

. (5.22)

Let Lλ be the straight line in the x, y-plane defined by

Lλ : λx+ y = −λ4 − aλ3 − bλ2. (5.23)

Since the determinant of the linear system

f(λ|a, b, x, y) = λ4 + aλ3 + bλ2 + xλ+ y, λ > 0, (5.24)

f ′λ(λ|a, b, x, y) = 4λ3 + 3aλ2 + 2bλ+ x = 0, λ > 0, (5.25)

is −1, by Theorem 2.6, Ω(a, b) is just the dual set of order 0 of the envelope of the

family {Lλ| λ ∈ (0,∞)}.
To find the envelope and its dual set of order 0, we first determine from (5.24)

and (5.25) the parametric functions

x(λ) = −(4λ3 + 3aλ2 + 2bλ), y(λ) = 3λ4 + 2aλ3 + bλ2, λ > 0.

Note that

(x(0+), y(0+)) = (0, 0), (x(+∞), y(+∞)) = (−∞,+∞).

Since

x′(λ) = −2(6λ2 + 3aλ+ b), y′(λ) = 2(6λ3 + 3aλ2 + bλ)

we have

y′(λ) = −λx′(λ)
for λ > 0 and

dy

dx
= −λ and

d2y

dx2
=

−1

x′(λ)
(5.26)

for λ > 0 except when x′(λ) = 0. Note that if x(λ) is increasing, then y(λ) is

decreasing; and if x(λ) is decreasing, then y(λ) is increasing. In order to describe

the curve G defined by x(λ) and y(λ), we consider the following four cases: (1)

x′(λ) has no positive roots, (2) x′(λ) has a double positive root, (3) x′(λ) has two

distinct positive roots, and (4) x′(λ) has a positive root (and a nonpositive root).

Case 1. Assume x′(λ) has no positive roots. Then x′(λ) < 0 and y′(λ) > 0 for

λ > 0. So

dy

dx
= −λ < 0,

d2y

dx2
=

−1

x′(λ)
> 0, λ > 0.
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Fig. 5.3

These properties together with other easily obtained information allow us to depict

the curve G in Figure 5.3. Furthermore, it is the graph of a function y = G(x)

which is a strictly decreasing, strictly convex and smooth function on (−∞, 0) such

that G(−∞) = +∞, G′(−∞) = −∞, G(0−) = 0 and G′(0−) = 0. Hence LG|0 = Θ0

and G ∼ H−∞. In view of the distribution map in Figure 3.11, (x, y) is a dual point

of order 0 of G if, and only if, x < 0 and y > G(x), or, x ≥ 0 and y ≥ 0.

Case 2. Assume x′(λ) has a double positive root r. Then x(λ) is strictly de-

creasing on (0, r) ∪ (r,∞) and y(λ) is strictly increasing on (0, r) ∪ (r,∞). So we

may see that the curve G is the graph of a function y = G(x) which is smooth (by

Theorem 2.1), strictly decreasing and strictly convex on (−∞, 0). The rest is the

same as in the previous case.

Case 3. Assume x′(λ) has two distinct positive roots r1 and r2 with r1 < r2.

Then x(λ) is strictly decreasing on (0, r1) ∪ (r2,∞) and is strictly increasing on

(r1, r2). The curve G is now made up of three curves G1, G2 and G3 as well as two

turning points (α1, β1) = (x(r1), y(r1)) and (α2, β2) = (x(r2), y(r2)). See Figures

5.4 and 5.5. The first curve G1 corresponds to λ ∈ (0, r1] and is the graph of a

function y = G1(x) which is smooth, strictly decreasing and strictly convex over

[α1, 0) such that G1(0
+) = 0 = G′

1(0
+). The second curve G2 corresponds to

λ ∈ (r1, r2) and is the graph of a function y = G2(x) which is smooth, strictly

decreasing and strictly concave over (α1, α2). The third curve G3 corresponds to

λ ∈ [r2,∞) and is the graph of a function y = G3(x) which is smooth, strictly

decreasing and strictly convex over (−∞, α2] such that G′
3(−∞) = −∞. Hence

G
(v)
1 (α1) = G

(v)
2 (α+

1 ) and G
(v)
3 (α2) = G

(v)
2 (α−

2 ) for v = 0, 1, G3 ∼ H−∞ and

LG1|0 = Θ0. There are two possible cases: either G1 and G3 intersect, or they do

not. In the first case, in view of Figure A.13, (α, β) is a dual point of order 0 of G

if, and only if, (a, b) ∈ ∨(G1)⊕∨(G3)⊕∨(Θ0). In the second case, in view of Figure

A.13, (α, β) is a dual point of order 0 of G if, and only if, (a, b) ∈ ∨(G3) ⊕ ∨(Θ0).

Case 4. Suppose x′(λ) has a positive root (and a nonpositive root). Let the
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Fig. 5.4

Fig. 5.5

positive root be r. Then x(λ) is strictly increasing on (0, r) and is strictly decreasing

on (r,∞). The curve G is now made up of two curves G1 and G2 as well as a turning

point (α3, β3) = (x(r), y(r)). See Figure 5.6. The first curve G1 corresponds to λ ∈
(0, r) and is the graph of a function y = G1(x) which is smooth, strictly decreasing

and strictly concave over (0, α3)). The curve G2 corresponds to λ ∈ [r,∞) and is

the graph of a function y = G2(x) which is smooth, strictly decreasing and strictly

convex over (−∞, α3] such that G′
2(−∞) = −∞. Hence G

(v)
1 (α+

3 ) = G
(v)
2 (α3) for

v = 0, 1, and G2 ∼ H−∞. In view of the distribution map in Figure A.3, (α, β) is a

dual point of order 0 of G if, and only if, (α, β) ∈ ∨(G2) ⊕ ∨(Θ0).

As in Example 2.2, we may easily see that the curve G found above is the

envelope of the family of straight lines defined by (5.23). In other words, we have

found Ω(a, b) as well.
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Fig. 5.6

Now we define a partition of the plane by

Γ′ =

{

(a, b) ∈ R2 : b ≥ 3a2

8
, a < 0

}

∪
{

(a, b) ∈ R2 : a ≥ 0, b ≥ 0
}

,

Γ′′ =
{

(a, b) ∈ R2 : 0 < b < 3a2/8 and a < 0
}

,

Γ′′′ =
{

(a, b) ∈ R2 : b < 0
}

∪
{

(a, 0) ∈ R2 : a < 0
}

.

Theorem 5.5. Let

f(λ|a, b, x, y) = λ4 + aλ3 + bλ2 + xλ+ y = 0, a, b, x, y ∈ R,

let Ω(a, b) be defined by (5.22) and let the parametric curve G be defined by

x(λ) = −λ(4λ2 + 3aλ + 2b), y(λ) = λ2
(

3λ2 + 2aλ+ b
)

, λ > 0.

(i) Suppose (a, b) ∈ Γ′. Then G is the graph of a function defined on (−∞, 0).

Furthermore, (x, y) ∈ Ω(a, b) if, and only if, x < 0 and y > G(x), or, x ≥ 0

and y ≥ 0 (see Figure 5.3).

(ii) Suppose (a, b) ∈ Γ′′. Then

r1 =
−3a−

√
9a2 − 24b

12
and r2 =

−3a +
√

9a2 − 24b

12
(5.27)

are positive numbers. Let G1 be the restriction of G over (0, r1] and G3 be

the restriction of G over [r2,∞). Then G1 is the graph of a function defined on

[x(r1), 0) and G3 the graph of a function on (−∞, x(r2)]. The curves G1 and G3

intersect with each other if, and only if, 9a2 − 32b > 0 and 3γ2
+ + 2aγ+ + b ≥ 0,

where

γ+ =
−3a+

√
9a2 − 32b

8
.

If intersection occurs, (x, y) ∈ Ω(a, b) if, and only if, (x, y) ∈ ∨(G1)⊕∨(G3) ⊕
∨(Θ0) (as in Figure 5.4). Otherwise, (x, y) is a dual point of order 0 of G if,

and only if, (x, y) ∈ ∨(G2) ⊕ ∨(Θ0) (as in Figure 5.5).
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(iii) Suppose (a, b) ∈ Γ′′′. Then r2 defined in (5.27) is a positive number. Let G4

the restriction of G over [r2,∞). Then G4 is the graph of a function defined on

(−∞, x(r2)]. Furthermore, (α, β) is a dual point of order 0 of G if, and only if,

(α, β) ∈ ∨(G4) ⊕ ∨(Θ0) (see Figure 5.6).

Proof. The roots of x′(λ) = −2(6λ2 + 3aλ+ b) = 0 are r1 and r2 in (5.27).

(i) By Theorem 5.1, the polynomial 6λ2 + 3aλ + b has no positive roots if, and

only if, a ≥ 0 and b ≥ 0, or, a < 0 and b > 3
8
a2. Furthermore, it has a double

positive root if, and only if, a < 0 and 9a2 − 24b = 0. Thus, x′(λ) has no positive

root or a double positive root if, and only if, (a, b) ∈ Γ′.

(ii) The polynomial of 6λ2 + 3aλ + b has two distinct positive roots r1 and r2
if, and only if, 9a2 − 24b > 0 and −3a >

√
9a2 − 24b. That is, 0 < b < 3

8a
2 and

a < 0. Thus, x′(λ) has two positive roots r1 and r2 if, and only if, (a, b) ∈ Γ′′. Let

G1 be the restriction of G over (0, r1], G2 the restriction of G over (r1, r2) and G3

be the restriction of G over [r2,∞). We now examine when do the curves G1 and

G3 intersect. First of all, the roots of x(λ) are

γ− =
−3a−

√
9a2 − 32b

8
and γ+ =

−3a+
√

9a2 − 32b

8
.

In view of Figures 5.4 and 5.5, if x(λ) has no positive roots, then clearly G1 and

G3 intersect with each other. If x(λ) has one positive root, then clearly G1 and G3

intersect with each other. If x(λ) has two positive roots, then G1 and G3 intersect

with each other if, and only if, y(γ+) ≥ 0, that is, 3γ2
++2aγ++b ≥ 0. To summarize,

when (a, b) ∈ Γ′′, G1 and G3 intersect with each other if, and only if, 9a2 − 32b > 0

and 3γ2
+ + 2aγ+ + b ≥ 0.

(iii) When b = 0, the roots of the polynomial 6λ2 + 3aλ + b are 0 and −a/2.
Hence it has a positive root if, and only if, a < 0. When b 6= 0, since limλ→±∞ 6λ2 +

3aλ+ b = +∞, we see that it has a positive root if, and only if, b < 0. Thus, x′(λ)

has a positive root and a nonpositive root if, and only if, (a, b) ∈ Γ′′′.

We may now apply the previous discussions preceding our result and conclude

our proof.

Example 5.7. Consider the polynomial

P (λ| − 3, 2, 0.4, 1) = λ4 − 3λ3 + 2λ2 + 0.4λ+ 1 = 0.

The roots of P (λ) are approximately 1.7253+ i0.5197, 1.7253− i0.5197, −0.2253 +

i0.5072 and −0.2253−i0.5072. Thus (−3, 2, 0.4, 1) ∈ Ω. The same conclusion can be

obtained by Theorem 5.5(ii). Indeed, let r1 and r2 be (9+
√

33)/12 and (9−
√

33)/12.

Let the curve G be defined by

x(λ) = −(4λ3 − 9λ2 + 4λ), y(λ) = 3λ4 − 6λ3 + 2λ2, λ > 0.

Let G1 be the restriction of G over the interval (0, r1) and G3 the restriction of

the curve G over the interval (r2,∞). Then it is easily checked that (0.4, 1) ∈
Ω(4)(−3, 2).
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5.4 Quintic Polynomials

Let

f(λ|a, b, c, d, e) = λ5 + aλ4 + bλ3 + cλ2 + dλ+ e, a, b, c, d, e ∈ R,

and its C\(0,∞)-characteristic region be Ω.

If e < 0, then f(0|a, b, c, d, e) = e < 0 and limλ→∞,λ∈R f(λ|a, b, c, d, e) = +∞.

Thus f(λ|a, b, c, d, e) has a positive real root.

If e = 0, then

f(λ|a, b, c, d, 0) = λ5 + aλ4 + bλ3 + cλ2 + dλ = λ(λ4 + aλ3 + bλ2 + cλ+ d),

so that f(λ|a, b, c, d, e) does not have any positive roots if, and only if, the quartic

polynomial λ4 + aλ3 + bλ2 + cλ+ d does not have any positive roots. Theorem 5.4

can now be applied to handle this case.

We are now left with the case where e > 0. We will look for the level set

Ω(c, d, e) =
{

(a, b) ∈ R2 : (a, b, c, d, e) ∈ Ω
}

(5.28)

of Ω where e > 0.

We will need the properties of the polynomial

H(λ|c, d, e) = λ5 + cλ2 + 3dλ+ 6e, λ > 0, (5.29)

where e is a fixed positive number.

Lemma 5.2. Let e > 0. Let Ψ be the curve in the plane defined by the parametric

functions

Ψ : x(λ) = −4λ3 +
6e

λ2
, y(λ) = λ4 − 4e

λ
, λ > 0. (5.30)

Then Ψ is the graph of a function defined on R. Furthermore, the following state-

ments hold.

(i) For any point (c, d) which lies strictly above the curve Ψ, H(λ|c, d, e) > 0 for

λ > 0.

(ii) For any (c, d) which lies on Ψ, there exists a unique λ∗ such that H(λ|c, d, e) > 0

for λ ∈ (0, λ∗) ∪ (λ∗,∞),

(iii) For any (c, d) which lies strictly below Ψ, there exists λ1 and λ2 such that

H(λ1) = H(λ2) = 0, H(λ|c, d, e) > 0 for λ ∈ (0, λ1)∪(λ2,∞) and H(λ|c, d, e) <
0 for λ ∈ (λ1, λ2).

Proof: Consider the family {Lλ| λ ∈ (0,∞)} of straight lines Lλ : λ2x + 3λy =

−λ5 − 6e. Since the determinant of the linear system

H(λ|x, y, e) = λ5 + xλ2 + 3yλ + 6e = 0, λ > 0, . (5.31)

H ′
λ(λ|x, y, e) = 5λ4 + 2xλ+ 3y = 0, λ > 0, (5.32)
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is D(λ) = −3λ2, which is not 0 for λ > 0, the corresponding parametric functions

of the envelope Ψ of the family of straight lines are easily determined from (5.31)

and (5.32) and given by

x(λ) = −4λ3 +
6e

λ2
, y(λ) = λ4 − 4e

λ
, λ > 0.

Note that

(x(0+), y(0+)) = (+∞,−∞), (x(+∞), y(+∞)) = (−∞,+∞),

x′(λ) = −12λ2 − 12e

λ3
< 0, y′(λ) = 4λ3 +

4e

λ2
> 0, λ > 0,

and

dy

dx
=

−λ
3

< 0,
d2y

dx2
=

1

3

λ3

12λ5 + 12e
> 0, λ > 0.

These are other easily obtained information allows us to easily draw the envelope of

the family of straight lines defined by (5.31) for λ > 0. The envelope Ψ is the graph

of a function y = Ψ(x) which is strictly decreasing, strictly convex, and smooth

on (−∞,+∞) such that Ψ(−∞) = +∞, Ψ′(−∞) = −∞, Ψ(+∞) = +∞ and

Ψ′(+∞) = 0. Hence by the distribution map in Figure A.26, a point (c, d) which lies

strictly above the curve Ψ is a dual point of order 0 of Ψ. In other words, there cannot

be any positive λ such that H(λ|c, d, e) = 0. Since limλ→0+ H(λ|c, d, e) = 6e > 0,

we see further that H(λ|c, d, e) > 0 for all λ > 0. Given a point (c, d) that lies

on the curve Ψ, (c, d) is a dual point of order 1 of Ψ. In other words, there exists

a unique positive root λ∗ such that H(λ∗|c, d, e) = 0. Therefore H(λ∗|c, d, e) = 0

and H(λ|c, d, e) > 0 for λ ∈ (0, λ∗) ∪ (λ∗,∞). Given a point (c, d) that lies strictly

below the curve Ψ, (c, d) is a dual point of order 2 of Ψ. In other words, there

exists two positive roots λ1, λ2 such that H(λ1|c, d, e) = H(λ2|c, d, e) = 0. Since

limλ→0+ H(λ|c, d, e) = 6e > 0 and limλ→+∞H(λ|c, d, e) = +∞, thus H(λ|c, d, e) >
0 for λ ∈ (0, λ1) ∪ (λ2,∞) and H(λ|c, d, e) < 0 for λ ∈ (λ1, λ2). The proof is

complete.

Theorem 5.6. Let e ∈ (0,∞) and let Ψ be the curve defined by (5.30).

(i) If (c, d) lies strictly below the curve Ψ, then the curves G1 and G3 defined by

G1 : x(λ) = −2λ +
c

λ2
+

2d

λ3
+

3e

λ4
, y(λ) = λ2 − 2c

λ
− 3d

λ2
− 4e

λ3
, λ ∈ (0, λ1)

and

G3 : x(λ) = −2λ +
c

λ2
+

2d

λ3
+

3e

λ4
, y(λ) = λ2 − 2c

λ
− 3d

λ2
− 4e

λ3
, λ ∈ (λ2,∞),

where λ1 and λ2 are the roots of H(λ|c, d, e) found in Lemma 5.2, are respec-

tively the graphs of two functions defined on (x(λ1),+∞) and (−∞, x(λ2)).

Furthermore, Ω(c, d, e) is equal to ∨(G1) ⊕ ∨(G3).
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(ii) If (c, d) lies strictly above or on the curve Ψ, then the curve G4 defined by

G4 : x(λ) = −2λ+
c

λ2
+

2d

λ3
+

3e

λ4
, y(λ) = λ2 − 2c

λ
− 3d

λ2
− 4e

λ3
, λ > 0,

is the graph of a function defined on R. Furthermore, Ω(c, d, e) is equal to

∨(G4).

Proof: Let e ∈ (0,∞). Consider the quintic equation

f(λ|x, y, c, d, e) = λ5 + xλ4 + yλ3 + cλ2 + dλ+ e = 0 (5.33)

We can interpret (5.33) as an equation describing a family {Lλ| λ ∈ (0,∞)} of a

straight lines Lλ : λ4x + λ3y = −λ5 − cλ2 − dλ − e. Since the determinant of the

linear system

f(λ|x, y, c, d, e) = λ5 + xλ4 + yλ3 + cλ2 + dλ+ e = 0, λ > 0,

f ′λ(λ|x, y, c, d, e) = 5λ4 + 4xλ3 + 3yλ2 + 2cλ+ d = 0, λ > 0, (5.34)

is −λ6, which is not 0 for λ > 0, the parametric functions of the envelope are easily

determined from (5.33) and (5.34) and given by

x(λ) = −2λ +
c

λ2
+

2d

λ3
+

3e

λ4
, y(λ) = λ2 − 2c

λ
− 3d

λ2
− 4e

λ3
, λ > 0.

Hence,

x′(λ) = −2 − 2c

λ3
− 6d

λ4
− 12e

λ5
=

−2

λ5
H(λ|c, d, e),

y′(λ) = 2λ +
2c

λ2
+

6d

λ3
+

12e

λ4
=

2

λ4
H(λ|c, d, e),

for λ > 0, and

dy

dx
= −λ, d

2y

dx2
=

λ5

2H(λ|c, d, e)
for λ > 0 except when H(λ|c, d, e) = 0.

Suppose the point (c, d) lies strictly below the curve Ψ, Then

(x(0+), y(0+) = (+∞,−∞), (x(+∞), y(+∞)) = (−∞,+∞). (5.35)

Furthermore, in view of Lemma 5.2,

x′(λ) =
−2

λ5
H(λ|c, d, e) < 0, y′(λ) =

2

λ4
H(λ|c, d, e) > 0, λ ∈ (0, λ1) ∪ (λ2,∞),

x′(λ) =
−2

λ5
H(λ|c, d, e) > 0, y′(λ) =

2

λ4
H(λ|c, d, e) < 0, λ ∈ (λ1, λ2),

dy

dx
= −λ < 0,

d2y

dx2
=

λ5

2H(λ|c, d, e) > 0, λ ∈ (0, λ1) ∪ (λ2,∞),
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and

dy

dx
= −λ < 0,

d2y

dx2
=

λ5

2H(λ|c, d, e) < 0, λ ∈ (λ1, λ2).

These properties together with other easily obtained information allow us to depict

the curve defined by the parametric functions x(λ) and y(λ) in Figure 5.7. It

is composed of three pieces G1, G2 and G3 and two turning points (α1, β1) =

(x(λ1), y(λ1)) and (α2, β2) = (x(λ2), y(λ2)). The first piece G1 corresponds to the

case where λ ∈ (0, λ1], the second G2 to the case where λ ∈ (λ1, λ2) and the third

G3 to the case where λ ∈ [λ2,∞). Furthermore, G1 is the graph of a function

y = G1(x) which is strictly decreasing, strictly convex, and smooth over [α1,+∞).

G2 is the graph of a function y = G2(x) which is strictly decreasing, strictly concave,

and smooth over (α1, α2), and the curve G3 is the graph of a function y = G3(x)

which is strictly decreasing, strictly convex, and smooth over (−∞, α2] such that

G′
3(−∞) = −∞. Hence G

(v)
1 (α1) = G

(v)
2 (α+

1 ) and G
(v)
3 (α2) = G

(v)
2 (α−

2 ) for v = 0, 1,

and G3 ∼ H−∞.

By Theorems 2.3 and 2.4, G1 is the envelope of the family {Lλ : λ ∈ (0, λ1]} , G2

the envelope of {Lλ : λ ∈ (λ1, λ2)} and G3 the envelope of {Lλ : λ ∈ [λ2,∞)} . By

Theorems 2.6 and 4.1, Ω(c, d, e) is the intersection of the dual sets of order 0 of G1,

G2 and G3. Then, in view of the distribution map in Figure A.14, (a, b) ∈ Ω(c, d, e)

if, and only if, (a, b) ∈ ∨(G1) ⊕∨(G3).

Fig. 5.7

Next suppose (c, d) lies strictly above the curve Ψ, Then (5.35) holds again.

Furthermore, in view of Lemma 5.2,

x′(λ) =
−2

λ5
H(λ|c, d, e) < 0, y′(λ) =

2

λ4
H(λ|c, d, e) > 0, λ > 0,

and

dy

dx
= −λ < 0,

d2y

dx2
=

λ5

2H(λ|c, d, e) > 0, λ > 0.
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These properties together with other easily obtained information allow us to draw

the curve G4. It is the graph of a function y = G4(x) which is strictly decreasing,

strictly convex, and smooth over (−∞,∞).

Next, suppose (c, d) lie on the curve Ψ. Then (5.35) holds again. Furthermore,

in view of Lemma 5.2,

x′(λ) =
−2

λ5
H(λ|c, d, e) < 0, y′(λ) =

2

λ4
H(λ|c, d, e) > 0, λ ∈ (0, λ∗) ∪ (λ∗,∞),

and
dy

dx
= −λ < 0,

d2y

dx2
=

λ5

2H(λ|c, d, e) > 0, λ ∈ (0, λ∗) ∪ (λ∗,∞). (5.36)

Also, in view of (5.36), These properties together with other easily obtained infor-

mation allow us to draw the curve G5 (which essentially looks the same as G4).

It is the graph of a function y = G5(x) which is strictly decreasing, smooth (by

Theorem 2.1) over (−∞,∞) and strictly convex on (0,∞).

The functions G4 and G5 satisfy G4(−∞) = +∞ = G5(−∞), G′
4(−∞) = −∞ =

G′
5(−∞), G4(+∞) = +∞ = G5(+∞) and G′

4(+∞) = 0 = G′
5(+∞). As we have

explained in the first case, Ω(c, d, e) is the dual set of order 0 of G4 (or G5). In view

of the distribution map in Figure A.26, Ω(c, d, e) is the set of points (a, b) strictly

above the curve G4 (respectively G5). The proof is complete.

We remark that since the function G4 (or G5) is defined on R, is strictly de-

creasing and strictly convex on R, each (a, b) ∈ Ω(c, d, e) if and only if, a = x(λ)

for some (unique) λ ∈ (0,∞) and b > y(λ).

Example 5.8. Consider the polynomial

f(λ|0, 5, 2,−4, 1) = λ5 + 5λ3 + 2λ2 − 4λ+ 1 = 0.

The roots of f are approximately 0.1416 + i2.3970, 0.1416 − i2.3970, −1.0727,

0.3948 + i0.0764, 0.3948 − i0.0764. Thus, (a, b, c, d, e) = (0, 5, 2,−4, 1) is a dual

point in Ω(5). The same conclusion can be obtained by Theorem 5.6. Indeed, since

e = 1 and

Ψ : x(λ) = −4λ3 +
6

λ2
, y(λ) = λ4 − 4

λ
, λ > 0,

x(1) = 2, y(1) = −3. Thus (c, d) = (2,−4) lies strictly below the curve Ψ. Further-

more, the roots of H(λ|2,−4, 1) are λ1
.
= 0.5559 and λ2

.
= 1.4951. The curves G

(5)
1 ,

G
(5)
3 are now respectively defined by the parametric functions

G
(5)
1 : x(λ) = −2λ +

2

λ2
− 8

λ3
+

3

λ4
, y(λ) = λ2 − 4

λ
+

12

λ2
− 4

λ3
, λ ∈ (0, 0.5559...),

G
(5)
3 : x(λ) = −2λ+

2

λ2
− 8

λ3
+

3

λ4
, y(λ) = λ2 − 4

λ
+

12

λ2
− 4

λ3
, λ ∈ (1.4951...,∞).

Since (a, b) = (0, 5) satisfies

x(λ) = a = 0

for the unique number λ
.
= 0.4150 ∈ (0,∞) and x(λ) = a = 0 > x(1.4951...)

.
=

−3.8888, b = 5 > G
(5)
1 (0)

.
= 4.2451. Thus (a, b) ∈ Ω(5)(2,−4, 1).
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Example 5.9. Consider the polynomial

f(λ| − 5, 8, 2,−4, 1) = λ5 − 5λ4 + 8λ3 + 2λ2 − 4λ+ 1 = 0.

The roots of f are approximately 2.4905 + i1.4532, 2.4905 − i1.4532, −0.7458,

0.3824 + i0.1228, 0.3824 − i0.1228. Thus, (a, b, c, d, e) = (−5, 8, 2,−4, 1) is a

dual point in Ω(5). The same conclusion can be obtained by Theorem 5.6. In-

deed, (c, d) = (2,−4) lies strictly below the curve Ψ. Furthermore, the roots of

H(λ|2,−4, 1) are λ1
.
= 0.5559 and λ2

.
= 1.4951. The curves G1, G3 are now respec-

tively defined by the parametric functions

G1 : x(λ) = −2λ +
2

λ2
− 8

λ3
+

3

λ4
, y(λ) = λ2 − 4

λ
+

12

λ2
− 4

λ3
, λ ∈ (0, 0.5559...),

G3 : x(λ) = −2λ+
2

λ2
− 8

λ3
+

3

λ4
, y(λ) = λ2 − 4

λ
+

12

λ2
− 4

λ3
, λ ∈ (1.4951...,∞).

Since (a, b) = (−5, 8) satisfies

x(λ) = a = −5

for the numbers λ = 0.4444..., 1, 2.4342... ∈ (0,∞) and x(0.5559...)
.
= −9.7943 <

x(λ) = a = −5 < x(1.4951...)
.
= −3.8888, b = 8 > max{G1(−5)

.
= 6.3826,

G3(−5)
.
= 6.03}. Thus (a, b) ∈ Ω(2,−4, 1).

Example 5.10. Consider the polynomial

f(λ| − 10, 25, 2,−4, 1) = λ5 − 10λ4 + 25λ3 + 2λ2 − 4λ+ 1 = 0.

The roots of f are approximately 5.0106 + i0.4982, 5.0106 − i0.4982, −0.4837,

0.2313 + i0.1675, 0.2313 − i0.1675. Thus, (a, b, c, d, e) = (−10, 25, 2,−4, 1) is a

dual point in Ω. The same conclusion can be obtained by Theorem 5.6. In-

deed, (c, d) = (2,−4) lies strictly below the curve Ψ. Furthermore, the roots of

H(λ|2,−4, 1) are λ1
.
= 0.5559 and λ2

.
= 1.4951. The curves G1, G3 are now respec-

tively defined by the parametric functions

G1 : x(λ) = −2λ +
2

λ2
− 8

λ3
+

3

λ4
, y(λ) = λ2 − 4

λ
+

12

λ2
− 4

λ3
, λ ∈ (0, 0.5559...),

G3 : x(λ) = −2λ+
2

λ2
− 8

λ3
+

3

λ4
, y(λ) = λ2 − 4

λ
+

12

λ2
− 4

λ3
, λ ∈ (1.4951...,∞).

Since (a, b) = (−10, 25) satisfies

x(λ) = a = −10

for the unique number λ
.
= 5.0104 ∈ (0,∞) and x(0.5559...)

.
= −9.7943 > x(λ) =

a = −15, b = 25 > G3(−10)
.
= 24.752. Thus (a, b) ∈ Ω(2,−4, 1).
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Example 5.11. Consider the polynomial

f(λ| − 1, 0, 2,−2, 1) = λ5 − λ4 + 2λ2 − 2λ+ 1 = 0.

The roots of f are approximately −1.3247, 0.50 + i0.866, 0.50 − i0.866, 0.6624 +

i0.5623, 0.6624+ i0.5623. Thus, (a, b, c, d, e) = (−1, 0, 2,−2, 1) is a dual point in Ω.

The same conclusion can be obtained by Theorem 5.6. Indeed, (c, d) = (2,−2) lies

strictly above the curve Ψ. Furthermore,

H(λ|2,−2, 1) > 0, λ ∈ (0,∞)

The curve G4 is now defined by the parametric functions

G4 : x(λ) = −2λ +
2

λ2
− 4

λ3
+

3

λ4
, y(λ) = λ2 − 4

λ
+

6

λ2
− 4

λ3
, λ ∈ (0,∞).

Since (a, b) = (−1, 0) satisfies

x(λ) = a = −1

for the unique number λ = 1 ∈ (0,∞) and b = 0 > y(1) = −1. Thus (a, b) ∈
Ω(2,−2, 1).

Example 5.12. Consider the polynomial

f(λ| − 3, 3, 2,−3, 1) = λ5 − 3λ4 + 3λ3 + 2λ2 − 3λ+ 1 = 0.

The roots of f are approximately −0.9413, 0.4850 + i0.2570, 0.4850 − i0.2570,

1.4856 + i1.1486, 1.4856 − i1.1486. Thus, (a, b, c, d, e) = (−3, 3, 2,−3, 1) ∈ Ω. The

same conclusion can be obtained by Theorem 5.6. Indeed, (c, d) = (2,−3) lies on

the curve Ψ. Furthermore,

H(λ|2,−3, 1) > 0, λ ∈ (0, 1)∪ (1,∞).

The curve G5 is now defined by the parametric functions

G5 : x(λ) = −2λ +
2

λ2
− 6

λ3
+

3

λ4
, y(λ) = λ2 − 4

λ
+

9

λ2
− 4

λ3
, λ ∈ (0,∞).

Since (a, b) = (−3, 3) satisfies

x(λ) = a = −3

for the unique number λ = 1 ∈ (0,∞) and b = 3 > y(1) = 2. Thus (a, b) ∈
Ω(2,−3, 1).

5.5 Notes

Most of the results in this Chapter are taken from [6]. Theorem 5.5, however, is

from [12].
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Chapter 6

C\(0, ∞)-Characteristic Regions of Real
∆-Polynomials

6.1 ∆-Polynomials Involving One Power

There are good reasons to study real ∆-polynomials of the form

f0(λ) + λ−σf1(λ), σ ∈ Z\{0}, (6.1)

involving one power. For instance, if we consider geometric sequences of the form
{

λk
}

as solutions of the difference equation

∆xk + pxk−σ = 0, k ∈ N,

where p ∈ R, then we are led to the ∆-polynomial

λ − 1 + λ−σp.

The C\(0,∞)-characteristic region of the general real ∆-polynomial (6.1) is

difficult to find. For this reason, we will restrict ourselves to the case when the

degrees of f0 and f1 are less than or equal to 1.

The ∆(0, 0)-polynomials are of the form α+ λ−σβ, which can easily be handled

and hence skipped.

6.1.1 ∆(1, 0)-Polynomials

Let us consider ∆(1, 0)-polynomials of the form

g(λ|a, b, c) = aλ− b+ λ−σc, σ ∈ Z\{0}; a, c ∈ R\{0}.

When σ = −1,

g(λ|a, b, c) = (a+ c)λ− b,

which is easy to handle and hence will be ignored. The case where σ = −2 is also

easy since the resulting polynomial is quadratic, but we will include this case in the

following general discussion: (i) −σ ≤ −1, and (ii) −σ = τ ≥ 2.

85
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6.1.1.1 The Case −σ ≤ −1

In this case,

g(λ|a, b, c) = aλ−σ
(

λσ+1 − b

a
λσ +

c

a

)

, σ ∈ Z[1,∞), a ∈ R\{0}.

Therefore, we may consider the ‘equivalent’

f(λ|x, y) = λσ+1 − λσx+ y, σ ∈ Z[1,∞). (6.2)

Since c 6= 0 and a 6= 0, we should require y 6= 0 in (6.2). There is no harm done,

however, if we consider the more general case where y ∈ R.

Theorem 6.1. Suppose σ ∈ Z[1,∞). Then the C\(0,∞)-characteristic region for

f(λ|x, y) in (6.2) is the set of points (x, y) that satisfies x ≤ 0 and y ≥ 0, or, x > 0

and y > σσ

ασ(σ+1)σ+1 x
σ+1.

Proof. Consider the family {Lλ| λ ∈ (0,∞)} of straight lines defined by Lλ :

f(λ|x, y) = 0 where λ ∈ (0,∞). Since

f ′λ(λ|x, y) = (σ + 1)λσ − σλσ−1x,

the determinant of the system f(λ|x, y) = 0 = f ′λ(λ|x, y) is σλσ−1 which does not

vanish for λ > 0. By Theorem 2.6, the C\(0,∞)-characteristic region of f(λ|x, y)
is just the dual set of order 0 of the envelope G of the family {Lλ| λ ∈ (0,∞)}. By

Theorem 2.3, the parametric functions of G are given by

x(λ) =
(σ + 1)

σ
λ, y(λ) =

1

σ
λσ+1, λ > 0.

But G can also be described by the graph of the function y = G(x) where

y = G(x) =
σσ

(σ + 1)σ+1
xσ+1, x > 0.

Since

G′(x) =
σσ

(σ + 1)σ
xσ, G′′(x) =

σσ+1

(σ + 1)σ
xσ−1, x > 0,

G(x) is a strictly increasing, strictly convex and smooth function on (0,∞) such

that G(0+) = 0, G(+∞) = +∞, G′(0+) = 0 and G′(+∞) = +∞. In view of the

distribution map in Figure 3.11, (p, q) is a dual point of G if, and only if, p ≤ 0 and

q ≥ 0, or, p > 0 and q > G(p). The proof is complete.

As a corollary, if σ is a positive integer, then h(λ) = λσ+1 − λσ + p does not

have any positive roots if, and only if, p(σ + 1)σ+1 > σσ.
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6.1.1.2 The Case −σ = τ ≥ 2

In this case,

g(λ|a, b, c) = aλ − b+ λτ c = a

(

λ − b

a
+ λτ

c

a

)

.

Therefore it suffices to consider

f(λ|x, y) = λ− x+ λτy, τ ∈ Z[2,∞). (6.3)

Theorem 6.2. Suppose τ ∈ Z[2,∞). Then the C\(0,∞)-characteristic region

Ω for f(λ|x, y) in (6.3) is the set of points (x, y) that satisfies x > 0 and

y > ατ(τ+1)τ−1

ττ x1−τ , or, x ≤ 0 and y ≤ 0.

Proof. Consider the family {Lλ| λ ∈ (0,∞)} of straight lines defined by Lλ :

f(λ|x, y) = 0 where λ ∈ (0,∞). Since

f ′λ(λ|x, y) = 1 − τλτ−1y,

the determinant of the linear system f(λ|x, y) = 0 = f ′λ(λ|x, y) is τλτ−1 which does

not vanish for λ > 0. By Theorem 2.6, Ω is just the dual of the envelope G of the

family {Lλ| λ ∈ (0,∞)}. By Theorem 2.3, the parametric functions of G are given

by

x(λ) =
τ + 1

τ
λ, y(λ) =

1

τλτ−1
, λ > 0.

Thus G can also be described by the graph of the function y = G(x) where

G(x) =
(τ + 1)τ−1

τ τ
x1−τ , x > 0.

Since

G′(x) =
(τ + 1)τ−1

τ τ
(1 − τ )x−τ , G′′(x) = −(τ − 1)τ−1

τ τ
(1 − τ )τx−τ−1, x > 0,

G(x) is a strictly decreasing, strictly convex and smooth function on (0,∞) such

that G(0+) = +∞, G(+∞) = 0, G′(0+) = −∞ and G′(+∞) = 0. In view of the

distribution map in Figure 3.13, (p, q) is a dual point of G if, and only if, p > 0 and

q > G(p), or, p ≤ 0 and q ≤ 0.

As a corollary, if τ is a positive integer greater than or equal to 2, then h(λ) =

λ− 1 − λτp does not have any positive roots if, and only if, pτ τ > (τ + 1)τ−1.

6.1.2 ∆(0, 1)-Polynomials

Let us consider ∆(0, 1)-polynomials of the form

g(λ|b, c, d) = b+ λ−σ(cλ+ d), b, c ∈ R\{0}; σ ∈ Z\{0}.
When σ = 1, the corresponding case can easily be handled and hence skipped.

Similarly, for the cases where σ = −1, 2, we will face with quadratic polynomials.
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We will, however, include them in our general discussions: (i) −σ = τ ≥ 1, and (ii)

−σ ≤ −2.

In the former case,

g(λ|b, c, d) = b+ λτ (cλ + d) = b+ λτ+1c+ λτd = c

(

λτ+1 +
d

c
λτ +

b

c

)

.

Therefore, we may consider the ‘equivalent’

f(λ|x, y) = λτ+1 − xλτ + y,

where τ ∈ Z[1,∞). But this is the polynomial (6.2) with σ replaced by τ. Hence

Theorem 6.1 can be applied.

In the case where −σ ≤ −2,

g(λ|b, c, d) = bλ−σ
(

λσ +
c

b
λ +

d

b

)

.

Therefore, we may consider the ‘equivalent’

f(λ|x, y) = λσ − λx+ y, (6.4)

where σ ≥ 2.

Let {Lλ| λ ∈ (0,∞)} be the family of straight lines defined by Lλ : f(λ|x, y) = 0.

Since the determinant of the linear system

f(λ|x, y) = λσ − λx+ y = 0, λ > 0,

f ′λ(λ|x, y) = σλσ−1 − x = 0, λ > 0,

is 1, hence we may solve for x and y to yield

x(λ) = σλσ−1, y(λ) = (σ − 1)λσ,

for λ > 0. Since (x′(λ), y′(λ)) 6= 0 for λ > 0, G is the envelope of {Lλ : λ ∈ (0,∞)} .
The curve G described by x(λ) and y(λ) is also the graph of the function

y = G(x) = (σ − 1)
(x

σ

)σ/(σ−1)

, x > 0.

Since

G′(x) = σ1/(1−σ)x1/(σ−1), G′′(x) =
σ1/(1−σ)

σ − 1
x(2−σ)/(σ−1), x > 0,

G is a strictly increasing, strictly convex and smooth function over (0,∞) such that

G(0+) = 0, G′(0+) = 0, G(+∞) = +∞ and G′(+∞) = +∞. Hence LG|0 = Θ0 and

G ∼ H+∞ In view of the distribution map in Figure 3.11, we see that (x, y) is a

dual point of order 0 of G if, and only if, x ≤ 0 and y ≥ 0, or, x > 0 and y > G(x).

Theorem 6.3. Suppose τ ∈ Z[1,∞). Then the C\(0,∞)-characteristic region for

f(λ|x, y) in (6.4) is the set of points (x, y) that satisfies x ≤ 0 and y ≥ 0, or, x > 0

and y > (σ − 1)
(

x
σ

)σ/(σ−1)
.
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6.1.3 ∆(1, 1)-Polynomials

Let us consider ∆(1, 1)-polynomials of the form

g(λ|a, b, c, d) = aλ + b+ λ−σ(cλ + d), a, c ∈ R\{0}; σ ∈ Z\{0}.
When σ = 1 or σ = −1,

g(λ|a, b, c, d) = λ−1
(

aλ2 + (c+ 1)λ+ d
)

and

g(λ|a, b, c, d) = cλ2 + (a+ d)λ+ b

respectively. These quadratic polynomials have been handled before. Therefore we

may assume (i) −σ = τ ≥ 2, or (ii) −σ ≤ −2. In the former case,

g(λ|a, b, c, d) = cλτ+1 + dλτ + aλ+ b = c

(

λτ+1 +
d

c
λτ +

a

c
λ +

b

c

)

.

Therefore it suffices to consider

f(λ|α, β, γ) = λτ+1 + αλτ + βλ + γ,

where τ ≥ 2. In the latter case,

g(λ|a, b, c, d) = aλ−σ
(

λσ+1 +
b

a
λσ +

c

a
λ+

d

a

)

.

Therefore, it suffices to consider

f(λ|α, β, γ) = λσ+1 + αλσ + βλ + γ,

where σ ≥ 2.

Both cases can be combined as

f(λ|α, x, y) = λσ+1 + αλσ − xλ+ y, (6.5)

where σ ≥ 2.

Consider the family of straight lines {Lλ| λ ∈ (0,∞)} defined by Lλ :

f(λ|α, x, y) = 0. The determinant of the linear system

f(λ|α, x, y) = λσ+1 + αλσ − xλ+ y = 0, λ > 0,

f ′λ(λ|α, x, y) = (σ + 1)λσ + ασλσ−1 − x = 0, λ > 0,

is 1, and hence we may solve for x and y to yield the parametric functions

x(λ) = (σ + 1)λσ + ασλσ−1, y(λ) = σλσ+1 + α(σ − 1)λσ ,

where λ > 0. We may compute that

x′(λ) = σ(σ + 1)λσ−1 + ασ(σ − 1)λσ−2,

y′(λ) = σ(σ + 1)λσ + ασ(σ − 1)λσ−1 = λx′(λ),

and

dy

dx
(λ) = λ,
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d2y

dx2
(λ) =

1

σ(σ + 1)λσ−1 + ασ(σ − 1)λσ−2
(6.6)

when x′(λ) 6= 0.

We consider three cases: (i) α = 0, (ii) α > 0 and (iii) α < 0.

Suppose α = 0. Then x(λ) = (σ + 1)λσ, x′(λ) = σ(σ + 1)λσ−1 6= 0 and y(λ) =

σλσ+1 , so that G is the envelope of {Lλ : λ ∈ (0,∞)} which is also the graph of a

function y = G(x) defined by

G(x) = σ

(

x

σ + 1

)(σ+1)/σ

, x > 0. (6.7)

By computing G′ and G′′, we easily see that G is a strictly increasing, strictly convex

and smooth function on (0,∞) such that G(0+) = 0, G′(0+) = 0, G(+∞) = +∞
and G′(+∞) = +∞. In view of the distribution map in Figure 3.11, we see that

(x, y) is a dual point of order 0 of G if, and only if, x ≤ 0 and y ≥ 0, or, x > 0 and

y > G(x).

Suppose α > 0. Then

(x(0+), y(0+)) = (0, 0), (x(+∞), y(+∞)) = (+∞,+∞), (6.8)

and

x′(λ) > 0, y′(λ) > 0,
dy

dx
(λ) > 0,

d2y

dx2
(λ) > 0

for λ > 0. Hence G is the desired envelope which is also the graph of a function

y = G(x) over (0,∞) which is strictly increasing, strictly convex and smooth on

(0,∞) such that G(0+) = 0, G′(0+) = 0, G(+∞) = +∞ and G′(+∞) = +∞. In

view of the distribution map in Figure 3.11, we see that (x, y) is a dual point of

order 0 of G if, and only if, x ≤ 0 and y ≥ 0, or, x > 0 and y > G(x).

Suppose α < 0. Then (6.8) still holds. Since x′(λ) as well as y′(λ) have a unique

common root

λ∗ =
−α(σ − 1)

σ + 1
> 0,

we see that x(λ) and y(λ) are strictly decreasing on (0, λ∗) and strictly increasing

on (λ∗,∞). Furthermore, since the denominator on the right hand side of (6.6)

has the unique root λ∗ as well, we see that d2y/dx2 < 0 for λ ∈ (0, λ∗) and

d2y/dx2 > 0 for λ ∈ (λ∗,∞). As in Example 2.2, these information show that

the envelope G is made up of two pieces G1 and G2 corresponding to λ ∈ (0, λ∗)

and λ ∈ [λ∗,∞) respectively, and the turning point (x(λ∗), y(λ∗)) corresponds to

λ∗ = −α(σ − 1)/(σ + 1) (see Figure 6.2). The piece G1 is also the graph of a

strictly increasing, strictly concave and smooth function on (α, 0), while G2 is also

the graph of a strictly increasing, strictly convex and smooth function on [α,+∞)

such that G2(+∞) = +∞ and G′
2(+∞) = +∞. In view of the distribution map in

Figure A.3, we see that the C\(0,∞)-characteristic region of G is ∨(Θ0) ⊕ ∨(G2).
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Fig. 6.1

Fig. 6.2

We remark that G2 and the x-axis have a unique point of intersection, say,

(x∗, 0). Thus, (x, y) is a dual point of order 0 if, and only if, x ≤ x∗ and y ≥ 0, or,

x > x∗ and y > G2(x).

Theorem 6.4. Suppose σ ∈ Z[2,∞). Let

f(λ|α, x, y) = λσ+1 + αλσ − xλ+ y, α ∈ R.

and let Ω(α) be the set of points (x, y) such that f(λ|α, x, y) does not have any

positive roots. Let G be the curve defined by the parametric functions

x(λ) = (σ + 1)λσ + ασλσ−1, y(λ) = σλσ+1 + α(σ − 1)λσ , λ > 0.

The following results hold:

(i) If α = 0, then G is also the graph of a strictly convex and smooth function

y = G(x) defined in (6.7) (see Figure 6.1). Furthermore, Ω(α) is equal to

∨(Θ0χ(−∞,0]) ⊕∨(G).
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(ii) If α > 0, then G is also the graph of a strictly convex function and smooth

function y = G(x) defined over (0,∞) (and is similar to the graph in Figure

6.1). Furthermore, Ω(α) is equal to ∨(Θ0χ(−∞,0]) ⊕∨(G).

(iii) If α < 0, then the restriction of the curve over the interval (−α(σ−1)/(σ+1),∞)

is also the graph of an increasing and convex function y = G2(x) defined over

(x(−α(σ − 1)/(σ + 1)),∞) (see Figure 6.2). Furthermore, Ω(α) is equal to

∨(G2) ⊕ ∨(Θ0).

6.2 ∆-Polynomials Involving Two Powers

There are good reasons to study ∆-polynomials of the form

f0(λ) + λ−τf1(λ) + λ−σf2(λ) (6.9)

involving two powers. For instance, if we consider geometric sequences of the form
{

λk
}

as solutions of the difference equation

∆xk + pxk−τ + qxk−σ = 0, k ∈ N,

where p, q ∈ R and τ, σ ∈ Z, then we are led to the quasi-polynomial

g(λ) = λ− 1 + λ−τp + λ−σq.

The C\(0,∞)-characteristic region of the ∆-polynomial (6.9) is difficult to find.

Therefore we will restrict ourselves to the case where the degree of f0 is less than

or equal to 1, and the degrees of f1 and f2 are 0.

6.2.1 ∆(0, 0, 0)-Polynomials

The general form of ∆(0, 0, 0)-polynomials is

F (λ) = −β + λ−τx+ λ−σy,

where β ∈ R\{0} and τ, σ are distinct nonzero integers (if τ = σ, the resulting

∆-polynomial is equivalent to a ∆-polynomial involving only one power which has

already been discussed before). Since β 6= 0, by dividing F (λ) by β if necessary, we

may then assume without loss of generality that our ∆-polynomial is of the form

−1 + λ−τx+ λ−σy.

Thus we will consider this function in which τ 6= σ (and τσ 6= 0).

6.2.1.1 The Case τ, σ > 0

In this case, we may assume without loss of generality that τ > σ > 0. We therefore

consider the following equivalent polynomial

f(λ|x, y) = −λτ + x+ λτ−σy (6.10)

where τ > σ ≥ 1.
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Theorem 6.5. Suppose τ, σ ∈ Z[1,∞) such that τ > σ ≥ 1. Then (x, y) is in the

C\(0,∞)-characteristic region Ω of the polynomial (6.10) if, and only if, x = 0 and

y ≤ 0, or, x > 0 and

y < τ (τ − σ)σ/τ−1
(x

σ

)σ/τ

.

Proof. Consider the family {Lλ| λ ∈ (0,∞)} of straight lines defined by Lλ :

f(λ|x, y) = 0 where λ ∈ (0,∞). Since

f ′λ(λ|x, y) = −τλτ−1 + (τ − σ)λτ−σ−1y,

the determinant of the linear system f(λ|x, y) = 0 = f ′λ(λ|x, y) is (τ − σ)λτ−σ−1

which does not vanish for λ > 0. By Theorem 2.6, Ω is just the dual of the envelope

G of the family {Lλ| λ ∈ (0,∞)}. By Theorem 2.3, we may easily show that the

parametric functions of G are given by

x(λ) = − σ

τ − σ
λτ , y(λ) =

τ

τ − σ
λσ,

for λ > 0. Hence G is also the graph of the function y = G(x) defined by

G(x) = τ (τ − σ)σ/τ−1

(−x
σ

)σ/τ

, x < 0

By computing G′ and G′′, we may easily see that G(x) is strictly decreasing,

strictly concave and smooth on (−∞, 0) such that G(0−) = 0, G′(0−) = −∞,

G(−∞) = ∞ and G′(−∞) = 0. Hence G ∼ H−∞ by Lemma 3.5. In view of the

distribution map in Figure 3.14, (x, y) is a dual point of order 0 of G if, and only

if, x = 0 and y ≤ 0, or, x < 0 and y < G(x). The proof is complete.

6.2.1.2 The Case τ, σ < 0

In this case, we may consider the equivalent polynomial

f(λ|x, y) = −1 + λτx+ λσy (6.11)

where now τ, σ ∈ Z[1,∞). We may further assume without loss of generality that

τ > σ > 0.

Theorem 6.6. Suppose τ, σ ∈ Z[1,∞) such that τ > σ ≥ 1. Then (p, q) is in the

C\(0,∞)-characteristic region Ω of the polynomial (6.11) if, and only if, p = 0 and

q ≤ 0, or, p < 0 and

q <
τ

σσ/τ
(τ − σ)σ/τ−1 (−p)σ/τ .

Proof. Consider the family {Lλ| λ ∈ (0,∞)} of straight lines defined by Lλ :

f(λ|x, y) = 0 where λ ∈ (0,∞). Since

f ′λ(λ|x, y) = τλτ−1x+ σλσ−1y,
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the determinant of the linear system f(λ|x, y) = 0 = f ′λ(λ|x, y) is (σ − τ )λσ+τ−1

which does not vanish for λ > 0. By Theorem 2.6, Ω is just the dual of the envelope

G of the family {Lλ| λ ∈ (0,∞)}. By Theorem 2.3, we may easily show that the

parametric functions of G are given by

x(λ) =
−σ
τ − σ

λ−τ , y(λ) =
τ

τ − σ
λ−σ ,

for λ > 0. Thus G is the graph of the function y = G(x) defined by

y =
τ

σσ/τ
(τ − σ)σ/τ−1(−x)σ/τ , x < 0.

By computing G′ and G′′, we may easily see that G is strictly decreasing, strictly

concave and smooth on (−∞, 0) such that G(−∞) = ∞, G′(−∞) = 0, G(0−) = 0

and G′(0−) = −∞. In view of the distribution map in Figure 3.14, (x, y) is a dual

point of G if, and only if, x = 0 and y ≤ 0, or x < 0 and y < G(x). The proof is

complete.

6.2.1.3 The Case τσ < 0

In this case, we may assume τ > 0 and σ < 0. We may consider the equivalent

∆-polynomial

−1 + λ−τx+ λσy,

or the equivalent polynomial

f(λ|x, y) = −λτ + x+ λτ+σy (6.12)

where τ, σ ≥ 1.

Theorem 6.7. Suppose τ and σ are positive integers. Then (p, q) is in the

C\(0,∞)-characteristic region Ω of f(λ|x, y) in (6.12) if, and only if, p ≤ 0 and

q ≤ 0, or, p > 0 and

q >
τ

τ + σ

(

σ

τ + σ

)σ/τ
1

pσ/τ
.

Proof. Consider the family {Lλ| λ ∈ (0,∞)} of straight lines defined by Lλ :

f(λ|x, y) = 0 where λ ∈ (0,∞). Since

f ′λ(λ|x, y) = −τλτ−1 + (τ + σ)λτ+σ−1y,

the determinant of the linear system f(λ|x, y) = 0 = f ′λ(λ|x, y) is (τ + σ)λτ+σ−1

which does not vanish for λ > 0. By Theorem 2.6, Ω is just the dual of the envelope

G of the family {Lλ| λ ∈ (0,∞)}. By Theorem 2.3, we may easily show that the

parametric functions of G are given by

x(λ) =
σ

τ + σ
λτ , y(λ) =

τ

τ + σ
λ−σ,
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for λ > 0. Thus G is the graph of the function y = G(x) defined by

G(x) =
τ

τ + σ

(

σ

τ + σ

)−σ/τ
1

xσ/τ
, x > 0.

By computing G′ and G′′, we may easily see that G(x) is strictly decreasing,

strictly convex and smooth on (0,∞) such that G(0+) = ∞, G′(0+) = −∞, G(∞) =

0 and G′(+∞) = 0. In view of the distribution map in Figure 3.13, (x, y) is a dual

point of G if, and only if, x ≤ 0 and y ≤ 0, or, x > 0 and y > G(x). The proof is

complete.

6.2.2 ∆(1, 0, 0)-Polynomials

The general ∆(1, 0, 0)-polynomial is of the form

g(λ) = αλ− β + λ−τp+ λ−σq,

where α 6= 0 and τ, σ are distinct nonzero integers. If β = 0, then

g(λ) = αλ+ λ−τp+ λ−σq = λ
{

α+ λ−τ−1p+ λ−σ−1q
}

,

where

α+ λ−τ−1p+ λ−σ−1q

is a ∆(0, 0, 0)-polynomial. We may therefore assume that β 6= 0. But then if we

divide g(λ) by β, we have

α

β
λ − 1 + λ−τ

p

β
+ λ−σ

q

β

which can be written as

α̃λ− 1 + λ−τ p̃+ λ−σq̃,

where α̃ 6= 0. If we now make the change of variable α̃λ = t, then we get

t − 1 + t−τ α̃τ p̃+ t−σ β̃σ q̃

which can then be written as

t − 1 + t−τ p̄+ t−σq̄.

Therefore we only need to find the C\(0,∞)-characteristic regions for ∆-

polynomials of the form

λ − 1 + λ−τp+ λ−σq.

It is convenient to classify our quasi-polynomial into several different types neglect-

ing the cases where τ = σ or τσ = 0.
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6.2.2.1 The Case τ, σ > 0

In this case, we may assume without loss of generality that τ > σ > 0. Then to

find the C\(0,∞)-characteristic region of g, it suffices to consider the polynomial

f(λ|p, q) ≡ λτ+1 − λτ + x+ yλτ−σ (6.13)

where τ > σ ≥ 1.

Theorem 6.8. Suppose τ, σ ∈ Z[1,∞) such that τ > σ ≥ 1. Then the curve defined

by

x(λ) =
σ + 1

τ − σ
λτ

(

λ− σ

σ + 1

)

, y(λ) = − τ + 1

τ − σ
λσ

(

λ− τ

τ + 1

)

, λ ≥ σ

σ + 1
,

is also the graph of a strictly decreasing and smooth function y = G(x) defined over

(0,∞). Furthermore, the C\(0,∞)-characteristic region Ω of f(λ|x, y) in (6.13) is

the set of points (x, y) that satisfies x ≥ 0 and y > G(x).

Proof. Consider the family {Lλ| λ ∈ (0,∞)} of straight lines defined by Lλ :

f(λ|x, y) = 0 where λ ∈ (0,∞). Since

f ′λ(λ|x, y) = (τ + 1)λτ − τλτ−1 + y(τ − σ)λτ−σ−1 ,

the determinant of the linear system f(λ|x, y) = 0 = f ′λ(λ|x, y) is (τ − σ)λτ−σ−1

which does not vanish for λ > 0. By Theorem 2.6, Ω is just the dual of the envelope

G of the family {Lλ| λ ∈ (0,∞)}. To find the envelope, we solve from f(λ|x, y) =

0 = f ′λ(λ|x, y) for x and y to yield

x(λ) =
σ + 1

τ − σ
λτ

(

λ − σ

σ + 1

)

, y(λ) = − τ + 1

τ − σ
λσ

(

λ − τ

τ + 1

)

,

where λ > 0. We have

(x(0+), y(0+)) = (0, 0), (x(+∞), y(+∞)) = (+∞,−∞),

x′(λ) =
σ + 1

τ − σ
λτ−1

(

(τ + 1)λ− στ

σ + 1

)

,

and

y′(λ) = − τ + 1

τ − σ
λσ−1

(

(σ + 1)λ− στ

τ + 1

)

.

So x′(λ) and y′(λ) have the unique real root λ∗ = τσ/(σ + 1)(τ + 1). Furthermore,

x(λ) is strictly decreasing and y(λ) is strictly increasing on (0, λ∗), and, x(λ) is

strictly increasing and y(λ) is strictly decreasing on (λ∗,∞). Thus

dy

dx
(λ) = −λ−(τ−σ) < 0, λ ∈ (0, λ∗) ∪ (λ∗,∞),

and

d2y

dx2
(λ) =

(τ − σ)2λσ−2τ

(σ + 1)(τ + 1)λ− στ
, λ ∈ (0, λ∗) ∪ (λ∗,∞).



January 12, 2009 14:53 World Scientific Book - 9.75in x 6.5in ws-book975x65

C\(0,∞)-Characteristic Regions of Real ∆-Polynomials 97

As in Example 2.2, the desired envelope is the curve described by x(λ) and y(λ),

which is composed of two pieces G1 and G2 and one turning point (x(λ∗), y(λ∗))

(see Figure 6.3). The first piece G1 corresponds to the case where λ ∈ (0, λ∗) and

the second G2 to the case where λ ∈ [λ∗,∞). Furthermore, G1 is the graph of a

function y = G1(x) which is strictly decreasing, strictly concave, and smooth over

(x(λ∗), 0) such that G1(0
+) = 0 and G′

1(0
+) = −∞; and G2 is the graph of a

function y = G2(x) which is strictly decreasing, strictly convex, and smooth over

[x(λ∗),∞) such that G2(+∞) = −∞ and G′
2(+∞) = 0. In view of the distribution

map in Figure A.1, the dual set of order 0 of G is the set of points (x, y) that

satisfies x ≥ 0 and y > G2(x). The proof is complete.

Fig. 6.3

6.2.2.2 The Case τ, σ < 0

In this case, we will consider the equivalent polynomial

f(λ|p, q) = λ− 1 + λτp+ λσq (6.14)

where now τ, σ are distinct nonzero integers. Since no additional restrictions are

imposed on p or q, we may assume without loss of generality that τ > σ. There

are two cases to consider: (a) τ > σ > 1 and (b) τ > σ = 1. However, in the latter

case,

f(λ|p, q) = λ(q + 1) − 1 + λτp

which is also a ∆-polynomial with one power. Therefore we only need to handle

the first case.

Theorem 6.9. Suppose τ > σ > 1. Then the curve described by

x(λ) =
σ − 1

τ − σ
λ−τ

(

λ − σ

σ − 1

)

, y(λ) = − τ − 1

τ − σ
λ−σ

(

λ − τ

τ − 1

)

,
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over (0, σ/(σ − 1)] is also the graph of a strictly decreasing function y = G(x) de-

fined over (−∞, 0). Furthermore, the C\(0,∞)-characteristic region Ω of f(λ|x, y)
in (6.14) is the set of points (x, y) that satisfies x ≤ 0 and y < G(x).

Proof. Consider the family {Lλ| λ ∈ (0,∞)} of straight lines defined by Lλ :

f(λ|x, y) = 0 where λ ∈ (0,∞). Since

f ′λ(λ|x, y) = 1 + τxλτ−1 + σyλσ−1 ,

the determinant of the linear system f(λ|x, y) = 0 = f ′λ(λ|x, y) is (σ − τ )λτ+σ−1

which does not vanish for λ > 0. By Theorem 2.6, Ω is just the dual of the envelope

of the family {Lλ| λ ∈ (0,∞)}. To find the envelope, we solve from f(λ|x, y) = 0 =

f ′λ(λ|x, y) for x and y to yield

x(λ) =
σ − 1

τ − σ
λ−τ

(

λ− σ

σ − 1

)

, y(λ) = − τ − 1

τ − σ
λ−σ

(

λ − τ

τ − 1

)

where λ ∈ (0,+∞). We have

(x(0+), y(0+)) = (−∞,+∞), (x(+∞), y(+∞)) = (0, 0),

x′(λ) =
σ − 1

τ − σ
λ−τ−1

(

(1 − τ )λ +
στ

σ − 1

)

,

and

y′(λ) = − τ − 1

τ − σ
λ−σ−1

(

(1 − σ)λ +
στ

τ − 1

)

.

So x′(λ) and y′(λ) have the unique real root λ∗ = τσ/(σ − 1)(τ − 1). Furthermore,

x(λ∗) > 0, y(λ∗) < 0, x(λ) is strictly increasing and y(λ) is strictly decreasing on

(0, λ∗), and, x(λ) is strictly decreasing and y(λ) is strictly increasing on (λ∗,∞).

Thus

dy

dx
(λ) = −λτ−σ < 0, λ ∈ (0, λ∗) ∪ (λ∗,+∞),

and

d2y

dx2
(λ) =

(τ − σ)2λ2τ−σ

(σ − 1)(τ − 1)λ− στ
, λ ∈ (0, λ∗) ∪ (λ∗,+∞).

As in Example 2.2, the envelope is equal to the curve G described by x(λ) and y(λ)

and is composed of two pieces G1 and G2 and one turning points (x(λ∗), y(λ∗))

(see Figure 6.4). The first piece G1 corresponds to the case where λ ∈ (0, λ∗) and

the second G2 to the case where λ ∈ [λ∗,∞). Furthermore, G1 is the graph of a

function y = G1(x) which is strictly decreasing, strictly concave, and smooth over

(−∞, x(λ∗)) such that G1(−∞) = +∞ and G′
1(−∞) = 0; and G2 is the graph of

a function y = G2(x) which is strictly decreasing, strictly convex, and smooth over

(0, x(λ∗)] such that G2(0
+) = 0 and G′

2(0
+) = −∞. In view of the distribution map

in Figure A.1, the dual set of order 0 of G is the set of points (x, y) that satisfies

x ≤ 0 and y < G1(x). Note that x(λ) has the unique root σ/(σ−1). Hence, we may

restrict G1 to the interval (0, σ/(σ − 1)] and conclude our proof.
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Fig. 6.4

6.2.2.3 The Case τσ < 0

In this case, we will consider the quasi-polynomial

g(λ) = λ− 1 + λ−τp+ λσq

where τ, σ > 0. In case σ = 1,

g(λ) = λ(q + 1) − 1 + λ−τp

which is a ∆-polynomial involving one power. Therefore we will consider the poly-

nomial

f(λ|p, q) = λτ+1 − λτ + p+ qλτ+σ , (6.15)

where now τ ≥ 1 and σ > 1.

Theorem 6.10. Suppose τ ≥ 1 and σ ≥ 2. Then the curves G1 and G2 defined by

x(λ) =
σ − 1

τ + σ
λτ

(

σ

σ − 1
− λ

)

, y(λ) =
τ + 1

τ + σ
λ−σ

(

τ

τ + 1
− λ

)

over the intervals (0, τ/(τ + 1)) and [σ/(σ − 1),∞) are also the graphs of strictly

decreasing functions y = G1(x) and y = G2(x) defined over (0,∞) and (−∞, 0] re-

spectively. Furthermore, the C\(0,∞)-characteristic region Ω of f(λ|x, y) in (6.15)

is the set of points (x, y) that satisfies x ≤ 0 and y < G2(x), or, x > 0 and

y > G1(x).

Proof. Consider the family {Lλ| λ ∈ (0,∞)} of straight lines defined by Lλ :

f(λ|x, y) = 0 where λ ∈ (0,∞). Since

f ′λ(λ|x, y) = (τ + 1)λτ − τλτ−1 + (τ + σ)λτ+σ−1y,

the determinant of the linear system f(λ|x, y) = 0 = f ′λ(λ|x, y) is (τ + σ)λτ+σ−1

which does not vanish for λ > 0. By Theorem 2.6, Ω is just the dual of the envelope
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of the family {Lλ| λ ∈ (0,∞)}. To find this envelope, we solve from f(λ|x, y) = 0 =

f ′λ(λ|x, y) for x and y to yield

x(λ) =
σ − 1

τ + σ
λτ

(

σ

σ − 1
− λ

)

, y(λ) =
τ + 1

τ + σ
λ−σ

(

τ

τ + 1
− λ

)

where λ ∈ (0,+∞). We have

(x(0+), y(0+)) = (0,+∞), (x(+∞), y(+∞)) = (−∞, 0),

x′(λ) =
σ − 1

τ + σ
λτ−1

(

στ

σ − 1
− (1 + τ )λ

)

,

and

y′(λ) = − τ + 1

τ + σ
λ−σ−1

(

στ

τ + 1
− (σ − 1)λ

)

.

So x′(λ) and y′(λ) have the unique positive real root λ∗ = τσ/(σ − 1)(τ + 1).

Furthermore, x(λ∗) > 0, y(λ∗) < 0, x(λ) is strictly increasing and y(λ) is strictly

decreasing on (0, λ∗), and, x(λ) is strictly decreasing and y(λ) is strictly increasing

on (λ∗,∞). Thus

dy

dx
(λ) = −λ−σ−τ < 0, λ ∈ (0, λ∗) ∪ (λ∗,∞).

and

d2y

dx2
(λ) =

(σ + τ )2λ−σ−2τ

στ − (σ − 1)(1 + τ )λ
, λ ∈ (0, λ∗) ∪ (λ∗,∞).

Fig. 6.5

As in Example 2.2, the desired envelope is the curve G described by x(λ) and

y(λ), and is composed of two pieces G1 and G2 and one turning points (x(λ∗), y(λ∗))

(see Figure 6.5), The first piece G1 corresponds to the case where λ ∈ (0, λ∗) and

the second G2 to the case where λ ∈ [λ∗,∞). Furthermore, G1 is the graph of a

function y = G1(x) which is strictly decreasing, strictly convex, and smooth over
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(0, x(λ∗)) such that G1(0
+) = +∞ and G′

1(0
+) = −∞; and G2 is the graph of a

function y = G2(x) which is strictly decreasing, strictly concave, and smooth over

(−∞, x(λ∗)] such that G2(−∞) = 0 and G′
2(−∞) = 0. In view of the distribution

map in Figure A.2, the dual of G is the set of points (x, y) that satisfies x ≤ 0 and

y < G2(x), or, x > 0 and y > G1(x). The proof is complete.

6.2.3 ∆(1, 1, 0)-Polynomials I

If we consider geometrical sequences of the form
{

λk
}

as solutions of the neutral

difference equation with two delays

∆(xk + pxk−τ) + qxk−σ = 0, k ∈ N,

where p, q ∈ R, τ and σ are nonnegative integers, then we are led to functions of

the form

f(λ|p, q) = λ − 1 + λ−τ (λ− 1)p+ λ−σq. (6.16)

If τσ = 0, (6.16) is a ∆-polynomial with one power. More precisely, when

τ = σ = 0,

f(λ|p, q) = λ− 1 + (λ − 1)p + q. (6.17)

When τ = 0 but σ 6= 0,

f(λ|p, q) = λ− 1 + (λ − 1)p+ λ−σq, (6.18)

and when τ 6= 0 but σ = 0,

f(λ|p, q) = λ− 1 + q + λ−τ (λ− 1)p. (6.19)

Furthermore, if τ = σ, then

f(λ|p, q) = λ− 1 + λ−τ {(λ− 1)p+ q} . (6.20)

The polynomial (6.17) is easy to handle. (6.18) is a ∆(1, 0)-polynomial, while

(6.19) and (6.20) are ∆(1, 1)-polynomials. They have been handled in previous

sections. In particular, as a corollary of Theorem 6.4, we have the following result:

If τ ∈ Z[1,∞) and if the curve G is described by

x(λ) = (τ + 1)λτ−1

(

τ

τ + 1
− λ

)

, y(λ) = τ (λ− 1)2λτ−1

for λ > (τ−1)/(τ +1), then G is the graph of a strictly convex and smooth function

y = G(x) defined on (−∞, x((τ − 1)/τ + 1)); furthermore, (p, q) is a point in the

C\(0,∞)-characteristic region of

f(λ|p, q) = λτ+1 − λτ + (λ− 1)p+ q,

if, and only if, (p, q) ∈ ∨(G) ⊕ ∨(Υ).
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We will therefore find the C\(0,∞)-characteristic region of the ∆-polynomial

(6.16) when τ and σ are distinct positive integers. For this purpose, we may consider

the equivalent function

f(λ|p, q) ≡ λσ+1 − λσ + λσ−τ (λ − 1)p+ q. (6.21)

The determinant of the linear system

f(λ|x, y) ≡ λσ+1 − λσ + λσ−τ (λ− 1)x+ y = 0, λ > 0,

f ′λ(λ|x, y) = (σ + 1)λσ − σλσ−1 + ((σ − τ + 1)λ− (σ − τ ))λσ−τ−1x = 0, λ > 0,

is

D(λ) = (σ − τ + 1)λ − (σ − τ ), (6.22)

which has the unique root

λ =
σ − τ

σ − τ + 1

if τ 6= σ + 1.

When τ and σ are distinct positive integers, there are three possible cases: (1)

τ = σ + 1, (2) τ 6= σ + 1 and (σ − τ )/(σ − τ + 1) > 0, and (3) τ 6= σ + 1 and

σ− τ )/(σ− τ +1) < 0. The third case, however, does not arise since it is equivalent

to σ + 1 > τ > σ, which is not possible when τ is an integer.

6.2.3.1 The Case τ = σ + 1

This case is relatively easy.

Theorem 6.11. Suppose τ = σ + 1. Let the curve G be defined by

x(λ) = σλσ+1 − (σ + 1)λσ+2, y(λ) = λσ{(σ + 1)λ2 − 2(σ + 1)λ+ 1 + σ}

for λ > σ/(σ+2). Then G is also the graph of a strictly convex and smooth function

y = G(x) over (−∞, x(σ/(σ + 2)). Furthermore, (p, q) is a point in the C\(0,∞)-

characteristic region of (6.21) if, and only if, (p, q) satisfies p ≤ 0 and q > G(p).

Proof. In this case, since D(λ) = τ − σ = 1, by Theorem 2.6, the C\(0,∞)-

characteristic region Ω for f(λ|p, q) is just the dual of the envelope G of the family

{Lλ| λ ∈ (0,∞)} of straight lines Lλ : f(λ|x, y) = 0. To find this envelope, we solve

from f(λ|x, y) = 0 = f ′λ(λ|x, y) for x and y to yield

x(λ) = σλσ+1 − (σ + 1)λσ+2, y(λ) = λσ{(σ + 1)λ2 − 2(σ + 1)λ+ 1 + σ},

where λ > 0. We have

(x(0+), y(0+)) = (0, 0), (x(+∞), y(+∞)) = (−∞,+∞),

x′(λ) = (σ + 1)λσ(σ − (σ + 2)λ),
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Fig. 6.6

and

y′(λ) = (σ + 1)(λ − 1)((σ + 2)λ − σ)λσ−1 .

So x′(λ) has the unique positive root

λ∗ = σ/(σ + 2).

Furthermore, x(λ) is strictly increasing on (0, λ∗) and strictly decreasing on (λ∗,∞).

Also,

dy

dx
=

1

λ
− 1, λ ∈ (0, λ∗) ∪ (λ∗,∞),

d2y

dx2
=

1

(σ + 1)λσ+2((σ + 2)λ − σ)
, λ ∈ (0, λ∗) ∪ (λ∗,∞).

As in Example 2.2, The envelope is just G which is composed of two pieces G1

and G2 as shown in Figure 6.6. The first piece G1 corresponds to the case where

λ ∈ (0, λ∗) and the second G2 to the case where λ ∈ [λ∗,∞). Furthermore, G1 is

the graph of a strictly increasing, strictly concave and smooth function y = G1(x)

defined on (0, x(λ∗)) such that G1(0
+) = 0 and G′

1(0
+) = +∞; and G2 is the graph

of a function y = G2(x) which is strictly convex and smooth over (−∞, x(λ∗)] such

that G2(−∞) = +∞ and G′
2(−∞) = −∞. In view of the distribution map in Figure

A.1, the dual of G is the set of points (p, q) that satisfies p ≤ 0 and q > G2(p).

Finally, since x(λ) has the unique root σ/(σ + 2) in (0,∞), we may restrict G2 to

the interval (σ/(σ + 2),∞) to conclude our proof.

6.2.3.2 The Case (σ − τ )/(σ − τ + 1) > 0 and σ − τ + 1 6= 0

The conditions τ 6= σ+ 1 and (σ− τ )/(σ− τ + 1) > 0 hold if, and only if, σ > τ or

σ+1 < τ. Since the unique root λ of D(λ) in (6.22) is (σ− τ )/(σ− τ +1), therefore

when σ > τ or σ + 1 < τ, we have

D(λ) 6= 0, λ ∈ (0, λ) ∪ (λ,∞).
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We may therefore solve for x and y from f(λ|x, y) = 0 = f ′λ(λ|x, y) to yield

x(λ) =
σ + 1

σ − τ + 1

λτ
(

σ
σ+1

− λ
)

λ − σ−τ
σ−τ+1

, (6.23)

y(λ) =
τ

σ − τ + 1

λσ(λ − 1)2

λ− σ−τ
σ−τ+1

, (6.24)

for λ ∈
(

0, λ
)

or λ ∈
(

λ,∞
)

respectively. We have

(x(0+), y(0+)) = (0, 0).

Furthermore, if σ > τ, then

(x(+∞), y(+∞)) = (−∞,∞),

(x(λ
−

), y(λ
−

)) = (−∞,−∞),

(x(λ
+

), y(λ
+

)) = (∞,∞),

and if τ > σ + 1, then

(x(+∞), y(+∞)) = (∞,−∞),

(x(λ
−

), y(λ
−

)) = (−∞,∞),

(x(λ
+

), y(λ
+
)) = (∞,−∞).

Also,

x′(λ) =
−τ (σ + 1)

σ − τ + 1

λτ−1

(

λ − σ−τ
σ−τ+1

)2h(λ)

and

y′(λ) =
τ (σ + 1)

σ − τ + 1

(λ − 1)λσ−1

(

λ− σ−τ
σ−τ+1

)2 h(λ),

where

h(λ) = λ2 − 2σ2 − 2στ + 2σ − τ − 1

(σ + 1)(σ − τ + 1)
λ+

σ(σ − τ )

(σ + 1)(σ − τ + 1)
. (6.25)

The roots of h(λ) are α and β given respectively by

α =
2σ2 − 2στ + 2σ − τ − 1 −

√
1 − 4σ + 2τ + τ2 − 4σ2 + 4στ

2 (σ + 1) (σ − τ + 1)

=
σ

σ + 1
− (τ + 1) +

√

(τ + 1)2 − 4σ(σ − τ + 1)

2(σ + 1)(σ − τ + 1)

=
σ − τ

σ − τ + 1
+
τ − 1 −

√

(τ − 1)2 − 4(σ − τ )(σ + 1)

2 (σ + 1) (σ − τ + 1)
(6.26)
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and

β =
2σ2 − 2στ + 2σ − τ − 1 +

√
1 − 4σ + 2τ + τ2 − 4σ2 + 4στ

2 (σ + 1) (σ − τ + 1)

=
σ

σ + 1
− (τ + 1) −

√

(τ + 1)2 − 4σ(σ − τ + 1)

2(σ + 1)(σ − τ + 1)
. (6.27)

Let Φ be the set of positive roots of h. Since σ− τ + 1 6= 0, the set of positive roots

of x′ is also equal to Φ. Hence,

dy

dx
= λσ−τ (1 − λ), λ ∈ (0,∞)\Φ

and

d2y

dx2
=

(σ − τ + 1)2

τ (σ + 1)

(

λ − σ − τ

σ − τ + 1

)3

λσ−2τ 1

h(λ)
, λ ∈ (0,∞)\Φ.

When τ > σ + 1 or σ > τ, the roots of h(λ) behave differently. Therefore we

consider the following cases: (1) σ ≥ ρ(τ ) and σ> 1, (2) 8 ≤ τ < σ < ρ(τ ), (3)

τ > σ + 1, where

ρ(τ ) =

√
2
√
τ2 + 1 + τ − 1

2
, τ = 1, 2, ... . (6.28)

Note that ρ(1) = 1, ρ(2) = 2.081..., ..., ρ(6) = 6.801..., ρ(7) = 8, ... . Furthermore,

ρ′(x) > 1 for x > 0. Thus ρ(τ ) = τ for τ = 1, ρ(τ ) > τ for 2 ≤ τ ≤ 6, ρ(τ ) = τ + 1

for τ = 7 and ρ(τ ) > τ + 1 for τ ≥ 8. These show that the above conditions are

indeed exhaustive.

In the following results, we will use Theorem 4.1 to approach our problem as

follows. We need to find characteristic regions A such that f does not have any

roots in (0, λ), B such that f does not have any roots in (λ,∞), and the set D

of (p, q) such that f(λ|p, q) 6= 0, and then the desired dual set of order 0 of f is

A ∩B ∩D.

Theorem 6.12. Suppose σ ≥ ρ(τ ) and σ > 1. Let the curve G be defined by

x(λ) =
σ + 1

σ − τ + 1

λτ
(

σ
σ+1 − λ

)

λ − σ−τ
σ−τ+1

, y(λ) =
τ

σ − τ + 1

λσ(λ − 1)2

λ− σ−τ
σ−τ+1

for λ > (σ − τ )/(σ − τ + 1). Then the C\(0,∞)-characteristic region of (6.21) is

∨(G).

Proof. The C\(0,∞)-characteristic region of f(λ|x, y) defined by (6.21) is

the intersection of the C\(0, λ)-, C\{λ}- and C\(λ,∞)-characteristic regions of

f(λ|x, y). The C\{λ}-characteristic region is just the set of points that do not lie

on the straight line Lλ : f(λ|x, y) = 0, that is, C\Lλ. As for the other two regions,

the C\(0, λ)-characteristic region is just the dual set of order 0 of the envelope G1

of the family Φ(0,λ) =
{

Lλ| λ ∈ (0, λ)
}

and the C\(λ,∞)-characteristic region is
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Fig. 6.7

the dual set of order 0 of the envelope G2 of the family Φ(λ,∞) =
{

Lλ| λ ∈ (λ,∞)
}

,

where Lλ is the straight line defined by f(λ|x, y) = 0 for λ ∈ (0, λ) ∪ (λ,∞).

When σ ≥ ρ(τ ) and σ > 1, we see that σ > τ. Since the last term in (6.25) is

positive, and since the discriminant
{

2σ2 − 2στ + 2σ − τ − 1

(σ + 1)(σ − τ + 1)

}2

− 4σ(σ − τ )

(σ + 1)(σ − τ + 1)

=
2(τ2 + 1) − (2σ − τ + 1)2

(σ + 1)2(σ − τ + 1)2
≤ 2(τ2 + 1) − 2(τ2 + 1)

(σ + 1)2(σ − τ + 1)2
= 0,

(where we have used the fact that σ ≥ ρ(τ ) if, and only if, 2σ−τ+1 ≥
√

2
√
τ2 + 1),

by Theorems 6.1 and 5.2, we see that h(λ) has at most one positive root. Thus the

function h in (6.25) satisfies h(λ) ≥ 0 for λ > 0.

As in Example 2.2, these and other easily obtained information show that the

envelope G1 is described by the parametric functions x(λ) and y(λ) over the interval

(0, λ), while the envelope G2 by the same functions but over the interval (λ,∞).

Furthermore, G1 and G2 can be depicted as shown in Figure 6.7. The curve G1 is

the graph of a strictly increasing, strictly concave and smooth function y = G1(x)

over (−∞, 0) such that G1(0
+) = 0 and G′

1(0
+) = 0; and G2 is the graph of a strictly

convex and smooth function y = G2(x) defined on R such that G′
2(−∞) = −∞.

Furthermore, by Lemma 3.2, the straight line Lλ : f(λ|x, y) = 0 is the asymptote

of the function G1 at −∞ and the function G2 at +∞.

In view of the distribution maps in Figures 3.1 and 3.19, the dual sets of order 0

of G1 and G2 can easily be obtained. The intersection of these dual sets with C\Lλ
is also easily found (cf. Figure A.12) so that (p, q) is in the C\(0,∞)-characteristic

region for (6.21) if, and only if, (p, q) lies strictly above G2. The proof is complete.

Next we suppose 8 ≤ τ < σ < ρ(τ ). In this case, we may show that the roots α

and β in (6.26) and (6.27) satisfy

0 <
σ − τ

σ − τ + 1
< α < β <

σ

σ + 1
< 1. (6.29)
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So h(λ) has two distinct positive roots.

Theorem 6.13. Suppose 8 ≤ τ < σ < ρ(τ ). Let α, β be defined by (6.27) and

(6.27) and let the curve G be defined by

x(λ) =
σ + 1

σ − τ + 1

λτ
(

σ
σ+1

− λ
)

λ − σ−τ
σ−τ+1

, y(λ) =
τ

σ − τ + 1

λσ(λ − 1)2

λ− σ−τ
σ−τ+1

for λ > (σ−τ )/(σ−τ+1). Let G
(1)
2 be the restriction of G over ((σ−τ )/(σ−τ+1), α]

and G
(3)
2 be the restriction of G over [β,∞). Then the C\(0,∞)-characteristic region

of (6.21) is ∨
(

G
(3)
2

)

⊕ ∨
(

G
(1)
2

)

.

Proof. The proof is similar to that of Theorem 6.12 and hence will be sketched.

The parametric functions, the number λ, the straight lines Lλ, the families Φ(0,λ)

and Φ(λ,∞), the regions C\(0, λ)-, C\{λ}- and C\(λ,∞)-characteristic regions and

the envelopes G1 and G2 are the same as in the proof of Theorem 6.12.

Fig. 6.8

The envelope G1 is described by the parametric functions x(λ) and y(λ) defined

by (6.23) and (6.24) over the interval (0, λ), the envelope G2 by the same functions

but over the interval (λ,∞). Since h(λ) now has two distinct positive roots α and

β that satisfy the relations in (6.29), we see that h(λ) > 0 for λ ∈ (0, α) ∪ (β,∞)

and h(λ) > 0 for λ ∈ (α, β). Thus, x(λ) is strictly increasing on (α, β) and strictly

decreasing on (0, λ)∪ (λ, α)∪ (β,∞). With these and other easily obtained informa-

tion, the curves G1 and G2 can be depicted as shown in Figure 6.8. The curve G1

is the graph of a function y = G1(x) over (−∞, 0) which is strictly increasing and

strictly concave. The curve G2 is made up of three pieces G
(1)
2 , G

(2)
2 and G

(3)
2 which

corresponds to the cases where λ ∈ (λ, α], λ ∈ (α, β) and λ ∈ [β, 1) respectively.

The piece G
(1)
2 is the graph of a function y = G

(1)
2 (x) defined on [x(α),∞) which

is strictly increasing, and strictly convex. The piece G
(2)
2 is the graph of a function
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y = G
(2)
2 (x) defined on (x(α), x(β)) which is strictly increasing and strictly concave.

The piece G
(3)
2 is the graph of a function y = G

(3)
2 (x) defined on (−∞, x(β)] which

is strictly increasing and strictly convex and satisfies G
(3)′

2 (−∞) = −∞. By Lemma

3.2, the straight line Lλ is the asymptote of the function G
(3)
2 at x = −∞ and the

function G
(1)
2 at x = +∞. In view of the distribution maps in Figures A.16 and

3.16, the dual sets of order 0 of the envelopes G1 and G2 are easy to obtain. Fur-

thermore, the intersection of these dual sets with C\Lλ (cf. Figure A.27) is given

by ∨
(

G
(3)
2

)

⊕ ∨
(

G
(1)
2

)

. The proof is complete.

Next we suppose τ > σ+1. In this case, we may show that the roots α, β defined

by (6.26) and (6.27) satisfy

0 < α <
σ

σ + 1
<

σ − τ

σ − τ + 1
< β. (6.30)

Theorem 6.14. Suppose τ > σ + 1. Let α be defined by (6.27) and the curve G

defined by

x(λ) =
σ + 1

σ − τ + 1

λτ
(

σ
σ+1 − λ

)

λ − σ−τ
σ−τ+1

, y(λ) =
τ

σ − τ + 1

λσ(λ − 1)2

λ− σ−τ
σ−τ+1

for λ ∈ (α, λ). Then x(α) > 0 and G is the graph of a function defined on

(−∞, x(α)). Furthermore, (p, q) is in the C\(0,∞)-characteristic region of (6.21)

if, and only if, p ≤ 0 and q > G(p).

Proof. The proof is similar to that of Theorem 6.12 and hence will be sketched.

The parametric functions, the number λ, the straight lines Lλ, the families Φ(0,λ)

and Φ(λ,∞), the regions C\(0, λ)-, C\{λ}- and C\(λ,∞)-characteristic regions and

the envelopes G1 and G2 are the same as in the proof of Theorem 6.12.

The envelope G1 is described by the parametric functions x(λ) and y(λ) defined

by (6.23) and (6.24) over the interval (0, λ), the envelope G2 by the same functions

but over the interval (λ,∞). Since h(λ) now has two distinct positive roots α and

β that satisfy the relations in (6.30), we see that h(λ) > 0 for λ ∈ (0, α) ∪ (β,∞)

and h(λ) < 0 for λ ∈ (α, β). Thus, x(λ) is strictly increasing on (0, α) ∪ (β,∞)

and strictly decreasing on (α, λ) ∪ (λ, β). With these and other easily obtained

information, the curves G1 and G2 can be depicted as shown in Figure 6.9. The

curve G1 is made up by two pieces G
(1)
1 and G

(2)
1 , while G2 by two pieces G

(1)
2 and

G
(2)
2 . The curve G

(1)
1 corresponds to where λ ∈ (0, α) and G

(2)
1 to where λ ∈ [α, λ).

The curve G
(1)
2 corresponds to where λ ∈ (λ, β) and G

(2)
2 to where λ ∈ [β,∞).

The curve G
(1)
1 is the graph of a function y = G

(1)
1 (x) defined on (0, x(α)) which

is strictly increasing and strictly concave and G
(1)′

1 (0+) = +∞. The curve G
(2)
1

is the graph of a function y = G
(2)
1 (x) defined on (−∞, x(α)] which is strictly

convex and touches the x-axis at x = −1. The curve G
(1)
2 is the graph of a function
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y = G
(1)
2 (x) defined on (x(β),∞) which is strictly decreasing and strictly concave.

Finally, the curve G
(2)
2 is the graph of a function y = G

(2)
2 (x) defined on [x(β),∞)

which is strictly decreasing and strictly convex. The curves G
(1)
2 and G

(2)
2 have a

common tangent line T that passes through the point (x(β), y(β)). We may check

that G
(2)
2 (−∞) = −∞. Furthermore, by Lemma 3.2, the straight line Lλ is the

asymptote of the function G
(2)
1 at −∞ and the function G

(1)
2 at +∞. Since G

(1)
2 is

strictly concave and G
(2)
2 is strictly convex, it is easily seen that the tangent line T

has a slope which is greater than that of the asymptote Lλ.

The dual sets of order 0 of G1 and G2, in view of the distribution maps in

Figures A.6 and A.8, are easy to obtain. The intersection of these two dual sets

with C\Lλ (cf. Figure A.26) is then equal to the set of points that lie strictly above

the function G
(2)
1 restricted to the interval (−∞, 0]. The proof is complete.

Fig. 6.9

6.2.4 ∆(1, 1, 0)-Polynomials II

If we consider the neutral difference equation

∆(xk + cxk−τ) + pxk−τ + qxk+δ = 0, k ∈ N,

where c, p, q ∈ R and τ, δ are nonnegative integers, then we are led to ∆-polynomials

of the form

λ − 1 + λ−τ (λ− 1)c+ λ−τp + λδq

or

λ− 1 + λ−τ (cλ− c+ p) + λδq. (6.31)

If δ = 1, then (6.31) can be written as

λ− 1 + q + λ−τ (cλ+ p− c),
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which is a ∆(1, 1)-polynomial. Such a function has already been handled in Theorem

6.4.

If δ = −σ < 0, then the resulting function is just the one discussed in the

previous Section. Therefore, in this section, we consider the quasi-polynomial

f(λ|p, q) = (λ − 1)λτ + c(λ− 1) + p+ qλδ+τ , (6.32)

where τ, δ ∈ Z[1,∞). We will be interested in determining the values of c, p, q, τ and

δ for which this polynomial does not have any positive roots.

It will also be convenient to distinguish two cases: (1) δ > 1 and τ > 1, (2)

δ > 1 and τ = 1.

6.2.4.1 The Case δ, τ > 1

Consider the family {Lλ| λ ∈ (0,∞)} of straight lines defined by Lλ : f(λ|x, y) = 0

where λ ∈ (0,∞). Since

f ′λ(λ|x, y) = (δ + τ )λδ+τ−1y + (τ + 1)λτ − τλτ−1 + c,

the determinant of the linear system f(λ|x, y) = 0 = f ′λ(λ|x, y) is D(λ) = −(δ +

τ )δ+τ−1 which does not vanish for λ > 0. By Theorem 2.6, Ω is just the dual of the

envelope of the envelope G of the family {Lλ| λ ∈ (0,∞)}. We may solve for x and

y from f(λ|x, y) = 0 = f ′λ(λ|x, y) to yield the parametric functions

x(λ) = Γ(λ;−δ, τ ) and y(λ) = −Γ(λ; τ,−δ) (6.33)

for λ > 0, where

Γ(x; a, b) =
1

b− a

[

(a+ 1)xb+1 − axb + c(a+ 1 − τ )xb+1−τ − c(a− τ )xb−τ
]

, λ > 0.

(6.34)

Therefore,

x′(λ) = −(δ + τ )−1F (λ)

and

y′(λ) = (δ + τ )−1λ−(τ+δ)F (λ)

where

F (λ) = (τ + 1)(δ − 1)λτ − τδλτ−1 + c(δ + τ − 1).

For λ such that F (λ) 6= 0, we have

dy

dx
(λ) = −λ−(δ+τ) ,

and

d2y

dx2
(λ) =

−(δ + τ )2λ−(δ+τ+1)

(τ + 1)(δ − 1)λτ − τδλτ−1 + c(δ + τ − 1)

=
−(δ + τ )2λ−(δ+τ+1)

F (λ)
.
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Also

lim
λ→0+

dy

dx
(λ) = −∞ and lim

λ→∞

dy

dx
(λ) = 0. (6.35)

Then six mutually exclusive and exhaustive cases, characterized by the sizes of

c, are needed:

c ≥ δ

δ + τ − 1

[

(τ − 1)δ

(τ + 1)(δ − 1)

]τ−1

. (6.36)

(

τ − 1

τ + 1

)τ−1

≤ c <
δ

δ + τ − 1

[

(τ − 1)δ

(τ + 1)(δ − 1)

]τ−1

, (6.37)

(τ − 1)τ−1

τ τ
< c <

(

τ − 1

τ + 1

)τ−1

(6.38)

0 < c ≤ (τ − 1)τ−1

τ τ
, (6.39)

c = 0,

and

c < 0. (6.40)

We remark that the above classifications are valid in view of the inequalities

0 <
(τ − 1)τ

τ τ
<

(

τ − 1

τ + 1

)τ−1

<
δ

δ + τ − 1

[

(τ − 1)δ

(τ + 1)(δ − 1)

]τ−1

, (6.41)

which can be verified by elementary means. We remark further that when c = 0,

f(λ|x, y) = λτ (λ− 1) + x+ yλτ+δ = λτ
{

(λ− 1) + λ−τx+ λδy
}

and hence is equivalent to a ∆(1, 0, 0)-polynomial with one power studied before,

and hence this case will not be discussed. To facilitate discussions, we will set

ρ =
(τ − 1)δ

(τ + 1)(δ − 1)
, (6.42)

which is positive in view of the assumption τ > 1. Note that F (0+) = c(δ + τ − 1),

F (+∞) = +∞, and

F ′(λ) = τ (τ + 1)(δ − 1)λτ−2(λ − ρ).

If (6.36) holds, then F (0+) > 0, F ′(λ) < 0 for λ ∈ (0, ρ), F ′(λ) > 0 for λ > ρ,

and

F (ρ) = (δ + τ − 1)

[

c− δρτ−1

δ + τ − 1

]

≥ 0.

Thus F (λ) > 0 for λ > 0 except at λ = ρ.
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If (6.37) or (6.38) or (6.39) holds, then F (0) > 0, F ′(λ) < 0 for λ ∈ (0, ρ),

F ′(x) > 0 for λ > ρ,

F

(

δ

δ − 1

)

=
δτ

(δ − 1)τ−1
+ c(δ + τ − 1) > 0,

and F (ρ) < 0. Thus there exist exactly two roots λ∗ and λ∗ of F (λ) in (0,∞).

Furthermore, we have 0 < λ∗ < ρ < λ∗ < δ/(δ − 1).

If (6.40) holds, then we see that F (0) < 0, F ′(λ) < 0 for λ ∈ (0, ρ), F ′(λ) > 0

for λ > ρ. Note that

F (ρ) = −δρτ−1 + c(δ + τ − 1) < 0,

thus there exists a unique root λ̄ of F (λ) in (ρ,∞) and F (λ) < 0 for 0 < λ < λ̄ as

well as F (λ) > 0 for λ > λ̄.

Theorem 6.15. Suppose δ, τ > 1 and (6.36) holds. Let the curve G be described

by the parametric functions in (6.33) for λ > 0. Then G is also the graph of a

function y = G(x) over the interval (−∞, c). Furthermore, (p, q) is in the C\(0,∞)-

characteristic region of (6.32) if, and only if, p < c and q < G(p), or p ≥ c and

q ≥ 0.

Proof. By (6.33), we have

(x(0+), y(0+)) = (c,−∞), (x(+∞), y(+∞)) = (−∞, 0).

Furthermore, dy/dx < 0 and d2y/dx2 < 0 except possibly at λ = ρ. As in Example

2.2, these together with other easily obtained information allow us to depict the

envelope G of the family {Lλ| λ ∈ (0,∞)} in Figure 6.10. The function y = G(x) is

a strictly decreasing, strictly concave and smooth over the interval (−∞, c) such that

G(−∞) = 0, G′(−∞) = 0, G(c+) = −∞ and G′(c+) = −∞. Hence the asymptote

LG|−∞ is Θ0. In view of the distribution map in Figure 3.13, the dual set of order 0

of G is the set of points (p, q) that satisfies p < c and q < G(p), or p ≥ c and q ≥ 0.

Theorem 6.16. Suppose δ, τ > 1 and (6.40) holds. Let λ̄ be the unique positive

root of the function F (x) in (ρ,∞) where ρ is defined by (6.42). Let the curve G be

defined by (6.33) for λ > 0. When restricted to the interval (0, λ), G is also the graph

of a strictly decreasing, strictly convex and smooth function y = G1(x) defined on

(c, x(λ)); and when restricted to [λ,∞), G is also the graph of a strictly decreasing,

strictly concave and smooth function y = G2(x) over (−∞, x(λ)]. Furthermore,

(p, q) is in the C\(0,∞)-characteristic region of (6.32) if, and only if, (p, q) ∈
∧(G2χ(−∞,c]) or (p, q) ∈ ∨(G1) ⊕∨(Θ0χ(c,+∞)).

Proof. By (6.33), we have

(x(0+), y(0+)) = (c,+∞), (x(+∞), y(+∞)) = (−∞, 0).

There exists a unique root λ̄ of F (λ) in (ρ,∞) and F (λ) < 0 for 0 < λ < λ̄ as

well as F (λ) > 0 for λ > λ̄. As in Example 2.2, these together with other easily



January 12, 2009 14:53 World Scientific Book - 9.75in x 6.5in ws-book975x65

C\(0,∞)-Characteristic Regions of Real ∆-Polynomials 113

Fig. 6.10

obtained information allow us to depict the graph of the envelope G of the family

{Lλ| λ ∈ (0,∞)} in Figure 6.11. The envelope G is composed of two curves G1

and G2 with turning point (p0, q0) = (x(λ̄), y(λ̄)). The first piece G1 corresponds

to the case where λ ∈ (0, λ̄) and the second piece G2 to the case where λ ∈ [λ̄,∞).

Furthermore, the function y = G1(x) is strictly decreasing, strictly convex and

smooth for x ∈ (c, p0) such that G1(c
+) = +∞ and G′

1(c
+) = −∞; and the function

y = G2(x) is strictly decreasing, strictly concave and smooth for x ∈ (−∞, p0) such

that G2(−∞) = 0 and G′
2(−∞) = 0. In view of the distribution map in Figure A.2,

(p, q) is a dual point of order 0 of G if, and only, if p ≤ c and q < G2(p), or, p > c

and (p, q) ∈ ∨(G1) ⊕∨(Θ0).

Fig. 6.11

We remark that since G2 is strictly decreasing on (−∞, p0) and G2(−∞) = 0,

we see that q0 < 0. Therefore the curve G1 intercepts with the x-axis at some point

p1. To locate this point, note that (p1, 0) = (x(T ), y(T )) for some unique T ∈ (0, λ).
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Indeed, let

φ(λ) = (τ + 1)λτ − τλτ−1 + c = − δ + τ

λδ+τ−1
Γ(λ; τ,−δ).

Since

φ′(λ) = τ (τ + 1)λτ−2

(

λ − τ − 1

τ + 1

)

,

we see that φ′(λ) < 0 for λ ∈ (0, (τ−1)/(τ+1)), and φ′(λ) > 0 for λ > (τ−1)/τ+1).

Note that

φ

(

τ − 1

τ + 1

)

= c −
(

τ − 1

τ + 1

)τ−1

< 0

and

φ
(

λ
)

=
τ

δ − 1

(

λ
τ−1 − c

)

> 0.

Thus there is a unique root T of φ(λ), and hence of y(λ), in ((τ −1)/(τ +1), λ). We

may now solve the unique root T of the equation y(λ) = 0 for λ ∈ (0, λ) and then

p1 = x(T ). Therefore we may be more precise in expressing the previous conclusion,

namely, p ≤ c and q < G2(p), or, p ∈ (c, p1] and q > G1(p), or, p > p1 and q ≥ 0.

Theorem 6.17. Suppose δ, τ > 1 and (6.39) holds. Let λ∗ and λ∗, 0 < λ∗ < ρ <

λ∗ < δ/(δ − 1), be the two roots of F (λ) in (0,∞). Let the curve G be defined by

(6.33) for λ > 0. Let G1, G2 and G3 be the restrictions of G over the intervals (0, λ∗],

(λ∗, λ
∗) and [λ∗,+∞) respectively. Then G1 is the graph of a strictly decreasing,

strictly concave function y = G1(x) over [x(λ∗), c), G2 is the graph of a strictly

decreasing and strictly convex function over (x(λ∗), x(λ
∗)) , and G3 is the graph of

a strictly decreasing and strictly concave function over (−∞, x(λ∗)]. Furthermore,

(p, q) is in the C\(0,∞)-characteristic region of (6.32) if, and only if, p < c and

(p, q) ∈ ∧(G3χ(−∞,c)) ⊕∧(G1), or, (p, q) ∈ ∨(G2χ[c,+∞)) ⊕ ∨(Θ0).

Proof. By (6.33), we have

(x(0+), y(0+)) = (c,−∞), (x(+∞), y(+∞)) = (−∞, 0).

However, the denominator F (λ) satisfies F (0) > 0, F ′(λ) < 0 for λ ∈ (0, ρ), F ′(x) >

0 for λ > ρ, F (δ/(δ− 1)) > 0, and F (ρ) < 0. Thus there exist exactly two roots λ∗
and λ∗ such that 0 < λ∗ < ρ < λ∗ < δ/(δ − 1). As in Example 2.2, these together

with other easily obtained information allow us to depict the graph of the envelope

G of the family {Lλ| λ ∈ (0,∞)} in Figure 6.12. The envelope G is composed of

three curves G1, G2 and G3. The turning points (p∗, q∗) and (p∗, q∗) correspond

to λ∗ and λ∗ respectively, and are given by p∗ = x(λ∗), q∗ = y(λ∗), p
∗ = x(λ∗)

and q∗ = y(λ∗). The first piece G1 corresponds to the case where λ ∈ (0, λ∗],

the second piece G2 to the case where λ ∈ (λ∗, λ
∗) and the third piece G3 to the

case [λ∗,∞). Furthermore, the function y = G1(x) is strictly decreasing, strictly

concave and smooth for x ∈ [p∗, c) such that G1(c
−) = −∞ and G′

1(c
−) = −∞; the
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function y = G2(x) is strictly decreasing, strictly convex and smooth x ∈ (p∗, p
∗),

while the function y = G3(x) is strictly decreasing, strictly concave and smooth for

x ∈ (−∞, p∗] such that G3(−∞) = 0 and G′
3(−∞) = 0. In view of the distribution

map in Figure A.17, (p, q) is a dual point of order 0 of G if, and only if, p < c and

(p, q) ∈ ∧(G3) ⊕∧(G1), or, (p, q) ∈ ∨(G2χ[c,+∞)) ⊕∨(Θ0). The proof is complete.

Fig. 6.12

We remark that the curve G1 intersects the x-axis at some unique point (p1, 0),

while G2 at some unique point (p2, 0). To locate them, we first show that y(λ) = 0

has a unique root T1 in (0, (τ − 1)/(τ + 1)) and a unique root T2 in ((τ − 1)/τ,∞)

so that p1 = x(T1) and p2 = x(T2). Indeed, let

φ(λ) ≡ (τ + 1)λτ − τλτ−1 + c = − δ + τ

λδ+τ−1
y(λ). (6.43)

Since φ(0) = c > 0, φ(+∞) = ∞,

φ′(λ) ≡ τ (τ + 1)λτ−2

(

λ − τ − 1

τ + 1

)

,

we see that φ′(λ) < 0 for λ ∈ (0, (τ − 1)/(τ + 1)), φ′(λ) > 0 for λ > (τ − 1)/(τ + 1),

φ

(

τ − 1

τ + 1

)

= c−
(

τ − 1

τ + 1

)τ−1

< 0, (6.44)

and

φ

(

τ − 1

τ

)

= c− (τ − 1)τ−1

τ τ
≤ 0. (6.45)

Thus there exist exactly two roots T1, T2 of φ(λ), and hence of y(λ), in (0, (τ −
1)/(τ + 1)) and [(τ − 1)/τ,∞) respectively. Finally, note that

x(T1) = Γ(T1;−δ, τ ) < lim
λ→0+

Γ(λ;−δ, τ ) = c

≤ c+
τ

τ + 1
T2

(

1

τ
T τ−1

2 − c

)

= Γ(T2;−δ, τ ) = x(T2),
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we see further that p1 < c ≤ p2. Therefore, if we desire, we may be more precise in

expressing the conclusion of the above result.

Theorem 6.18. Suppose δ, τ > 1 and (6.38) holds. Let λ∗ and λ∗, 0 < λ∗ < ρ <

λ∗ < δ/(δ − 1), be the two roots of F (λ) in (0,∞). Let the curve G be defined by

(6.33) for λ > 0. Let G1, G2 and G3 be the restrictions of G over the intervals (0, λ∗],

(λ∗, λ
∗) and [λ∗,+∞) respectively. Then G1 is the graph of a strictly decreasing,

strictly concave function y = G1(x) over [x(λ∗), c), G2 is the graph of a strictly

decreasing and strictly convex function over (x(λ∗), x(λ
∗)) , and G3 is the graph of

a strictly decreasing and strictly concave function over (−∞, x(λ∗)]. Furthermore,

(p, q) is in the C\(0,∞)-characteristic region of (6.32) if, and only if, (p, q) ∈
∧(G3χ(−∞,c)) ⊕ ∧(G1), or, (p, q) ∈ ∨(Θ0χ[c,+∞)).

Fig. 6.13

The first two paragraphs of the proof of this result are exactly the same as

that of Theorem 6.17, except that the corresponding envelope now appears as that

in Figure 6.13. Indeed, we assert that the curve G1 intersects the x-axis at some

unique point (p1, 0), while G2 at some unique point (p2, 0), and p2 < c. To see this,

we note that the function φ defined by (6.43) satisfies the same properties as in the

proof of Theorem 6.17, except that (6.45) is now replaced with

φ

(

τ − 1

τ

)

= c− (τ − 1)τ−1

τ τ
> 0. (6.46)

Hence there exist exactly two roots T1, T2 of y(λ) in (0, (τ − 1)/(τ + 1)) and ((τ −
1)/(τ + 1), (τ − 1)/τ ) respectively. Since T2 < (τ − 1)/τ, we see further that

p2 = x(T2) = Γ(T2;−δ, τ ) = c+
τ

τ + 1
T2

(

1

τ
T τ−1

2 − c

)

< c.

In view of Figure A.17, the dual set of order 0 of G is the set of points (p, q) that

satisfies p ≤ x(λ∗) and q < G3(p), or, x(λ∗) < p < c and q < min{G3(p), G1(p)} ,
or, p ≥ c and q ≥ 0.
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Fig. 6.14

Theorem 6.19. Suppose δ, τ > 1 and (6.37) holds. Let λ∗ and λ∗, 0 < λ∗ < ρ <

λ∗ < δ/(δ − 1), be the two roots of F (λ) in (0,∞). Let the curve G be defined by

(6.33) for λ > 0. Let G1, G2 and G3 be the restrictions of G over the intervals (0, λ∗],

(λ∗, λ
∗) and [λ∗,+∞) respectively. Then G1 is the graph of a strictly decreasing,

strictly concave function y = G1(x) over [x(λ∗), c), G2 is the graph of a strictly

decreasing and strictly convex function over (x(λ∗), x(λ
∗)) , and G3 is the graph of

a strictly decreasing and strictly concave function over (−∞, x(λ∗)]. Furthermore,

(p, q) is in the C\(0,∞)-characteristic region of (6.32) if, and only if, (p, q) ∈
∧(G3χ(−∞,c)) ⊕ ∧(G1), or, (p, q) ∈ ∨(Θ0χ[c,+∞)).

Again, the first two paragraphs of the proof of this result are exactly the same as

that of Theorem 6.17, except that the corresponding envelope now appears as that

in Figure 6.14. Indeed, we assert that the curve G1 lies completely in the interior

of the lower half plane unless c = ((τ −1)/(τ +1))τ−1. To see this, we note that the

function φ defined by (6.43) satisfies the same properties as in the proof of Theorem

6.17, except that (6.44) is now replaced with

φ

(

τ − 1

τ + 1

)

= c−
(

τ − 1

τ + 1

)τ−1

≥ 0,

and (6.45) with (6.46).

6.2.4.2 The Case δ > 1 and τ = 1

In this section, we assume that δ > 1 and τ = 1. Then only two distinct cases arise:

c ≥ 1 and c < 1. As in the last section, the envelope G is given by

x(λ) = Γ(λ;−δ, 1) and y(λ) = Γ(λ; 1,−δ), (6.47)

where

Γ(x; a, b) =
1

b− a

[

(a+ 1)xb+1 − axb + caxb − c(a− 1)xb−1
]

for λ > 0.
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Note that x′(λ) = −(δ + 1)−1F (λ) and y′(λ) = (δ + 1)−1λ−(τ+δ)F (λ) where

F (λ) = 2(δ − 1)λ− δ + cδ.

Since F (0) = δ(c−1), F (+∞) = +∞ and F ′(λ) = 2(δ−1), we see that (a) if c ≥ 1,

then F (λ) > 0, and (b) if c < 1, then F (λ) < 0 for λ ∈ (0, λ) and F (λ) > 0 for

λ ∈ (λ,∞), where λ = δ(1 − c)/2(δ − 1).

At places where F (λ) 6= 0, we also have

dy

dx
(λ) = −λ−(δ+1)

and

d2y

dx2
(λ) =

−(δ + 1)2λ−(δ+2)

F (λ)
.

Thus

lim
λ→0+

dy

dx
= −∞ and lim

λ→∞

dy

dx
= 0.

Theorem 6.20. Suppose τ = 1, δ > 1 and c ≥ 1. Let the curve G be defined by

(6.47) for λ > 0. Then G is also the graph of a strictly decreasing, strictly concave

and smooth function y = G(x) over the interval (−∞, c) such that G(−∞) = 0,

G′(−∞) = 0, G(c−) = −∞ and G′(c−) = −∞. Furthermore, (p, q) is in the

C\(0,∞)-characteristic region of (6.32) if, and only if, p ≥ c and q ≥ 0, or, p < c

and q < G(p).

Indeed, since F (λ) > 0 for λ > 0, the proof is exactly the same as the proof of

Theorem 6.15, except that now F (λ) > 0 for λ > 0 instead of F (λ) > 0 for λ > ρ.

The corresponding graph of G is similar to that in Figure 6.10.

Theorem 6.21. Suppose τ = 1, δ > 1 and c < 1. Let λ̄ be the unique positive

root of the function F (λ) in (0,∞). Let the curve G defined by (6.47) for λ > 0.

When restricted to the interval (0, λ), G is also the graph of a strictly decreas-

ing, strictly convex and smooth function y = G1(x) defined on (c, x(λ)); and when

restricted to [λ,∞), G is also the graph of a strictly decreasing, strictly concave

and smooth function y = G2(x) over (−∞, x(λ)]. Furthermore, (p, q) is in the

C\(0,∞)-characteristic region of (6.32) if, and only if, (p, q) ∈ ∧(G2χ(−∞,c]), or,

(p, q) ∈ ∨(G1χ(c,∞)) ⊕∨(Θ0).

Indeed, since F (λ) < 0 for λ ∈ (0, λ) and F (λ) > 0 for λ ∈ (λ,∞), the proof is

similar to the proof of Theorem 6.16. The corresponding graph is similar to that in

Figure 6.11.
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6.2.5 ∆(n,n, 0)-Polynomials

Recall that a ∆(n, n, 0)-polynomial takes the form

f0(λ) + λτ1f1(λ) + λτ2c,

where c is a nonzero real number, τ1 and τ2 are mutually distinct nonzero inte-

gers and f0, f1 are polynomials of degree n. Such a function is difficult to handle.

However, if we consider the neutral difference equation of the form

∆n (xk + pxk−τ) + qxk−σ = 0, k ∈ N, (6.48)

where n, τ ∈ Z[1,∞), σ ∈ N, and p, q are real numbers, then seeking geometric

sequence solutions of the form
{

λk
}

will lead us to the special ∆(n, n, 0)-polynomial

(λ− 1)n + pλ−τ (λ− 1)n + qλ−σ . (6.49)

In this section, we will consider the C\(0,∞)-characteristic region of (6.49).

First, note that if n = 1, then the above function is the same ∆(1, 1, 0)-

polynomial discussed in Section 6.2.3. If σ = 0, then the above function is a

∆(n, n)-polynomial. However, this function has not been handled in our previous

discussions. Therefore, in this section, we will assume throughout that n > 1, σ ≥ 0

and τ ≥ 1.

Note that the C\(0,∞)-characteristic region of (6.49) is the same as that of the

following function

λτ+σ(λ− 1)n + pλσ(λ− 1)n + qλτ (6.50)

obtained by multiplying (6.49) by λσ+τ .

The parity of the integer n is crucial and hence two groups of different cases are

needed.

6.2.5.1 The case where n is odd

In this section, we assume that n is an odd integer in Z[3,∞). To facilitate discus-

sions, we will also classify equation into five different cases by means of the following

exhaustive and mutually exclusive conditions according to the sizes of the positive

integers τ and σ: (i) σ = 0, (ii) σ = τ = 1, (iii) σ = τ > 1, (iv) 0 < σ < τ, and (v)

σ ≥ τ + 1.

Theorem 6.22. Suppose σ = 0 and n is an odd integer in Z[3,∞). Let the curve

G be defined by the parametric functions

x(λ) =
−nλτ+1

(n− τ )λ+ τ
, y(λ) =

τ (λ− 1)n+1

(n − τ )λ+ τ
(6.51)

over the interval (0,∞). If τ ≤ n, then G is also the graph of a function y = G(x)

defined over (−∞, 0), furthermore, (p, q) is a point in the C\(0,∞)-characteristic

region of the function

h(λ|p, q) = (λ − 1)n + pλ−τ(λ − 1)n + q, (6.52)
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if, and only if, p < 0 and q > G(p), or p = 0 and q ≥ 1. If τ > n, then the restriction

of the curve G over the interval (0, τ/(τ−n)) is also the graph of a function y = S(x)

defined over (−∞, 0), furthermore, (p, q) is a point in the C\(0,∞)-characteristic

region of the function (6.52) if, and only if, p < 0 and q > S(p), or p = 0 and

q ≥ 1.

Proof. For each λ ∈ (0,∞), let Lλ be the straight line defined by

pλ−τ (λ− 1)nx+ y = −(λ − 1)n,

i.e., Lλ : h(λ|x, y) = 0. When σ = 0,

h′λ(λ|x, y) = −τλ−τ−1(λ− 1)nx+ nλ−τ (λ− 1)n−1x+ n(λ − 1)n−1.

The determinant of the linear system h(λ|x, y) = 0 = h′λ(λ|x, y) is D(λ) =

λ−τ−1(λ − 1)n−1((n − τ )λ + τ ), which has the positive root 1 and the additional

positive root τ/(τ − n) if τ > n.

We need to consider two sub-cases: (1) τ ≤ n, and (2) n < τ.

Suppose τ ≤ n. Then D(λ) has the unique root 1 in (0,∞). By Theorem 4.1,

the C\(0,∞)-characteristic region of h(λ|p, q) is the intersection of the C\{1}-,
C\(0, 1)- and C\(1,∞)-characteristic regions of h(λ|p, q). The C\{1}-characteristic

region, since h(1|p, q) = q, is just the set
{

(p, q) ∈ R2|q 6= 0
}

, (6.53)

that is, C\R. As for the other two characteristic regions, the C\(0, 1)-characteristic

region is the dual set of order 0 of the envelope G1 of the family Φ(0,1) =

{Lλ| λ ∈ (0, 1)} , and the C\(1,∞)-characteristic region is the dual set of order

0 of the envelope G2 of the family Φ(1,∞) = {Lλ| λ ∈ (1,∞)} .
By Theorem 2.3, we may show that the envelope G1 of the family Φ(0,1) is

described by the parametric functions in (6.51) for λ ∈ (0, 1), while the envelope G2

of the family Φ(1,∞) by the same parametric functions but for λ ∈ (1,∞). Indeed,

the properties of the functions x(t) and y(t) over the whole interval (0,∞) are easy

to obtain. We have

(x(0+), y(0+)) = (0, 1), (x(1), y(1)) = (−1, 0), (x(+∞), y(+∞)) = (−∞,+∞),

x′(λ) = −nτλ
τ [(n− τ )λ+ τ + 1]

[(n − τ )λ + τ ]
2 ,

y′(λ) =
τ (λ − 1)n [n(n− τ )λ+ n(τ + 1)]

[(n − τ )λ + τ ]
2 ,

dy

dx
= −(λ − 1)nλ−τ ,

and

d2y

dx2
=

(λ− 1)n−1 [(n − τ )λ+ τ ]
3

nτλ2τ+1 [(n− τ )λ+ τ + 1]
,
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Fig. 6.15

for λ ∈ (0,∞). We may thus infer from these properties that the curve described

by (x(λ), y(λ)) over the interval (0,∞) is also the graph of a function y = G(x)

defined over (−∞, 0) such that G(0−) = 1, G′(0−) = +∞, G(−∞) = +∞ and

G′(−∞) = −∞. Furthermore, the envelope G1 (as part of G) is the graph of a

function y = G1(x) which is strictly increasing, strictly convex, and smooth over

the interval (x(1−), 0) (which is equal to (−1, 0)) and G2 (as part of G) is the

graph of a function y = G2(x) which is strictly decreasing, strictly convex, and

smooth over (−∞, x(1+)) (which is equal to (−∞,−1)). See Figure 6.15. Moreover,

limλ→0 dy/dx = ∞ and limλ→∞ dy/dx = −∞, (x(1−), y(1−)) = (x(1+), y(1+)) =

(−1, 0), G′
1((−1)+) = G′

2((−1)−) = 0, and G′
1(0

−) = +∞, as well as G′
2(−∞) =

+∞. By the distribution maps in Figures 3.5 and 3.11, the dual sets of order 0 of

G1 and G2 can easily be found. The intersection of these dual sets and C\R, in

view of Theorem 3.22 and the distribution map in Figure 3.14, is the set of points

(p, q) that satisfies p < 0 and q > G(p), or p = 0 and q ≥ 1.

Next, we assume that τ > n. Then D(λ) has the positive roots 1 and τ/(τ −
n). As in the previous case, the C\(0,∞)-characteristic region is the intersection

of the C\(0, 1)-, C\(1, τ/(τ − n))-, C\(τ/(τ − n),∞)-, C\{1}- and C\{τ/(τ −
n)}-characteristic regions of h. The C\{1}-characteristic region of h(λ|p, q), since

h(1|p, q) = q, is just the set C\R, while the C\{τ/(τ − n)}-characteristic region

is the set of points (p, q) that does not lie on the straight line Lτ/(τ−n), that is,

C\Lτ/(τ−n).

The C\(0, 1)-characteristic region is the dual set of order 0 of the envelope

of the family Φ(0,1) = {Lλ| λ ∈ (0, 1)} , the C\(1, τ/(τ − n))-characteristic re-

gion is the dual set of order 0 of the envelope of the family Φ(1,τ/(τ−n)) =

{Lλ| λ ∈ (1, τ/(τ − n))} , and the C\(τ/(τ −n),∞)-characteristic region is the dual

set of order 0 of the envelope of the family Φ(τ/(τ−n),∞) = {Lλ| λ ∈ (τ/(τ − n),∞)} .
By Theorem 2.3, the envelope S1 of the family Φ(0,1) is described by the parametric

functions (6.51), or,

x(λ) =
n

τ − n

λτ+1

λ − τ
τ−n

and y(λ) = − τ

τ − n

(λ − 1)n+1

λ − τ
τ−n
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for λ ∈ (0, 1), while the envelope S2 of the family Φ(1,τ/(τ−n)) by the same paramet-

ric functions but for λ ∈ (1, τ/(−n)), and the envelope S3 of the family Φ(τ/(τ−n),∞)

by the same functions but for λ ∈ (τ/(τ − n),∞). Indeed, the curve S described by

the functions x(λ) and y(λ) over the whole interval (0,∞) can be handled easily.

We have

(x(0+), y(0+)) = (0, 1), (x(1), y(1)) = (−1, 0), (x(+∞), y(+∞)) = (+∞,−∞),

(x((τ/(τ − n))−), y((τ/(τ − n))−)) = (−∞,+∞),

(x((τ/(τ − n))+), x((τ/(τ − n))+)) = (+∞,−∞),

x′(λ) = −nτλ
τ [(n− τ )λ + τ + 1]

[(n− τ )λ+ τ ]
2

and

y′(λ) =
nτ (λ − 1)n [(n− τ )λ+ (τ + 1)]

[(n− τ )λ+ τ ]
2

for λ ∈ (0,∞)\{1, τ/(τ − n)}. Furthermore, x′(λ) has a unique positive root (τ +

1)/(τ − n). Thus

dy

dx
= −(λ − 1)nλ−τ ,

d2y

dx2
=

(λ− 1)n−1 [(n − τ )λ+ τ ]
3

nτλ2τ+1 [(n− τ )λ+ τ + 1]
,

for λ ∈ (0,∞)\{1, τ/(τ − n), (τ + 1)/(τ − n)}. Let α = x((τ + 1)/(τ − n)) and

β = y((τ + 1)/(τ − n)). The envelope S1, which corresponds to the restriction of

S over the interval λ ∈ (0, 1), is also the graph of a strictly increasing, strictly

convex and smooth function y = S1(x) defined on (−1, 0) such that S1(0
+) =

1, S′
1(0

+) = +∞, S1((−1)+) = 0 and S′
1((−1)+) = 0; the envelope S2, which

corresponds to the restriction of S over the interval λ ∈ (1, τ/(τ − n)), is also the

graph of a strictly decreasing, strictly convex and smooth function y = S2(x) defined

on (−∞,−1) such that S2((−1)−) = 0, S′
2((−1)−) = 0 and S2(−∞) = +∞; the

envelope S3 is made up of two pieces S
(1)
3 and S

(2)
3 which correspond to the case

where λ ∈ (τ/(τ−n), (τ+1)/(τ−n)) and where λ ∈ [(τ+1)/(τ−n),∞) respectively.

S
(1)
3 is the graph of a function y = S

(1)
3 (x) which is strictly decreasing, strictly

concave and smooth over (α,∞) and S
(2)
3 is the graph of a function y = S

(2)
3 (x)

which is strictly decreasing, strictly convex and smooth over [α,∞). The turning

point (α, β) is given by

(α, β) =

(

x

(

τ + 1

τ − n

)

, y

(

τ + 1

τ − n

))

=

(

n(τ + 1)τ+1

(τ − n)+1
,
−τ (n + 1)n+1

(τ − n)n+1

)

,

and in view of our assumption that τ > n, is located in the fourth open quadrant.

See Figure 6.16. Furthermore, by Lemma 3.2, Lτ/(τ−n) is the asymptote of S2 at
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−∞ and S
(1)
3 at +∞. This asymptote intercepts the x-axis at the point −τ τ/(τ−n)n

which is strictly less than −1. It also separates the curves S1 and S2 from S
(1)
3 .

Finally, the common tangent of S
(1)
3 and S

(2)
3 is given by

T : y = −(n+ 1)n(τ − n)τ−n

(τ + 1)n
x−

(

n + 1

n− τ

)n

which passes through (α, β). Note that the slope of T is greater than the slope of

Lτ/(τ−n) in view of τ > n. Note further that since the turning point (α, β) is below

the straight line Lτ/(τ−n) and since (α, β) is in the interior of the fourth quadrant,

the negatively sloped lines Lτ/(τ−n) and T cross at some point in the interior of the

fourth open quadrant also. See Figure 6.16.

Fig. 6.16

In view of the distribution maps in Figures 3.5, 3.11 and A.8c, the dual sets

of order 0 of the envelopes S1, S2 and S3 are easily obtained. The intersection

of these dual sets and C\R and C\Lτ/(τ−n), in view of Theorem 3.22 and the

distribution map in Figure A.23, is also easily found so that (p, q) lies in our desired

characteristic region if, and only if, p < 0 and q > S(p), or p = 0 and q ≥ 1, where

S is the restriction of the function (x(λ), y(λ)) over the interval (0, τ/(τ − n)). The

proof is complete.

Corollary 6.1. When n is an odd integer in Z[3,+∞) and σ = p = 0, h(λ|p, q) in

(6.52) does not have any positive roots if, and only if, q ≥ 1.

Corollary 6.2. Suppose n is odd in Z[3,+∞), σ = 0 and τ = n. Then h(λ|p, q) in

(6.52) does not have any positive roots if, and only if, p = 0 and q ≥ 1, or, p < 0

and q >
[

1 − (−p)1/(n+1)
]n+1

.

Theorem 6.23. Suppose n is an odd integer in Z[3,∞) and σ = τ = 1. Then (p, q)

is in the C\(0,∞)-characteristic region of (6.49) if, and only if, either q ≥ p ≥ 1/n,
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or, p < 1/n and

q >
nn

(n+ 1)n+1
(1 + p)n+1.

Proof. It suffices to consider the polynomial

h(λ|x, y) = (λ − 1)nλ+ (λ + 1)nx+ y

obtained from (6.49) by substituting τ = σ = 1 and p = x and q = y into it and

then multiplying the subsequent function by λ. Let Lλ be the straight line defined

by h(λ|x, y) = 0. Note that

h′λ(λ|x, y) = (λ− 1)n + nλ(λ − 1)n−1 + n(λ − 1)n−1x.

Therefore the determinant of the system h(λ|x, y) = 0 = h′λ(λ|x, y) = 0 is D(λ) =

−nλ(λ − 1)n−1, which has the positive root 1.

The C\(0,∞)-characteristic region of h(λ|x, y) is the intersection of the C\{1}-,
C\(0, 1)- and C\(1,∞)-characteristic regions of h(λ|x, y). The C\{1}-characteristic

region, since h(1|x, y) = y, is just the set C\R. As for the other two characteristic

regions, the C\(0, 1)-characteristic region is the dual set of order 0 of the envelope

of the family Φ(0,1) = {Lλ| λ ∈ (0, 1)} and the C\(1,∞)-characteristic region is the

dual set of order 0 of the envelope of the family Φ(1,∞) = {Lλ| λ ∈ (1,∞)} .
By Theorem 2.3, the envelope G1 of the family Φ(0,1) is described by the para-

metric functions

x(λ) =
−λ(n + 1) + 1

n
and y(λ) = −(λ − 1)nλ− (λ − 1)n

−λ(n + 1) + 1

n
(6.54)

for λ ∈ (0, 1), while the envelope G2 of the family Φ(1,∞) by the same parametric

functions but for λ ∈ (1,∞). Indeed, the properties of the functions x(λ) and y(λ)

over the whole interval (0,∞) are easy to obtain. The linear function x(λ) maps

(0,∞) onto (−∞, 1/n) and x(1) = −1. By solving x = (1 − λ(n+ 1))/n for λ, and

then substituting λ = (1−nx)/(n+1) into y(λ), we see that the curve G described

by (x(λ), y(λ)) over (0,∞) is also the graph of the function y = G(x) defined by

G(x) = (−1)n+1 nn

(n+ 1)n+1
(1 + x)n+1, x ∈ (−∞, 1/n). (6.55)

Note further that

G((1/n)−) = 1/n, G(−1) = 0, G(−∞) = ∞,

dG

dx
=

nn

(n + 1)n
(1 + x)n,

and

d2G

dx2
=

nn+1

(n + 1)n
(1 + x)n−1.

Since G′(−∞) = −∞, by Lemma 3.4, the function G(x) satisfy G ∼ H−∞. Since

G′((1/n)−) = 1, Υ is the tangent line of G at x = (1/n)−. By means of the
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Fig. 6.17

above information, we see that the function G is strictly convex on (−∞, 1/n), is

strictly above the x-axis except at x = −1 at which G(−1) = 0 and G′((−1)−) =

G′((−1)+) = 0 and the tangent at x = 1/n is given by Υ. Furthermore, the envelope

G2 is the restriction of the function y = G(x) over the interval (−∞,−1), and the

envelope G1 is the restriction of the function y = G(x) over the interval (−1, 1/n).

See Figure 6.17.

In view of the distribution map in Figure 3.1 and 3.11, the dual sets of order

0 of G1 and G2 can easily be found. Furthermore, the intersections of these dual

sets and C\R, in view of Theorem 3.22 and Figure 3.11, is also easily found so that

(p, q) belongs to it if, and only if, p < 1/n and q > G(p), or, p ≥ 1/n and q ≥ p.

Theorem 6.24. Suppose n is an odd integer in Z[3,∞) and σ = τ > 1. Let the

curve S be described by the parametric functions

x(λ) =
n+ τ

n
λτ−1

(

τ

n+ τ
− λ

)

, y(λ) =
τ

n
(λ− 1)n+1λτ−1 (6.56)

over ((τ − 1)/(n+ τ ),∞). Then S is also the graph of a function y = S(x) defined

on
(

−∞, (τ−1)τ−1

n(n+τ)τ−1

)

. Furthermore, the C\(0,∞)-characteristic region of (6.49) is

∨(S) ⊕ ∨(Υ).

Proof. It suffices to consider the polynomial

h(λ|x, y) = (λ − 1)nλτ + (λ − 1)nx+ y

obtained from (6.49) by substituting τ = σ and p = x and q = y into it and

multiplying the subsequent equation by λτ . Let Lλ be the straight line defined by

h(λ|x, y) = 0. Note that

h′λ(λ; x, y) = n(λ− 1)n−1x+ n(λ − 1)n−1λτ + τλτ−1(λ − 1)n.

Therefore the determinant of the system h(λ|x, y) = 0 = h′λ(λ|x, y) is D(λ) =

nλ(λ − 1)n−1, which has the positive root 1.
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The C\(0,∞)-characteristic region of h(λ|x, y) is the intersection of the C\{1}-,
C\(0, 1)- and C\(1,∞)-characteristic regions of h(λ|x, y). The C\{1}-characteristic

region, since h(1|x, y) = y, is just the set C\R. As for the other two characteristic

regions, the C\(0, 1)-characteristic region is the dual set of order 0 of the envelope

of the family Φ(0,1) = {Lλ| λ ∈ (0, 1)} , and the C\(1,∞)-characteristic region is

the dual set of order 0 of the envelope of the family Φ(1,∞) = {Lλ| λ ∈ (1,∞)} .
By Theorem 2.3, the envelope G1 of the family Φ(0,1) is described by the para-

metric functions in (6.56) for λ ∈ (0, 1), while the envelope G2 of the family Φ(1,∞)

by the same parametric functions but for λ ∈ (1,∞). Indeed, the properties of the

functions x(λ) and y(λ), when treated as functions defined for λ ∈ (0,∞), are easy

to obtain. We have

(x(0+), y(0+)) = (0, 0), (x(1), y(1)) = (−1, 0), (x(+∞), y(+∞)) = (−∞,+∞),

and

x′(λ) = −(n + τ )τ

n
λτ−2

(

λ− τ − 1

n+ τ

)

.

Note that the unique positive root of x′(λ) is λ∗ = (τ − 1)/(n + τ ) which is less

than 1. If λ is not equal to the root λ∗, then

dy

dx
= −(λ − 1)n,

and

d2y

dx2
=

n2

(n+ τ )τ
λ2−τ (λ− 1)n−1

λ− τ−1
n+τ

.

Let p1 = x(λ∗) and q1 = y(λ∗). Then the curve G described by (x(λ), y(λ)) defined

for λ ∈ (0,∞), as shown in Figure 6.18, is made up of three pieces G(1), G(2) and

G(3).

Fig. 6.18

The first piece G(1) is the restriction of G over the interval (0, λ∗), the sec-

ond G(2) over the interval [λ∗, 1) and the third G(3) over [1,∞). The turning
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point (x(λ∗), y(λ∗)) corresponds to the unique maximum of x(λ) over (0,∞).

The curve G(1) is also the graph of a strictly increasing, strictly concave and

smooth function y = G(1)(x) defined over (0, x(λ∗)) such that G(1)(0+) = 0 and

G(1)′(0+) = (−1)n+1 = 1; G(2) is the graph of a strictly increasing, strictly convex

and smooth function y = G(2)(x) defined over (−1, x(λ∗)] such that G(2)((−1)+) = 0

and G(2)((−1)+) = 0; and G(3) is the graph of a strictly decreasing, strictly convex

and smooth function y = G(3)(x) defined over (−∞,−1] such that G(3)((−1)−) = 0,

G(3)′((−1)−) = 0, G(3)(−∞) = +∞ and G(3)′(−∞) = −∞. Hence LG(1)|0 = Υ and

G(3) ∼ H−∞. Furthermore, the quasi-tangent line LG(1)|0 intersects with G(2) at

an unique point (x(λ′), y(λ′)), where λ
′

is obtained by solving the unique root in

(λ∗, 1) of the equation x(λ) = y(λ), i.e.,

τ

n
(λ− 1)n+1 =

τ

n
− n+ τ

n
λ.

In view of the above discussions, the envelope G1 is made up of G(1) and G(2),

while G2 is G(3) with the point (−1, 0) removed. The dual sets of G(1), G(2) and

G2 are, in view of the distribution maps in Figure 3.1 and 3.11, are easy to find.

Furthermore, their intersection with C\R, in view of Theorem 3.22, is also easily

found so that a point (p, q) belongs to it if, and only if, p ≤ x(λ′) and q > G1(p),

or, p > x(λ′) and q > p. In other words, (p, q) ∈ ∨(G1) ⊕∨(Υ).

We remark that in the above Theorem, it is not difficult to see from the concavity

of the curve G1 and the convexity of the curve G2 that the first coordinate p′ of

the point (x(λ′), y(λ′)) of intersection is strictly between 0 and x(λ∗). In particular,

when σ = τ = 2, p′ = x(λ′) ∈ (0, 1/(n + 2)n). Note that in this case, x(λ′) = p′

becomes

(λ′)2 − 2

n+ 2
λ′ +

np′

n+ 2
= 0,

and for p′ ≤ x(λ∗), it has the unique solution

λ′ =
1

n+ 2

(

1 +
√

1 − n(n + 2)p′
)

in (λ∗,∞).

Theorem 6.25. Suppose n is an odd integer in Z[3,∞) and 0 < σ < τ. Let the

curve G be defined by the parametric functions

x(λ) = −(n+ σ)λτ
λ− σ

n+σ

(n+ σ − τ )λ+ τ − σ
, y(λ) =

τ (λ− 1)n+1λσ

(n + σ − τ )λ + τ − σ
(6.57)

over [σ/(σ+n),∞). Then S is the graph of a function y = S(x) defined over (−∞, 0].

Furthermore, (p, q) is a point of the C\(0,∞)-characteristic region of (6.49) if, and

only if, p ≤ 0 and q > S(p).
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Proof. It suffices to consider the polynomial

h(λ|x, y) = (λ − 1)nλτ + (λ− 1)nx+ yλτ−σ

obtained from (6.49) by substituting σ = τ and p = x and q = y into it and then

multiplying the resulting function by λτ . Let Lλ be the straight line defined by

h(λ|x, y) = 0. Note that

h′λ(λ|x, y) = λτ−1(λ− 1)n−1((τ + n)λ− τ ) + n(λ − 1)n−1x+ (τ − σ)λτ−σ−1y.

Hence the determinant of the system h(λ|x, y) = 0 = h′λ(λ|x, y) is D(λ) =

λτ−σ−1(λ − 1)n−1((τ − σ − n)λ − (τ − σ)), which has the positive root 1 and

(τ − σ)/(τ − σ − n) if τ − σ > n.

We need to consider three sub-cases: (1) τ − σ = n, (2) τ − σ < n, and (3)

τ − σ > n.

Suppose τ − σ = n. Then D(λ) has the unique positive root 1. The C\(0,∞)-

characteristic region of h(λ|x, y) is the intersection of the C\{1}-, C\(0, 1)- and the

C\(1,∞)-characteristic region of h(λ|x, y). The C\{1}-characteristic region, since

h(1|x, y) = y, is just the set C\R. As for the other two regions, the C\(0, 1)-

characteristic region is the dual set of order 0 of the envelope G1 of the family

Φ(0,1) = {Lλ| λ ∈ (0, 1)} , and the C\(1,∞)-characteristic region is the dual set of

order 0 of the envelope G2 of the family Φ(1,∞) = {Lλ| λ ∈ (1,∞)} .
By Theorem 2.3, the envelope G1 is described by the parametric functions (6.57)

for λ ∈ (0, 1) andG2 by the same functions but for λ ∈ (1,∞). Indeed, the properties

of the functions x(λ) and y(λ), when treated as functions defined over (0,∞), are

easy to obtain. We have

(x(0+), y(0+)) = (0, 0), (x(1), y(1)) = (−1, 0), (x(+∞), y(+∞)) = (−∞,+∞),

and

dx

dλ
= −τ (τ + 1)

n
λτ−1

(

λ− σ

τ + 1

)

.

The function x′(λ) has the unique positive root λ∗ = σ/(τ + 1) which is less than

1. If λ ∈ (0,∞)\{λ∗}, then

dy

dx
= −(λ− 1)nλσ−τ ,

and

d2y

dx2
=

n2

τ (τ + 1)
(λ − 1)n−1λσ−2τ 1

λ − σ
τ+1

.

We may now infer from these properties that the curve G described by the

parametric functions in (6.57) over the interval (0,∞) is composed of three pieces

G(1), G(2) and G(3) as shown in Figure 6.19. The turning point (x(λ∗), y(λ∗))

corresponds to the unique maximum of x(λ) over (0,∞). The piece G(1) corre-

sponds to the case where λ ∈ (0, λ∗), G(2) to the case where λ ∈ [λ∗, 1) and

G(3) to the case where λ ∈ [1,∞). The curve G(1) is the graph of a function
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y = G(1)(x) which is strictly increasing, strictly concave and smooth on (0, x(λ∗))

such that G(1)(0+) = 0 and G(1)′(0+) = +∞. The curve G(2) has a horizontal

slope at x = −1+ and intersects with the y-axis at λ = σ/(n + σ) and is the

graph of a function y = G(2)(x) which is strictly increasing, strictly convex and

smooth on (−1, x(λ∗)] such that G(2)((−1)+) = 0 and G(2)′((−1)+) = 0. The curve

G(3) is the graph of a function y = G(3)(x) which is strictly decreasing, strictly

convex and smooth on (−∞,−1] such that G(3)((−1)−) = 0, G(3)((−1)−) = 0,

G(3)(−∞) = +∞ and G(3)(−∞) = −∞. Hence G(3) ∼ H−∞. In view of the above

discussions, the envelope G1 is made up of G(1) and G(2), while G2 is G(3) with the

point (−1, 0) removed. The dual sets of order 0 of G(1), G(2) and G2 are, in view of

the distribution maps in Figures 3.5, 3.1 and 3.11, are easy to find. Furthermore,

the intersection of these dual sets with C\R, in view of Theorem 3.22, is also easily

obtained so that a point (p, q) belongs to it if, and only if, p ≤ 0 and q > G(p).

Fig. 6.19

Next suppose τ − σ < n. The first part of the proof is similar to that of the

previous case. However, we now have

(x(0+), y(0+)) = (0, 0), (x(1), y(1)) = (−1, 0), (x(+∞), y(+∞)) = (−∞,+∞),

and

dx

dλ
=

−τ (n + σ)λτ−1

(n + σ − τ )
(

λ+ τ−σ
n+σ−τ

)2Q(λ), (6.58)

dy

dx
= −(λ− 1)nλσ−τ , (6.59)

and

d2y

dx2
=

(n + σ − τ )2

τ (n+ σ)

(λ− 1)n−1λσ−2τ
(

λ + τ−σ
n+σ−τ

)3

Q(λ)
, (6.60)
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where

Q(λ) = λ2 +
n(τ + 1) − 2σ(n + σ − τ )

(n+ σ)(n+ σ − τ )
λ − σ(τ − σ)

n+ σ − τ
. (6.61)

Note that since (τ − σ)/(n + σ − τ ) > 0, the quadratic equation Q(λ) = 0 has two

real roots

α = −n(τ + 1) − 2σ(n+ σ − τ )

2(n+ σ)(n + σ − τ )

−1

2

√

(

n(τ + 1) − 2σ(n+ σ − τ )

(n+ σ)(n+ σ − τ )

)2

+
4σ(τ − σ)

(n+ σ)(n + σ − τ )
, (6.62)

and

β = −n(τ + 1) − 2σ(n + σ − τ )

2(n+ σ)(n+ σ − τ )

+
1

2

√

(

n(τ + 1) − 2σ(n+ σ − τ )

(n + σ)(n + σ − τ )

)2

+
4σ(τ − σ)

(n+ σ)(n + σ − τ )
. (6.63)

Since β can be written as

β =
σ

n+ σ
− n(τ + 1)

2(n+ σ)(n + σ − τ )

+
1

2(n+ σ)(n+ σ − τ )

√

n2(τ + 1)2 − 4nσ(n+ σ − τ ),

we see further that α < 0 < β < σ/(n+ σ). Therefore, instead of λ∗ = σ/(τ + 1) in

the previous case, we now have λ∗ = β (see Figure 6.20). The rest of the proof is

the same, so that we may make the same conclusion as before.

Fig. 6.20

Next suppose τ − σ > n. The determinant D(λ) has the positive roots 1 and

(τ−σ)/(τ−σ−n). The C\(0,∞)-characteristic region of h(λ|x, y) is the intersection

of the C\{1}-, C\{(τ − σ)/(τ − σ − n)}-, C\(0, 1)-, C\(1, (τ − σ)/(τ − σ − n))-
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and C\((τ − σ)/(τ − σ − n),∞)-characteristic regions of h(λ|x, y). The C\{1}-
characteristic region is given by C\R as before. The C\(0, 1)-characteristic region

is the dual set of order 0 of the envelope G1 of the family Φ(0,1) = {Lλ| λ ∈ (0, 1)} .
The C\(1, (τ − σ)/(τ − σ − n))-characteristic region is the dual set of order 0 of

the envelope G2 of the family Φ(0,1) = {Lλ| λ ∈ (1, (τ − σ)/(τ − σ − n))} . The

C\((τ − σ)/(τ − σ − n),∞)-characteristic region is the dual set of order 0 of the

envelope G3 of the family Φ(0,1) = {Lλ| λ ∈ ((τ − σ)/(τ − σ − n),∞)} .
By Theorem 2.3, the envelope G1 is defined by the parametric functions (6.57)

for λ ∈ (0, 1), G2 by the same functions for λ ∈ (1, (τ − σ)/(τ − σ− n)), and G3 by

the same functions for λ ∈ ((τ −σ)/(τ −σ−n),∞). The properties of the functions

x(λ) and y(λ), when treated as functions over the whole interval (0,∞), are easy

to obtain. Indeed, the derivatives dx/dλ, dy/dx and d2y/dx2 are of the same form

as in the previous case, but the roots α and β of the equation Q(λ) = 0 now satisfy

0 < α <
σ

n+ σ
< 1 <

τ − σ

τ − σ − n
< β <∞.

We have

(x(0+), y(0+)) = (0, 0), (x(1), y(1)) = (−1, 0), (x(+∞), y(+∞)) = (+∞,−∞).

Furthermore,

lim
λ→((τ−σ)/(τ−σ−n))+

x(λ) = −∞ (6.64)

and

lim
λ→((τ−σ)/(τ−σ−n))−

x(λ) = +∞. (6.65)

We may now infer from these properties to conclude that the parametric curve

corresponding to the parametric functions x(λ) and y(λ) over the interval (0,∞) is

composed of five pieces G(1), G(2), G(3), G(4) and G(5) as shown in Figure 6.21.

Fig. 6.21
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The piece G(1) corresponds to the case where λ ∈ (0, α), the piece G(2) corre-

sponds to where λ ∈ [α, 1), the piece G(3) to where λ ∈ [1, (τ − σ)/(τ − σ − n)),

the piece G(4) to where λ ∈ ((τ − σ)/(τ − σ − n), β), and the piece G(5) to where

λ ∈ [β,∞).

The piece G(1) is the graph of a strictly increasing, strictly concave and smooth

function y = G(1)(x) over (0, x(α)) such that G(1)(0+) = 0 and G(1)′(0+) = +∞.

The piece G(2) intercepts with the y-axis at λ = σ/(n+σ) and has a horizontal slope

at x = (−1)+ and is the graph of a strictly increasing, strictly convex and smooth

function over (−1, x(α)] such that G(2)((−1)+) = 0 and G(2)((−1)+) = 0. The

piece G(3) is the graph of a strictly decreasing, strictly convex and smooth function

y = G(3)(x) over (−∞,−1] such that G(3)((−1)−) = 0 and G(3)((−1)−) = 0.

The piece G(4) is the graph of a strictly decreasing, strictly concave and smooth

function y = G(4)(x) over (x(β),+∞) such that G(4)(+∞) = −∞; and G(5) is the

graph of a strictly decreasing, strictly convex and smooth function y = G(5)(x) over

(x(β),+∞) such that G(5)(+∞) = −∞ and G(5)′(+∞) = 0 (and hence G(5) ∼
H+∞). The pieces G(4) and G(5) have a common tangent T which passes through

the turning point (x(β), y(β)). In view of Lemma 3.2 and (6.64) as well as (6.65), we

see further that L(τ−σ)/(τ−σ−n) is the asymptote of G(3) at −∞ and the asymptote

of G(4) at +∞. Since G(4) is concave and G(5) is convex, it is not difficult to see

that the tangent T has a slope which is greater than that of the asymptote.

In view of the above discussions, the envelope G1 is made up of G(1) and G(2),

the envelope G2 is G(3) with the point (−1, 0) removed, and G3 is made up of G(4)

and G(5). The corresponding dual sets of order 0 of G1, G2 and G3, in view of the

distribution maps in Figures 3.5, 3.1, 3.10 and A.8c are easily obtained. Since the

C\{(τ −σ)/(τ −σ−n)}-characteristic region is C\L(τ−σ)/(τ−σ−n), the intersection

of the C\{1}-, C\{(τ −σ)/(τ −σ−n)}-, C\(0, 1)-, C\(1, (τ −σ)/(τ −σ−n))- and

C\((τ − σ)/(τ − σ − n),∞)-characteristic regions of h(λ|x, y), in view of Theorem

3.22, is easily obtained so that (p, q) is in it if, and only if, p ≤ 0 and q > G(p). The

proof is complete.

We now consider the final case where σ ≥ τ + 1. Let Q(λ) be the quadratic

polynomial

Q(λ) = λ2 +
n(τ + 1) − 2σ(n+ σ − τ )

(n+ σ)(n + σ − τ )
λ+

σ(σ − τ )

n+ σ − τ

defined by (6.61). Note that the condition σ ≥ τ + 1 implies

n(τ + 1) − 2σ(n+ σ − τ )

(n + σ)(n + σ − τ )
< 0 <

σ(σ − τ )

n+ σ − τ
.

Thus by Theorem 5.1, Q(λ) does not have any positive roots if, and only if, the

discriminant

H(σ) = −n
(

4σ2 + 4(n− τ )σ − n(τ + 1)2
)

< 0.

By Theorem 5.2, Q(λ) has exactly one positive root if, and only if,

H(σ) = 0,
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and it has two distinct positive roots if, and only if,

0 < H(σ).

The function H(t) satisfies H(0) > 0 and H(+∞) = −∞. Furthermore, H ′(t) =

−n(8t + 4(n − τ )), which does not have any positive root. Thus H(t) is a strictly

decreasing function on (0,∞). The equation H(t) = 0 has the unique root

r =
1

2

(

τ − n+
√
n+ 1

√

τ2 + n
)

.

Hence H(t) > 0 for t ∈ (0, r) and H(t) < 0 for σ ∈ (r,∞).

We may now conclude that Q(λ) has two distinct positive roots if, and only if,

τ + 1 ≤ σ <
1

2

(

τ − n+
√
n+ 1

√

τ2 + n
)

, (6.66)

it has at most one positive root if, and only if,

σ ≥ max

{

τ + 1,
1

2

(

τ − n +
√
n+ 1

√

τ2 + n
)

}

. (6.67)

Note that the condition (6.66) is not vacuous since

1

2

(

τ − n+
√
n + 1

√

τ2 + n
)

− τ =
n(τ − 1)2

2(τ + n+
√
n+ 1

√
τ2 + n)

≥ 0.

Let

λ∗ ≡ σ − τ

σ − τ + n
. (6.68)

If Q(λ) has two mutually distinct positive roots, then they can be formally written

as α and β defined formally by (6.62) and (6.63) respectively. It is easy to verify

that

0 < λ∗ < α < β <
σ

n+ σ
< 1. (6.69)

Theorem 6.26. Suppose n is an odd integer in Z[3,∞) and σ ≥ τ + 1. Suppose

further that condition (6.67) holds. Let the curve G be defined by (6.57) for λ >

(σ − τ )/(σ − τ + n). Then G is also the graph of a strictly convex function defined

on R. Furthermore, (p, q) is in the C\(0,∞)-characteristic region of (6.49) if, and

only if, q > G(p)

Proof. It suffices to consider the polynomial

h(λ|x, y) ≡ (λ− 1)nλσ + xλσ−τ (λ− 1)n + y,

obtained from (6.49) by replacing p = x and q = y into it and then multiplying the

resulting equation by λσ . Let Lλ be the straight line defined by h(λ|x, y) = 0. Note

that

h′λ(λ|x, y) = λσ−τ−1(λ− 1)n−1 ((n+ σ − τ )λ + τ − σ)x

+λσ−1(λ − 1)n−1 ((n + σ)λ − σ) .
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Thus the determinant of the system h(λ|x, y) = 0 = h′λ(λ|x, y) is

D(λ) = λσ−τ−1(λ − 1)n−1 ((n+ σ − τ )λ+ τ − σ) ,

which has the positive roots 1 and (σ− τ )/(n+σ− τ ). For the sake of convenience,

let us denote

λ∗ =
σ − τ

n+ σ − τ
.

The C\(0,∞)-characteristic region of h(λ|x, y) is the intersection of the

C\(0, λ∗)-, C\{λ∗}-, C\(λ∗, 1)-, C\{1}- and C\(1,∞)-characteristic regions of

h(λ|x, y).
The C\{1}-characteristic region, since h(1|x, y) = y, is C\R. The C\{λ∗}-

characteristic region is the set of points that do not lie on the straight line Lλ∗ ,

that is, C\Lλ∗ . As for the other three regions, the C\(0, λ∗)-characteristic region

is the dual set of order 0 of the envelope of the family Φ(0,λ∗) = {Lλ| λ ∈ (0, λ∗)} ,
the C\(λ∗, 1)-characteristic region is the dual set of order 0 of the envelope of the

family Φ(λ∗,1) = {Lλ| λ ∈ (λ∗, 1)} , and the C\(1,∞)-characteristic region is the

dual set of order 0 of the envelope of the family Φ(1,∞) = {Lλ| λ ∈ (1,∞)} .
By Theorem 2.3, the envelope G1 of the family Φ(0,λ∗) is described by the func-

tions in (6.57) for λ ∈ (0, λ∗), the envelope G2 by the same functions but for

λ ∈ (λ∗, 1), and the envelope G3 by the same functions but for λ ∈ (1,∞). Indeed,

the properties of the functions x(λ) and y(λ), when treated as functions on (0,∞),

can easily be obtained. The rational functions x(λ) and y(λ) have a common singu-

larity at λ= λ∗. The derivatives dx/dλ, dy/dx and d2y/dx2 are formally the same

as those given by (6.58), (6.59) and (6.60) respectively.

Under the condition (6.67), Q(λ) > 0 for λ ∈ (0,∞)\{λ∗} except perhaps at one

point. Thus x′(λ), as can be seen from (6.58), is less than 0 for λ ∈ (0,∞)\{λ∗}
except perhaps at one point. We may now infer from these properties that the

curve described by (x(λ), y(λ)) over (0,∞) is made up of three pieces G(1), G(2) and

G(3) which correspond to the cases where λ ∈ (0, λ∗), λ ∈ (λ∗, 1) and λ ∈ [1,∞)

respectively. See Figure 6.22.

The piece G(1) is the graph of a strictly increasing, strictly concave and

smooth function y = G(1)(x) defined over (−∞, 0) such that G(1)(0−) = 0 and

G(1)′(0−) = 0. The piece G(2) is the graph of a strictly increasing, strictly convex

and smooth function y = G(2)(x) defined over (−1,∞) such that G(2)((−1)+) = 0,

G(2)′((−1)+) = 0 and G(2)(+∞) = +∞. The piece G(3) is the graph of a strictly

decreasing and strictly convex function y = G(3)(x) defined over (−∞,−1] such

that G(3)((−1)−) = 0, G(3)′((−1)−) = 0, G(3)(−∞) = +∞ and G(3)′(−∞) = −∞.

Since limλ→(λ∗)− x(λ) = −∞ and limλ→(λ∗)+ x(λ) = +∞, in view of Lemma 3.2,

we also see that Lλ∗ is the asymptote of G(1) at −∞ and of G(2) at +∞.

The envelope G1 is G(1), the envelope G2 is G(2) while the envelope G3 is G(3)

with the point (−1, 0) removed. The dual sets of order 0 of G1, G2 and G3 are, in

view of the distribution map in Figure A.12, easy to obtain. Their intersection with
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Fig. 6.22

the C\{λ∗}-, and C\{1}-characteristic sets mentioned above are also easy to find

so that (p, q) is in it if, and only if, q > G(p). The proof is complete.

In case τ = 1 in the above Theorem, the equation x(λ) = p can be written as

λ2 +
(n+ σ − 1)p− σ

n+ σ
λ − σ − 1

n+ σ
p = 0.

It is easily verified that this equation has the root

λ =
σ − (n+ σ − 1)p

2(n+ σ)
+

√

[(n+ σ − 1)p+ σ]
2 − 4np

2(n+ σ)

in the interval ((σ − 1)/(n+ σ − 1),∞). Thus y > G(p) can be written as

q >

{

2n+ σ + (n + σ − 1)p−
√

[(n+ σ − 1)p+ σ]
2 − 4np

}n

2n+σ(n + σ)n+σ

×
{

σ − (n+ σ − 1)p+

√

[(n + σ − 1)p+ σ]
2 − 4np

}σ−1

×
{

(n + σ + 1)p+ σ +

√

[(n + σ − 1)p+ σ]2 − 4np

}

(6.70)

The following is now clear.

Corollary 6.3. Suppose n is an odd integer in Z[3,∞) and σ ≥ τ +1. Then (6.49)

does not have any positive roots if, and only if, the inequality (6.70) holds.

The proof of the following result is similar to the previous one, and hence will

be sketched.

Theorem 6.27. Suppose n is an odd integer in Z[3,∞) and σ ≥ τ + 1. Suppose

further that condition (6.66) holds. Let α and β be defined by (6.62) and (6.63) and
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the curve G be defined by (6.57) for λ > (σ − τ )/(σ − τ + n). Let G2 and S be the

restrictions of G over the intervals ((σ− τ )/(σ− τ + n), α) and (β,∞) respectively.

Then G2 is the graph of a strictly convex function y = G2(x) defined over (x(α),∞)

and S is the graph of a strictly convex function over (−∞, x(β)). Furthermore, the

C\(0,∞)-characteristic region of (6.49) is ∨(S) ⊕ ∨(G2).

Proof. The parametric functions, the determinant, the number λ∗, the straight

lines Lλ, the families Φ(0,λ∗),Φ(λ∗,1) and Φ(1,∞), the C\(0, λ∗)-, C\{λ∗}-, C\{1}-,
C\(λ∗, 1)- and C\(1,∞)-characteristic regions of h(λ|x, y), the envelopes G1, G2

and G3, are the same as those in the proof of Theorem 6.26. By Theorem 2.3,

the envelope G1 of the family Φ(0,λ∗) is described by the functions in (6.57) for

λ ∈ (0, λ∗), the envelope G2 by the same functions but for λ ∈ (λ∗, 1), and the

envelope G3 by the same functions but for λ ∈ (1,∞). The properties of the func-

tions x(λ) and y(λ), when treated as functions on (0,∞), can easily be obtained.

Indeed, the curve described by (x(λ), y(λ)) over (0,∞) is made up of five pieces

G(1), G(2), G(3), G(4) and G(5) as shown in Figure 6.23. They correspond to the

cases where λ ∈ (0, λ∗), (λ∗, α], (α, β), [β, 1) and (1,∞) respectively, where α and β

are defined by (6.62) and (6.63) and under the condition (6.66), they satisfy (6.69).

Fig. 6.23

The piece G(1) is the graph of a strictly increasing, strictly concave and smooth

function y = G(1)(x) defined on (−∞, 0) such that G(1)(0−) = 0 and G(1)′(0−) = 0.

The piece G(2) is the graph of a strictly increasing, strictly convex and smooth

function y = G(2)(x) defined on [x(α),+∞) such that G(2)(+∞) = +∞. The piece

G(3) is the graph of a strictly increasing, strictly convex and smooth function y =

G(3)(x) defined on (x(α), x(β)). The piece G(4) is the graph of a strictly increasing,

strictly convex and smooth function y = G(4)(x) defined on (−1, x(β)] such that

G(4)((−1)+) = 0 and G(4)′((−1)+) = 0. The piece G(5) is the graph of a strictly

decreasing, strictly convex function y = G(5)(x) defined on (−∞,−1] such that

G(5)(−∞) = +∞ and G(5)′(−∞) = −∞. The straight line Lλ∗ is the asymptote of
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the function G(1) at −∞ and the function G(2) at +∞.

The envelope G1 is G(1), the envelope G2 is made up by G(2), G(3) and G(4),

while the envelope G3 is G(5) with the point (−1, 0) removed. The dual sets of

order 0 of G1, G2 and G3 are, in view of the distribution map in Figure A.27, easy

to obtain. Their intersection with the C\{λ∗}-, and C\{1}-characteristic sets, in

view of Theorem 3.22, are also easy to find so that (p, q) is in it if, and only if,

∨(G(5)) ⊕ ∨(G(4)) ⊕ ∨(G(2)) ⊕ ∨(Θ0). The proof is complete.

6.2.5.2 The case where n is even

In this section, we assume throughout that the positive integer n is even. To

facilitate discussions, we will also classify (6.49) into four cases: (i) 0 ≤ σ < τ, (ii)

σ = τ = 1, (iii) σ = τ > 1, and (iv) σ ≥ τ + 1.

Theorem 6.28. Suppose n is even and 0 ≤ σ < τ. Then equation (6.49) does not

have any positive solutions if, and only if, p ≥ 0 and q > 0.

Proof. It suffices to consider the polynomial

h(λ|p, q) ≡ (λ− 1)nλτ + (λ − 1)np+ qλτ−σ .

Since limλ→∞ h(λ|p, q) = ∞, h(1|p, q) = q and h(0|p, q) = p, thus when p < 0 or

q ≤ 0, (6.49) will have at least one positive root. When p ≥ 0 and q > 0, it is easy

to see that h(λ|p, q) > 0 for all λ > 0. The proof is complete.

Theorem 6.29. Suppose n is even and σ = τ = 1. Let G(x) be the function defined

by

G(x) =
nn

(n+ 1)n+1
(1 + x)n+1, x ∈ (−∞, 1/n).

Then the C\(0,∞)-characteristic region of (6.49) is ∨(G) ⊕∨(−Υ) ⊕ ∨(Θ0).

Proof. When σ = τ = 1, it suffices to consider the polynomial

h(λ|x, y) = (λ − 1)nλ+ (λ − 1)nx+ y

obtained from (6.49) by substituting σ = τ = 1 and p = x and q = y into it. Let

Lλ be the straight line defined by h(λ|x, y) = 0. We have

h′λ(λ|x, y) = n(λ− 1)n−1x+ (λ − 1)n−1((n + 1)λ− 1).

Since the determinant of the system h(λ|x, y) = 0 = h′λ(λ|x, y) is D(λ) = n(λ −
1)n−1 which has the unique positive root 1.

The C\(0,∞)-characteristic region of h(λ|x, y) is the intersection of the

C\(0, 1)-, C\{1}- and the C\(1,∞)-characteristic region of h(λ|x, y). The C\{1}-
characteristic region, in view of the fact that h(1|x, y) = y, is just C\R. As for the

other two regions, the C\(0, 1) is just the dual set of order 0 of the envelope of the

family of straight lines Φ(0,1) = {Lλ| λ ∈ (0, 1)} , and the C\(1,∞)-characteristic
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region is the dual set of order 0 of the envelope of the family of straight lines

Φ(1,∞) = {Lλ| λ ∈ (1,∞)} .
By Theorem 2.3, the envelope G1 of the family Φ(0,1) is described by the para-

metric functions

x(λ) =
−λ(n + 1) + 1

n
and y(λ) = −(λ − 1)nλ− (λ − 1)n

−λ(n + 1) + 1

n
(6.71)

for λ ∈ (0, 1), while the envelope G2 of the family Φ(1,∞) by the same parametric

functions but λ ∈ (1,∞). Indeed, the properties of the functions x(λ) and y(λ), when

treated as functions defined for λ ∈ (0,∞) are easy to obtain. The linear function

x(λ) maps (0,∞) onto (−∞, 1/n) and x(1) = −1. By solving x = (1 − λ(n+ 1))/n

for λ, and then substituting λ = (1 − nx)/(n + 1) into y(λ), we see that the curve

G described by (x(λ), y(λ)) over (0,∞) is also the graph of the function y = G(x)

defined by

G(x) =
(−1)n+1nn

(n+ 1)n+1
(1 + x)n+1, x ∈ (−∞, 1/n). (6.72)

Note further that

G((1/n)−) = 1/n, G(−1) = 0 and G(−∞) = ∞,

dG

dx
= − nn

(n + 1)n
(1 + x)n,

and

d2G

dx2
= − nn+1

(n+ 1)n
(1 + x)n−1.

Since G′(−∞) = −∞, by Lemma 3.4, the function G(x) satisfies G ∼ H−∞. Since

G′((1/n)−) = −1, −Υ is the tangent line of G at x = (1/n)−. By means of the

above information, we may plot the curve G as shown in Figure 6.24.

Fig. 6.24
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The envelope G2 is the restriction of the function y = G(x) over the interval

(−∞,−1) which is also strictly decreasing and strictly convex, and the envelope

G1 is the restriction of the function y = G(x) over the interval (−1, 1/n) which is

strictly decreasing and strictly concave.

In view of the distribution maps in Figures 3.1 and 3.11, the dual sets of order 0

of G1 and G2 can easily be found. Furthermore, the intersections of these dual sets

and C\R, in view of Theorem 3.22, is also easily found to be ∨(G2)⊕∨(T )⊕∨(Θ0).

We remark that the tangent line −Υ intercepts with G2 at a unique point

(p∗,−p∗) which can be found by solving for the unique root p∗ in (−∞,−1) of the

equation

p =
nn

(n+ 1)n+1
(1 + p)n+1.

In terms of p∗, the conclusion of Theorem 6.29 asserts that (p, q) is a point in the

C\(0,∞)-characteristic region of h(λ|x, y) if, and only if, p ≤ p∗ and q > G(p), or,

p ∈ (p∗, 0) and q ≥ −p, or, p ≥ 0 and q > 0.

As another remark, note that the proof of Theorem 6.29 is basically the same as

that of Theorem 6.23. The main difference is that n is odd in Theorem 6.23, while n

is even in Theorem 6.29. Therefore, the restriction of the function in (6.55) over the

interval (−∞,−1) is the same as the function in (6.72) over the interval (−∞,−1).

But the restriction of the function in (6.72) over the interval is the negative of the

restriction of (6.55) over the interval (−1, 1/n) (cf. Figures 6.17 and 6.24). This

fact can also be explained by observing the behavior of the parametric functions

y(λ) in (6.54) and (6.71) for λ ∈ (0, 1).

Therefore it is not surprising that similar proofs are valid for the following

results that corresponds to Theorems 6.24, 6.25, 6.26 and 6.27 respectively. We

will skip these proofs. Instead, we will draw the corresponding figures that help to

understand the statement of the Theorems.

Theorem 6.30. Suppose n is even and σ = τ > 1. Let the curve S be defined by

x(λ) =
n+ τ

n
λτ−1

(

τ

n+ τ
− λ

)

and y(λ) =
τ

n
(λ− 1)n+1λτ−1 (6.73)

for λ > (τ − 1)/(n + τ ). Then S is also the graph of a function y = S(x) defined

on
(

−∞, (τ−1)τ−1

n(n+τ)τ−1

)

. Furthermore, the C\(0,∞)-characteristic region of (6.49) is

∨(S) ⊕ ∨(−Υ) ⊕ V (Θ0) (see Figure 6.25).

Theorem 6.31. Suppose n is even, σ ≥ τ + 1 and condition (6.67) holds. Let

the curve G be defined by (6.57) for λ ∈ (0,∞)\{(σ − τ )/(σ − τ + n)}. Then

the restriction G(1) of G over (0, (σ − τ )/(σ − τ + n)) is the graph of a strictly

convex function y = G(1)(x) defined over (−∞, 0) and the restriction G(3) of G

over (1,∞) is the graph of a strictly convex function y = G(3)(x) defined over

(−∞,−1). Furthermore, the C\(0,∞)-characteristic region of the function (6.49)

is ∨(G(1)) ⊕∨(G(3)) ⊕∨(Θ0) (see Figure 6.26).
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Fig. 6.25

Fig. 6.26

Theorem 6.32. Suppose n is even, σ ≥ τ + 1 and condition (6.66) holds. Let

the curve G be defined by (6.57) for λ ∈ (0,∞)\{(σ − τ )/(σ − τ + n)}. Then

the restriction G(1) of G over (0, (σ − τ )/(σ − τ + n)) is the graph of a strictly

convex function y = G(1)(x) defined over (−∞, 0) and the restriction G(5) of G

over (1,∞) is the graph of a strictly convex function y = G(3)(x) defined over

(−∞,−1). Furthermore, the C\(0,∞)-characteristic region of the function (6.49)

is ∨(G(1)) ⊕∨(G(3)) ⊕∨(Θ0) (see Figure 6.27).

6.3 ∆-Polynomials Involving Three Powers

If we consider the difference equation

xk+1 − xk + pxk−τ + qxk−σ + rxk−δ = 0, n ∈ N, (6.74)
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Fig. 6.27

where p, q, r are real numbers and τ, σ, δ are integers, then we are led to ∆-

polynomials of the form

λ − 1 + λ−τp + λ−σq + λ−δr.

We will find the C\(0,∞)-characteristic regions of the above function in cases

where 0 < τ < σ < δ and where τ < σ < δ < −1. For this purpose, let

f(λ|x, y) = λ − 1 + λ−τp+ λ−σx+ λ−δy. (6.75)

We will determine the C\(0,∞)-characteristic region for f(λ|x, y) for different val-

ues of p.

To facilitate discussions, in this section, we will let

Γ(t; x, y) =
ty−τ

δ − σ

[

(x+ 1)tτ+1 − xtτ + (x− τ )p
]

,

and let the functions x(λ) and y(λ) be defined respectively by

x(λ) = −Γ(λ; δ, σ) =
δλσ − (δ + 1)λσ+1 − (δ − τ )pλσ−τ

δ − σ
(6.76)

and

y(λ) = Γ(λ; σ, δ) =
(σ + 1)λδ+1 − σλδ + (σ − τ )pλδ−τ

δ − σ
. (6.77)

Since

x′(λ) =
δσλσ−1 − (δ + 1)(δ + 1)λσ − (δ − τ )(σ − τ )pλσ−τ−1

δ − σ
,

if we let

F (λ) = −(δ − σ)x′(λ)

λσ−τ−1
= (δ + 1)(σ + 1)λτ+1 − σδλτ + (δ − τ )(σ − τ )p, (6.78)

then

F ′(λ) = (τ + 1)(σ + 1)(δ + 1)λτ−1(λ − λ∗),

where

λ∗ =
τσδ

(τ + 1)(σ + 1)(δ + 1)
. (6.79)
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6.3.1 The Case 0 < τ < σ < δ

In view of the assumption that 0 < τ < σ < δ, the function F (λ) is strictly

decreasing on (0, λ∗) with F (0) = (δ− τ )(σ− τ )p and strictly increasing on (λ∗,∞)

with F (+∞) = +∞. The number λ∗ is then the unique minimal point of F and the

corresponding minimum over [0,∞) is

F (λ∗) = − σδ

τ + 1
λτ∗ + (σ − τ )(δ − τ )p.

Note that F (λ∗) = 0 if, and only if, p = p∗, where

p∗ =
σδ

(τ + 1)(σ − τ )(δ − τ )
λτ∗ .

When the parameter p takes on different values, the behaviors of F are also

different. We will let

λ∗ =
τσ

(τ + 1)(σ + 1)
,

and

λ̃ =
τ

τ + 1

and consider five different and exhaustive cases:

p ≤ 0, (6.80)

0 < p ≤ (λ̃)τ

τ + 1
, (6.81)

(λ̃)τ

τ + 1
< p ≤ σ(λ∗)τ

(σ − τ )(τ + 1)
(6.82)

σ(λ∗)τ

(σ − τ )(τ + 1)
< p < p∗, (6.83)

and

p ≥ p∗. (6.84)

Under the condition that p ≤ 0, we have F (0+) = (σ − τ )(δ − τ )p ≤ 0 and

F (λ∗) = − σδ

τ + 1
λτ∗ + (σ − τ )(δ − τ )p < 0.

Thus the function F (λ) has a unique root λ
(1)
1 in (λ∗,∞) so that F (λ) < 0 on

(0, λ
(1)
1 ) and F (λ) > 0 on (λ

(1)
1 ,∞). We remark that in view of (6.78), x′(λ) has the

same unique root λ
(1)
1 in (λ∗,∞), and x′(λ) > 0 on (0, λ

(1)
1 ) as well as x′(λ) < 0

on (λ
(1)
1 ,∞). Similar remarks will apply for the other three cases to be discussed

below.



January 12, 2009 14:53 World Scientific Book - 9.75in x 6.5in ws-book975x65

C\(0,∞)-Characteristic Regions of Real ∆-Polynomials 143

Under the condition (6.81), that is, 0 < p ≤ τ τ/(τ + 1)τ+1, we have

F (0+) = (σ − τ )(δ − τ )p > 0

and

F (λ∗) ≤ (δ + 1)(σ + 1)λτ+1
∗ − σδλτ∗ + (δ − τ )(σ − τ )

τ τ

(τ + 1)τ+1

≤ −σδτ τ
(τ + 1)τ+1

[

στ δτ

(σ + 1)τ (δ + 1)τ
− (σ − τ )(δ − τ )

σδ

]

.

We assert that the last term is negative. Indeed, consider the function

ψ(t) =
t− τ

t

(

t+ 1

t

)τ

, t > τ.

Since ψ(τ+) = 0, ψ(+∞) = 1 and

ψ′(t) = τ (τ + 1)
(t + 1)τ−1

tτ+2
≥ 0,

thus ψ(t) < 1 for t > τ. This implies

t− τ

t
<

tτ

(t + 1)τ
,

and consequently

0 <
σ − τ

σ
<

στ

(σ + 1)τ
, 0 <

δ − τ

δ
<

δτ

(δ + 1)τ
,

and F (λ∗) < 0. Thus the function F (λ) has two unique roots λ
(2)
1 , λ

(2)
2 satisfying

0 < λ
(2)
1 < λ∗ < λ

(2)
2 < ∞ so that F (λ) > 0 on (0, λ

(2)
1 ), F (λ) < 0 on (λ

(2)
1 , λ

(2)
2 )

and F (λ) > 0 on (λ
(2)
2 ,∞).

Under the conditions (6.82) or (6.83), we have F (0+) = (σ− τ )(δ− τ )p > 0 and

F (λ∗) ≤ (δ + 1)(σ + 1)λτ+1
∗ − σδλτ∗ +

σδ

τ + 1
λτ∗ < 0.

As in the previous case, the function F (λ) has two unique roots λ
(3)
1 , λ

(3)
2 satisfying

0 < λ
(3)
1 < λ∗ < λ

(3)
2 < ∞ so that F (λ) > 0 on (0, λ

(3)
1 ), F (λ) < 0 on (λ

(3)
1 , λ

(3)
2 )

and F (λ) > 0 on (λ
(3)
2 ,∞). In addition, if the condition (6.83) holds, we have

F (λ∗) = (δ + 1)(σ + 1)

[

τσ

(τ + 1)(σ + 1)

]τ+1

−σδ
[

τσ

(τ + 1)(σ + 1)

]τ

+ (δ − τ )(σ − τ )p

= −(δ − τ )σ

τ + 1

[

τσ

(τ + 1)(σ + 1)

]τ

+ (δ − τ )(σ − τ )p

> −(δ − τ )σ

τ + 1

[

τσ

(τ + 1)(σ + 1)

]τ

+ (δ − τ )
σ

τ + 1

[

τσ

(τ + 1)(σ + 1)

]τ

= 0,
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so we also know that λ∗ < λ
(3)
2 < λ∗.

Under the condition (6.84), we have F (0+) = (σ − τ )(δ − τ )p > 0 and

F (λ∗) = − σδ

τ + 1
λτ∗ + (σ − τ )(δ − τ )p ≥ − σδ

τ + 1
λτ∗ +

σδ

τ + 1
λτ∗ = 0.

Thus the function F (λ) is positive on (0,∞) except possibly at λ∗.

Next note that the function y(λ) defined by (6.77) is similar in form to the

function x(λ) defined by (6.76). Therefore, similar properties are expected. Indeed,

(δ − σ)y′(λ)

λδ−τ−1
= (σ + 1)(δ + 1)λτ+1 − δσλτ + (δ − τ )(σ − τ )p = F (λ).

Furthermore, it is easily verified that

dy

dx
= −λδ−σ ,

and

d2y

dx2
=

(δ − σ)2λδ−2σ+τ

F (λ)

for positive λ that are different from the roots of F (λ).

Lemma 6.1. The following properties of the functions x(λ) and y(λ) defined by

(6.76) and (6.77) hold:

(i) under condition (6.80), x′(λ) and y′(λ) have the unique root λ
(1)
1 in (λ∗,∞), and

x′(λ) > 0, y′(λ) < 0 on (0, λ
(1)
1 ), as well as x′(λ) < 0, y′(λ) > 0 on (λ

(1)
1 ,∞);

(ii) under the condition (6.81), x′(λ) and y′(λ) have the two unique roots λ
(2)
1 , λ

(2)
2

satisfying 0 < λ
(2)
1 < λ∗ < λ

(2)
2 <∞, and x′(λ) < 0, y′(λ) > 0 on (0, λ

(2)
1 ), and

x′(λ) > 0, y′(λ) < 0 on (λ
(2)
1 , λ

(2)
2 ), as well as x′(λ) < 0, y′(λ) > 0 on (λ

(2)
2 ,∞);

(iii) under the condition (6.82), x′(λ) and y′(λ) has the two unique roots λ
(3)
1 , λ

(3)
2

satisfying 0 < λ
(3)
1 < λ∗ < λ

(3)
2 <∞, and x′(λ) < 0, y′(λ) > 0 on (0, λ

(3)
1 ), and

x′(λ) > 0, y′(λ) < 0 on (λ
(3)
1 , λ

(3)
2 ), as well as x′(λ) < 0, y′(λ) > 0 on (λ

(3)
2 ,∞);

(iv) under the condition (6.83), x′(λ) and y′(λ) has the two unique roots λ
(3)
1 , λ

(3)
2

satisfying 0 < λ
(3)
1 < λ∗ < λ

(3)
2 < λ∗ < ∞, and x′(λ) < 0, y′(λ) > 0 on

(0, λ
(3)
1 ), and x′(λ) > 0, y′(λ) < 0 on (λ

(3)
1 , λ

(3)
2 ), as well as x′(λ) < 0, y′(λ) > 0

on (λ
(3)
2 ,∞); and finally

(v) under the condition (6.84), x′(λ) is negative while y′(λ) is negative on (0,∞),

except possibly at λ∗

Theorem 6.33. Suppose p ≤ 0. Let G2 be the curve described by the parametric

functions x(λ) = −Γ(λ; δ, σ) and y(λ) = Γ(λ; σ, δ) for λ ∈ [λ
(1)
1 ,∞). Then G2 is also

the graph of a strictly convex function y = G2(x) defined over (−∞,−Γ(λ
(1)
1 ; δ, σ)]

and the C\(0,∞)-characteristic region of (6.75) is ∨(G2) ⊕ ∨(Θ0).
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Proof. It suffices to consider the polynomial

h(λ|x, y) = λδ+1 − λδ + pλδ−τ + xλδ−σ + y. (6.85)

Since

h′λ(λ|x, y) = (δ + 1)λδ − δλδ−1 + (δ − τ )pλδ−τ−1 + (δ − σ)xλδ−σ−1,

the determinant of the linear system h(λ|x, y) = 0 = h′λ(λ|x, y) is D(λ) =

−(δ − σ)λδ−σ−1 which does not vanish for λ > 0. By Theorem 2.6, the C\(0,∞)-

characteristic region for h(λ|x, y) is the dual set of order 0 of the envelope G of

the family of straight lines {Lλ| λ ∈ (0,∞)} defined by Lλ : h(λ|x, y) = 0. To find

the envelope G, we solve from h(λ|x, y) = 0 = h′λ(λ|x, y) for x and y to yield the

parametric functions

x(λ) =
λσ−τ

δ − σ

[

δλτ − (δ + 1)λτ+1 − (δ − τ )p
]

= −Γ(λ; δ, σ), (6.86)

y(λ) =
λδ−τ

δ − σ

[

(σ + 1)λτ+1 − σλτ + (σ − τ )p
]

= Γ(λ; σ, δ), (6.87)

where λ > 0. The polynomials x(λ) and y(λ) have been defined previously by (6.76)

and (6.77) respectively, and their properties have also been discussed. Therefore,

as in Example 2.2, we may infer from Lemma 6.1 and the derivatives dy/dx and

d2y/dx2 as well as other easily obtained information that the envelopeG is composed

of two curves G1 and G2 as shown in Figure 6.28. The turning point (q1, r1)

corresponds to the point which is the unique maximal point of the function x(λ) in

the interval (0,∞) and is therefore the unique root λ
(1)
1 in the interval (λ∗,∞) of the

equation x′(λ) = 0. The first piece G1 corresponds to the case where λ ∈ (0, λ
(1)
1 )

and the second piece G2 to the case where λ ∈ [λ
(1)
1 ,∞). Furthermore, G1 is the

graph of a strictly decreasing, strictly concave and smooth function y = G1(x)

over the interval (0, q1) such that G1(0
+) = 0 and G′

1(0
+) = 0, while G2 is the

graph of a strictly decreasing, strictly convex and smooth function y = G2(x) the

interval (−∞, q1) such that G2(−∞) = +∞ and G′
2(−∞) = −∞. In view of the

distribution map in Figure A.3, the dual set of order 0 of G is ∨(G2) ⊕∨(Θ0). The

proof is complete.

We remark, in view of Figure 6.28, that the domain of the function G2 may be

restricted to a smaller interval. Indeed, note that the curve G2 intersects the x-axis

at some unique point (q2, 0). To locate it, we first show that y(λ) = 0 has a unique

root in (λ∗,∞). To see this, we may let

φ(λ) = λτ−δ(δ − σ)y(λ) = λτ−δ(δ − σ)Γ(λ; σ, δ). (6.88)

Since

φ′(λ) = (τ + 1)(σ + 1)λτ−1(λ − λ∗), λ∗ =
τσ

(τ + 1)(σ + 1)
,

we see that the function φ(λ) satisfies φ(+∞) = ∞, φ′(λ∗) = 0, φ′(λ) < 0 for

λ ∈ (0, λ∗), φ(0) = (σ − τ )p ≤ 0, and

φ(λ∗) = −σ(λ∗)τ + (σ − τ )p < 0.
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Fig. 6.28

Thus φ(λ) < 0 for λ ∈ (0, λ∗), φ′(λ) > 0 for λ ∈ (λ∗,∞). These imply that there is a

unique root t∗ of y(λ), or Γ(λ; σ, δ), in (λ∗,∞) as required. Once we have determined

t∗ by solving for the unique root in (λ∗,∞) of the equation Γ(λ; σ, δ) = 0, we can

then calculate q2 = x(t∗) = −Γ(t∗; δ, σ). Then (q, r) is a point in the C\(0,∞)-

characteristic region of h(λ|x, y) if, and only if, q ≤ q2 and r > G2(q), or, q > q2
and r ≥ 0.

Theorem 6.34. Suppose 0 < p ≤ τ τ/(τ + 1)τ+1 . Let G3 be the curve described by

the parametric functions x(λ) = −Γ(λ; δ, σ) and y(λ) = Γ(λ; σ, δ) for λ ∈ [λ
(2)
2 ,∞).

Then G3 is also the graph of a strictly convex function y = G3(x) defined over

(−∞,−Γ(λ
(2)
2 ; δ, σ)] and the C\(0,∞)-characteristic region of (6.75) is ∨(G3) ⊕

∨(Θ0).

Fig. 6.29

Proof. The proof is similar to that of Theorem 6.33 and hence will be sketched.

The parametric functions of the envelope G are given by (6.86) and (6.87) as before.
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However, the envelope G is now composed of three curves G1, G2 and G3 as depicted

in Figure 6.29.

The turning points (q1, r1) and (q2, r2) correspond to the unique minimal and

maximal points λ
(2)
1 and λ

(2)
2 of the function x(λ) in (0,∞). As explained earlier,

we have 0 < λ
(2)
1 < λ∗ < λ

(2)
2 < ∞. The first curve G1 corresponds to the case

where λ ∈ (0, λ
(2)
1 ), the second curve G2 the case where λ ∈ [λ

(2)
1 , λ

(2)
2 ) and the

third curve G3 the case where λ ∈ [λ
(2)
2 ,∞). Furthermore, G1 is the graph of a

strictly decreasing, strictly convex and smooth function y = G1(x) over (q1, 0) such

that G1(0
−) = 0 and G′

1(0
−) = 0, G2 is the graph of a strictly decreasing, strictly

concave and smooth function y = G2(x) over [q1, q2), and G3 is the graph of a

strictly decreasing, strictly convex and smooth function y = G3(x) over (−∞, q2]

such that G3(−∞) = +∞ and G′
3(−∞) = −∞. The curve G3 intersects the x-axis

at a unique point (q3, 0) where q3 > 0. Indeed, let us consider the same function

φ(λ) defined by (6.88) again. Since φ′(λ) > 0 for λ ∈ (λ∗,∞), φ(+∞) = ∞, and

φ(λ̃) = (σ + 1)λ̃τ+1 − σλ̃τ + (σ − τ )p = (σ − τ )

[

p − τ τ

(τ + 1)τ+1

]

≤ 0,

we see that y(λ) has a unique root t∗ in [λ̃,∞). Furthermore,

q3 = x(t∗) = − tσ−τ∗

δ − σ

[

(δ + 1)tτ+1
∗ − δtτ∗ + (δ − τ )p

]

= − tσ−τ∗

(δ − σ)(σ + 1)

[

(σ + 1)(δ + 1)tτ+1
∗ − (σ + 1)δtτ∗ + (σ + 1)(δ − τ )p

−(σ + 1)(δ + 1)tτ+1
∗ + σ(δ + 1)tτ∗ − (σ − τ )(δ + 1)p

]

= − tσ−τ∗

(δ − σ)(σ + 1)
[−(δ − σ)tτ∗ + (δ − σ)(τ + 1)p]

=
tσ+1
∗

σ + 1
[tτ∗ − (τ + 1)p] . (6.89)

Under condition (6.81), we see further that

q3 =
tσ+1
∗

σ + 1
[tτ∗ − (τ + 1)p] ≥ 0

as desired. These show that the curves G1, G2 and G3 are nonintersecting. Again,

in view of Figure A.13, we see that the C\(0,∞)-characteristic region of h(λ|x, y)
is ∨(G3) ⊕ ∨(Θ0). The proof is complete.

We remark that, the domain of the function G3 in the above result can be

restricted to the smaller and precise interval (−∞, q3].

Theorem 6.35. Suppose condition (6.82) is satisfied. Let G be the curve described

by the parametric functions x(λ) = −Γ(λ; δ, σ) and y(λ) = Γ(λ; σ, δ) for λ ∈ (0,∞).

Let G1 be the restriction of G over the interval (0, λ
(3)
1 ) and G3 the restriction of

G over the interval (λ
(3)
2 ,∞). Then G1 is the graph of a strictly convex function

y = G1(x) defined over
(

−Γ(λ
(3)
1 ; δ, σ), 0

)

and G3 is the graph of a strictly convex
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function y = G3(x) defined over
(

−∞,−Γ(λ
(3)
2 ; δ, σ)

)

. Furthermore, the C\(0,∞)-

characteristic region of (6.75) is ∨(G3) ⊕ ∨G1) ⊕ ∨(Θ0).

Fig. 6.30

Proof. The proof is similar to that of Theorem 6.33 and hence will be sketched.

The parametric functions of the envelope G are given by (6.86) and (6.87) as before.

However, the envelope G is now composed of three curves G1, G2 and G3 as depicted

in Figure 6.30.

The turning points (q1, r1) and (q2, r2) correspond to the unique minimal and

maximal points λ
(3)
1 and λ

(3)
2 of the function x(λ) in (0,∞). As explained earlier,

we have 0 < λ
(3)
1 < λ∗ < λ

(3)
2 < ∞. The first curve G1 corresponds to the case

where λ ∈ (0, λ
(3)
1 ), the second curve G2 the case where λ ∈ [λ

(3)
1 , λ

(3)
2 ] and the

third curve G3 the case where λ ∈ (λ
(3)
2 ,∞). Furthermore, G1 is the graph of a

strictly decreasing, strictly convex and smooth function y = G1(x) over (q1, 0) such

that G1(0
−) = 0 and G′

1(0
−) = 0; G2 is the graph of a strictly decreasing, strictly

concave and smooth function y = G2(x) over [q1, q2]; and G3 is the graph of a

strictly decreasing, strictly convex and smooth function y = G3(x) over (−∞, q2)

such that G3(−∞) = +∞ and G′
3(−∞) = −∞. The curve G3 intersects the x-axis

at a unique point (q3, 0) where q3 < 0. Indeed, let us consider the same function

φ(λ) defined by (6.88) again. Recall that (see the proof of Theorem 6.33) φ′(λ) > 0

for λ ∈ (λ∗,∞), φ(+∞) = ∞,

φ(λ∗) = (σ + 1)(λ∗)τ+1 − σ(λ∗)τ + (σ − τ )p

= − σ

τ + 1

(

τ

τ + 1

)τ (

σ

σ + 1

)τ

+ (σ − τ )p

≤ − σ

τ + 1

(

τ

σ + 1

)τ (

σ

σ + 1

)τ

+ (σ − τ )
σ

(σ − τ )(τ + 1)

[

τσ

(τ + 1)(σ + 1)

]τ

< 0,
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and

φ(λ̃) = (σ + 1)λ̃τ+1 − σλ̃τ + (σ − τ )p = (σ − τ )

[

p − τ τ

(τ + 1)τ+1

]

> 0,

we see that y(λ) has a unique root t∗ in (λ∗, λ̃). Furthermore, in view of (6.89) and

condition (6.82), we see that

q3 =
tσ+1
∗

σ + 1
[tτ∗ − (τ + 1)p] < 0

as required. These show that the curves G1 and G3 intersects at a unique point

in the interior of the second quadrant and that the first coordinate of the point

of intersection is strictly between q1 and x(t∗). In view of the distribution map in

Figure A.13, the C\(0,∞)-characteristic region of h(λ|x, y) is ∨(G3)⊕∨G1)⊕∨(Θ0).

We remark that the domains of G1 and G3 in the above result can be restricted

to the smaller but more precise intervals (q3, 0) and (−∞, q3] respectively.

Theorem 6.36. Suppose the condition (6.83) is satisfied. Let G be the curve de-

scribed by the parametric functions x(λ) = −Γ(λ; δ, σ) and y(λ) = Γ(λ; σ, δ) for

λ ∈ (0,∞). Let G1 be the restriction of G over the interval (0, λ
(3)
1 ) and G3 the

restriction of G over the interval (λ
(3)
2 ,∞). Then G1 is the graph of a strictly con-

vex function y = G1(x) defined over
(

−Γ(λ
(3)
1 ; δ, σ), 0

)

and G3 is the graph of a

strictly convex function y = G3(x) defined over
(

−∞,−Γ(λ
(3)
2 ; δ, σ)

)

. Furthermore,

the C\(0,∞)-characteristic region of (6.75) is ∨(G3) ⊕ ∨G1) ⊕ ∨(Θ0).

Proof. The proof is similar to that of Theorem 6.33 and hence will be sketched.

The parametric functions of the envelope G are given by (6.86) and (6.87) as before.

However, the envelope G is now composed of three curves G1, G2 and G3 as depicted

in Figure 6.31.

Fig. 6.31
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The turning points (q1, r1) and (q2, r2) correspond to the unique minimal and

maximal points λ
(3)
1 and λ

(3)
2 of the function x(λ) in (0,∞). As explained earlier,

we have 0 < λ
(3)
1 < λ∗ < λ

(3)
2 < λ∗ < ∞. The first curve G1 corresponds to the

case where λ ∈ (0, λ
(3)
1 ), the second curve G2 the case where λ ∈ [λ

(3)
1 , λ

(3)
2 ) and

the third curve G3 the case where λ ∈ [λ
(3)
2 ,∞). Furthermore, the curve G1 is

the graph of a strictly decreasing, strictly convex and smooth function y = G1(x)

over (q1, 0) such that G1(0
−) = 0 and G′

1(0
−) = 0; G2 is the graph of a strictly

decreasing, strictly concave and smooth function y = G2(x) over [q1, q2); and G3

is the graph of a strictly decreasing and strictly convex function y = G3(x) over

(−∞, q2] such that G3(−∞) = +∞ and G′
3(−∞) = −∞. The curve G2 (and hence

G1 as well as G3) is situated above the horizontal axis. Indeed, this follows from

the fact that the function φ(λ) defined by (6.88) satisfies φ(λ) < 0 for λ ∈ (0, λ∗]

and that λ
(3)
2 < λ∗. In view of the distribution map in Figure A.13, we see that the

C\(0,∞)-characteristic region is ∨(G3) ⊕ ∨G1) ⊕ ∨(Θ0).

We remark that the conclusions in Theorems 6.35 and 6.36 are the same, and

therefore the conditions (6.82) and (6.83) can be combined into one:

τ τ

(τ + 1)τ+1
< p ≤ σδ

(σ − τ )(δ − τ )(τ + 1)

[

τσδ

(τ + 1)(σ + 1)(δ + 1)

]τ

,

and a corresponding result can be written. However, the proofs of Theorems 6.35

and 6.36 provide additional information.

Theorem 6.37. Suppose the condition (6.84) holds. Let G be the curve described

by the parametric functions x(λ) = −Γ(λ; δ, σ) and y(λ) = Γ(λ; σ, δ) for λ ∈ (0,∞).

Then G is also the graph of a strictly convex function y = G(x) defined on (−∞, 0).

Furthermore, (q, r) is a point in the nonpositive characteristic region of (6.75) if,

and only if, q < 0 and r > G(q), or, q ≥ 0 and r ≥ 0.

The proof of this case is relatively easy. The envelope G of the family of curves

defined by (6.85) is depicted in Figure 6.32. It corresponds to the case where

λ ∈ (0,∞) and the function y = G(x) over (−∞, 0) is strictly decreasing and strictly

convex. In view of the distribution map in Figure 3.11, the C\(0,∞)-characteristic

region is just ∨(G) ⊕ ∨(Θ0).

To illustrate our Theorems, we consider several examples. First of all, consider

the function

λ− 1 − 5λ−1 − 51λ−2 + 150λ−3. (6.90)

Here, p = −5, q = −51, r = 150, τ = 1, σ = 2, δ = 3. Since p ≤ 0, we may apply

Theorem 6.33. The required data can easily be calculated: λ∗ = 1/3,

Γ(λ; σ, δ) = λ2
{

3λ2 − 2λ − 5
}

,

t∗ = 5/3, −Γ(t∗; δ, σ) = 175/27. Since q = −51 ≤ −Γ(t∗; δ, σ), we solve the equation

−51 = −Γ(t; δ, σ) for the unique root t∗ in [5/3,∞) and obtain t∗ = 3. Since

r = 150 > Γ(t∗; σ, δ) = 144, we see that (6.90) does not have any positive roots.
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Fig. 6.32

Next consider the equation

λ − 1 +
41

1323
λ−1 +

102355

1354752
λ−2 +

1

50
λ−3. (6.91)

Since 0 < p ≤ τ τ/(τ + 1)τ+1 = 1/4, we may apply Theorem 6.34. The required

data can easily be calculated: λ̃ = 1/2,

Γ(λ; σ, δ) = λ2

{

3λ2 − 2λ− 41

1323

}

,

t∗ = 41/63, −Γ(t∗; δ, σ) = 31939/320047. Since q = 102355/1354752 <

31939/320047, we solve the equation q = −Γ(; δ, σ) for the unique root t∗ in [t∗,∞)

and obtain t∗ = 11/16. Since r = 1/50 < Γ(t∗; σ, δ), we see that (6.91) has a positive

root.

Next consider the equation

λ − 1 +
4

25
λ−2 + 5λ−5 + 27λ−7. (6.92)

Since

4

27
=

τ τ

(τ + 1)τ+1
< p <

σ

(σ − τ )(τ + 1)

[

τσ

(τ + 1)(σ + 1)

]τ

=
125

729
,

we may apply Theorem 6.35 to conclude that 6.92)) does not have any positive

roots.

Finally, we consider the equation

λ− 1 + 2λ−1 − 96

25
λ−3 + 2λ−4. (6.93)

Since

p ≥ σδ

(σ − τ )(δ − τ )(τ + 1)

[

τσδ

(τ + 1)(σ + 1)(δ + 1)

]τ

=
3

10
,

we may apply Theorem 6.36. Since q ≤ 0, we solve the equation q = −Γ(λ; 4, 3) for

the unique root t∗ in (0,∞) and obtain t∗ = 4/5. Since r = 2 ≤ Γ(4/5; 3, 4), we see

that equation (6.93) has at least one positive root.
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6.3.2 The Case τ < σ < δ < −1

Let f(λ|x, y) be defined by (6.75) but the integers τ, σ, τ now satisfy τ < σ < δ < −1.

As in the previous section, the envelope G of the family of {Lλ| λ ∈ (0,∞)} of

straight lines defined by Lλ : f(λ|x, y) = 0 are described by the parametric functions

x(λ) and y(λ) defined by (6.76) and (6.77) respectively. Let

F (λ) = −(δ − σ)x′(λ)

λσ−τ−1
= (δ + 1)(σ + 1)λτ+1 − σδλτ + (δ − τ )(σ − τ )p

be defined as in (6.78) and

λ∗ =
τσδ

(τ + 1)(σ + 1)(δ + 1)

as in (6.79). Then

F (0+) = −∞ and F (+∞) = (δ − τ )(σ − τ )p. (6.94)

Since

F ′(λ) = (τ + 1)(σ + 1)(δ + 1)λτ−1(λ − λ∗), (6.95)

the function F (λ) is increasing on (0+, λ∗) with F (0+) = −∞ and then decreasing

on (λ∗,∞) with F (+∞) = (δ − τ )(σ − τ )p. Therefore λ∗ is the unique maximal

point of F and the corresponding maximum over (0,∞) is

F (λ∗) = − σδ

τ + 1
λτ∗ + (σ − τ )(δ − τ )p. (6.96)

Note that F (λ∗) = 0 if, and only if, p = ρ, where

ρ =
σδ

(σ − τ )(δ − τ )(τ + 1)
λτ∗ . (6.97)

Recall further that

dy

dx
= −λδ−σ < 0 (6.98)

and

d2y

dx2
(λ) =

(δ − σ)2λδ−2σ+τ

F (λ)

for x′(λ) 6= 0.

We consider four cases: Case 1: p = 0; Case 2: p > 0; Case 3: ρ < p < 0; and

Case 4: p ≤ ρ.

Case 1. When p = 0, (6.75) is then a ∆(1, 0, 0)-polynomial, and this case has

already been discussed in detail in Section 6.2.2.

Case 2. Suppose p > 0. Then limλ→∞ F (λ) = (δ − τ )(σ − τ )p > 0. Hence there

is λ
(1)
1 > 0 such that F (λ

(1)
1 ) = 0, F (λ) < 0 on (0, λ

(1)
1 ) and F (λ) > 0 on (λ

(1)
1 ,∞).

Since

(x(0+), y(0+)) = (−∞,+∞), (x(+∞), y(+∞)) = (−∞,+∞),
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we may now see that the envelope G is made up of two pieces G1 and G2 cor-

responding to λ ∈ (0, λ
(1)
1 ] and λ ∈ (λ

(1)
1 ,∞) respectively and the turning point

corresponds to (α, β) = (x(λ
(1)
1 ), y(λ

(1)
1 )) as shown in Figure 6.33. The piece G1

is also the graph of a strictly decreasing, strictly concave and smooth function on

(−∞, α] such that G1(−∞) = +∞ and G′
1(−∞) = 0; and G2 is also the graph

of a strictly decreasing, strictly convex and smooth function on (−∞, α) such that

G2(−∞) = +∞ and G′
2(−∞) = −∞. Thus −G1 ∼ H−∞ and G2 ∼ H−∞. In view

of the distribution maps in Figures 3.11 and 3.17, the dual sets of order 0 of G1 and

G2 are disjoint. Hence their intersection is empty.

Fig. 6.33

Case 3. Suppose ρ < p < 0. Then limλ→∞ F (λ) = (δ − τ )(σ − τ )p < 0 and

F (λ∗) = − σδ

τ + 1
λτ∗ + (σ − τ )(δ − τ )p > − σδ

τ + 1
λτ∗ + (σ − τ )(δ − τ )ρ = 0.

Hence there are λ
(2)
1 > 0 and λ

(2)
2 > 0 such that F (λ

(2)
1 ) = F (λ

(2)
2 ) = 0, F (λ) < 0

on (0, λ
(2)
1 ) ∪ (λ

(2)
2 ,∞) and F (λ) > 0 on (λ

(2)
1 , λ

(2)
2 ). Since

(x(0+), y(0+)) = (−∞,+∞), (x(+∞), y(+∞)) = (+∞,−∞),

the envelope G is now made up of three pieces G1, G2 and G3 corresponding

to λ ∈ (0, λ
(2)
1 ], λ ∈ (λ

(2)
1 , λ

(2)
2 ) and λ ∈ [λ

(2)
2 ,∞) respectively and the turning

points correspond to (α1, β1) = (x(λ
(2)
1 ), y(λ

(2)
1 )) and (α2, β2) = (x(λ

(2)
2 ), y(λ

(2)
2 )), as

shown in Figure 6.34. The piece G1 is the graph of a strictly decreasing, strictly con-

cave and smooth function on (−∞, α1] such that G1(−∞) = +∞ and G′
1(−∞) = 0;

the pieceG2 is the graph of a strictly decreasing, strictly convex and smooth function

on (α2, α1) and the piece G3 is the graph of a strictly decreasing, strictly concave

and smooth function on [α2,∞) such that G3(+∞) = −∞ and G′
3(+∞) = −∞.

Thus −G1 ∼ H−∞ and −G3 ∼ H+∞. In view of the distribution map in Figure

A.14, the dual set of order 0 of G is ∧(G1) ⊕∧(G3).
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Fig. 6.34

Case 4. Suppose p ≤ ρ. Then F (λ) < 0 for λ > 0 except for at most one point

λ = λ∗. Since dy/dx is continuous at λ = λ∗ in view of (6.98) and since

(x(0+), y(0+)) = (−∞,+∞), (x(+∞), y(+∞)) = (+∞,−∞),

the envelope G, as shown in Figure 6.35, is also the graph of a strictly decreasing,

strictly concave and smooth function on R such that G(−∞) = +∞, G′(−∞) = 0,

G(+∞) = −∞ and G′(+∞) = −∞. Thus −G ∼ H−∞ and −G ∼ H+∞. In

view of the distribution map in Figure 3.20, (q, r) is the dual of G if, and only if,

(q, r) ∈ ∧(G).

Fig. 6.35

Theorem 6.38. Suppose τ < σ < δ < −1 and p > 0. Then the polynomial (6.75)

does not have any positive roots.

Theorem 6.39. Suppose τ < σ < δ < −1 and ρ < p < 0, where ρ is defined by

(6.97). Let λ1 and λ2 be the unique positive roots of the equation F (λ) = 0 defined
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by (6.88). Let the curve G1 be defined by the parametric functions x(λ) and y(λ)

in (6.76) and (6.77) over λ ∈ (0, λ1) and the curve G3 be defined over λ ∈ (λ2,∞).

Then G1 is the graph of a strictly decreasing, strictly concave and smooth function

y = G1(x) defined over (−∞, x(λ1)) and G3 the graph of a strictly decreasing,

strictly concave and smooth function defined over (x(λ2)),∞). Furthermore, the

C\(0,∞)-characteristic region of (6.75) is ∧(G1) ⊕ ∧(G3).

Theorem 6.40. Suppose p ≤ ρ and τ < σ < δ < −1 where ρ is defined by (6.97).

Let the curve G be defined by the parametric functions x(λ) and y(λ) in (6.76)

and (6.77) over λ ∈ (0,∞). Then G is the graph of a strictly decreasing, strictly

concave and smooth function y = G(x) defined over R. Furthermore, the C\(0,∞)-

characteristic region of (6.75) is ∧(G).

6.4 Notes

Most of the results in this Chapter are based on results published recently (since

1996), and hence they will be useful as references for readers who are concerned

with characteristic functions. In particular, Theorems 6.8-6.10 are originated from

[24]; Theorems 6.11-6.13 and 6.14 from [7]; Theorems 6.15-6.21 from [11]; Theorems

6.22-6.32 from [9]; and Theorems 6.33-37 from [8]. Theorems 6.38-6.40 are new, and

they replace the results stated in [3] which seem to contain errors.
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Chapter 7

C\R-Characteristic Regions of
∇-Polynomials

7.1 ∇-Polynomials Involving One Power

There are good reasons to study ∇-polynomials of the form

f0(λ) + e−λσf1(λ) (7.1)

involving one power. For instance, if we consider exponential solutions
{

eλt
}

of the

differential equation

x′(t) + px(t− τ ) = 0, t ∈ R,

then we are led to the ∇-polynomial

λ + e−τλp.

The C\R-characteristic region of the general ∇-polynomial (7.1) is difficult to

find. For this reason, we will restrict ourselves to some special cases. In the first

special case, we assume the degrees of f0 and f1 are less than or equal to 1:

F (λ) = aλ+ b + e−λσ(cλ + d).

where a, b, c, d, σ ∈ R. By definition, the power σ cannot be 0 in F. However, if

σ = 0, the corresponding C\R-characteristic region is easy to find and is just
{

(a, b) ∈ R2| a = 0, b 6= 0
}

.

7.1.1 ∇(0, 0)-Polynomials

Consider

F (λ) = a + e−λσb,

where a, b, σ ∈ R and σ 6= 0. If b = 0, then F (λ) has a real root if, and only if,

a = 0. If b 6= 0, then F (λ) has the unique real root

λ = − 1

σ
ln

(

−a
b

)

if, and only if, a/b < 0. Thus, F (λ) does not have any real roots if, and only, if

(a, b) ∈
{

(x, y) ∈ R2 : xy ≥ 0
}

\{(0, 0)}.

157
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7.1.2 ∇(1, 0)-Polynomials

Consider

F (λ) = aλ+ b+ e−λσc,

where a, b, c ∈ R and σ 6= 0. If a = 0, F reduces to a ∇(0, 0)-polynomial. We

therefore assume that a 6= 0. Then we may divide F by a to obtain

λ+
b

a
+ e−λσ

c

a
.

Hence it suffices to consider the ∇-polynomial

f(λ|x, y, σ) = λ− x+ e−λσy. (7.2)

where σ, x, y ∈ R and σ 6= 0.

For fixed σ ∈ R\{0}, let Ω(σ) be the C\R-characteristic region of the ∇-

polynomial f(λ|x, y, σ). That is,

Ω(σ) = {(x, y) ∈ R2 : f(λ|x, y, σ) has no real roots}. (7.3)

Theorem 7.1. Let f(λ|x, y, σ) and Ω(σ) be defined by (7.2) and (7.3) respectively.

(1) Suppose σ > 0. Then (x, y) ∈ Ω(σ) if, and only if, (x, y) satisfies

y >
1

σ
exp

{

σ

(

x− 1

σ

)}

, x ∈ R.

(2) Suppose σ < 0. Then (x, y) ∈ Ω(σ) if, and only if, (−x,−y) ∈ Ω(−σ).

Proof. We first assume that σ > 0. Consider the family {Lλ| λ ∈ R} of straight

lines defined by Lλ : f(λ|x, y, σ) = 0 where λ ∈ R. Since

f ′λ(λ|x, y, σ) = 1 − σe−σλy,

the determinant of the linear system f(λ|x, y, σ) = f ′λ(λ|x, y, σ) = 0 is σe−σλ which

does not vanish for λ ∈ R. By Theorem 2.6, Ω(σ) is just the dual set of order 0 of the

envelopeG of the family {Lλ| λ ∈ R} .We solve from f(λ|x, y, σ) = f ′λ(λ|x, y, σ) = 0

for x and y to yield

x(λ) = λ +
1

σ
, y(λ) =

1

σ
eσλ, λ ∈ R.

Then by Theorem 2.3, it is easy to see that the envelope G is described by the

parametric functions x(λ) and y(λ) over R. Furthermore, it can also be described

by the graph of the function y = G(x) where

G(x) =
1

σ
exp

{

σ

(

x− 1

σ

)}

, x ∈ R.

Since G(−∞) = 0, G(+∞) = +∞,

G′(x) = exp

{

σ

(

x− 1

σ

)}

> 0, x ∈ R,
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and

G′′(x) = σ exp

{

σ

(

x− 1

σ

)}

> 0, x ∈ R,

we see that G′(−∞) = 1, G′(+∞) = +∞ and G(x) is strictly increasing and strictly

convex over R. See Figure 7.1. By Lemma 3.4, G ∼ H+∞. Then, in view of the

distribution map in Figure 3.19, (x, y) is a dual point of G if, and only if, y > G(x).

Next, we assume that σ < 0. Let g(λ|x, y, τ) = λ− x+ eτλy where x, y ∈ R and

τ > 0. Note that f(λ|x, y, σ) = −g(λ|−x,−y,−σ). If λ is a real root of f(λ|x, y, σ),

then λ is also a real root of g(λ| − x,−y,−σ). The converse is also true. Hence,

(x, y) ∈ Ω(σ) if, and only if, (−x,−y) ∈ Ω(−σ).

Fig. 7.1

7.1.3 ∇(0, 1)-Polynomials

Let us consider ∇(0, 1)-polynomials of the form

g(λ|a, b, c, σ) = a+ e−λσ(bλ + c),

where σ 6= 0 and a, b, c ∈ R. If b = 0, then we obtain a ∇(0, 0)-polynomial. We may

therefore assume that b 6= 0. Since

g(λ|a, b, c, σ) = e−λσ(aeλσ + bλ+ c),

we see that the C\R-characteristic region of g(λ|a, b, c, σ) is the same as the C\R-

characteristic region of the ∇(1, 0)-polynomial bλ+ c+ aeλσ .

7.1.4 ∇(1, 1)-Polynomials

Let us consider ∇(1, 1)-polynomials of the form

g(λ|a, x, c, y, σ) = aλ+ x+ e−σλ(cλ+ y),
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where σ ∈ R\{0} and a, c, x, y ∈ R. Again we may assume that ac 6= 0. Then we

may divide g by a to obtain

λ+
x

a
+ e−σλ

( c

a
λ +

y

a

)

.

Hence it suffices to consider the ∇-polynomial

f(λ|x, y, a, σ) = λ + x+ e−λσ(aλ+ y) (7.4)

where aσ 6= 0 and x, y ∈ R.

For fixed a, σ ∈ R\{0}, let Ω(a, σ) be the C\R-characteristic region of this

∇-polynomial f(λ|x, y, a, σ). That is,

Ω(a, σ) = {(x, y) ∈ R2 : f(λ|x, y, a, σ) has no real roots}. (7.5)

Theorem 7.2. Let f(λ|x, y, a, σ) and Ω(a, σ) be defined by (7.4) and (7.5). Let the

parametric curve G be defined by

x(λ) = −λ − 1

σ
− a

σ
e−λσ, y(λ) =

1

σ
eλσ +

a

σ
− aλ, λ ∈ R.

(1) If σ > 0 and a > 0, then Ω(a, σ) is an empty set.

(2) If σ > 0 and a < 0, then (x, y) ∈ Ω(a, σ) if, and only if, (x, y) lies strictly above

G (See Figure 7.2).

(3) If σ < 0 and a ∈ R\{0}, then (x, y) ∈ Ω(a, σ) if, and only if, (−x,−y) ∈
Ω(a,−σ).

Proof. We first note that f(λ|x, y, a, σ) = −f(λ| − x,−y, a,−σ). For any a ∈
R\{0}, (x, y) ∈ Ω(a, σ) if, and only if, (−x,−y) ∈ Ω(a,−σ). So we only need to

consider the two cases: a > 0 and σ > 0, or, a < 0 and σ > 0.

Consider the family {Lλ| λ ∈ R} of straight lines defined by Lλ : f(λ|x, y, a, σ) =

0 where λ ∈ R. Since

f ′λ(λ|x, y, a, σ) = 1 − σaλe−λσ + ae−λσ − σe−λσy,

the determinant of the linear system f(λ|x, y, a, σ) = f ′λ(λ|x, y, a, σ) = 0 is −σe−λσ
which does not vanish for λ ∈ R. By Theorem 2.6, Ω(a, σ) is just the dual set

of order 0 of the envelope G of the family {Lλ| λ ∈ R} . We solve from the linear

system for x and y to yield the parametric functions

x(λ) = −λ − 1

σ
− a

σ
e−λσ , y(λ) =

1

σ
eλσ +

a

σ
− aλ, λ ∈ R.

We have

x′(λ) = e−λσh(λ) and y′(λ) = −h(λ),

where

h(λ) = a− eλσ, λ ∈ R.
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Note that if a > 0, then h(λ) has a unique real root λ∗ = 1/σ lna and if a < 0, then

h(λ) has no real roots. Thus,

dy

dx
(λ) = −eλσ < 0,

d2y

dx2
(λ) =

−σ(eλσ)2

h(λ)
, λ ∈ R\{λ∗}.

Assume σ > 0 and a > 0. We have

(x(−∞), y(−∞)) = (x(+∞), y(+∞)) = (−∞,+∞).

As in Example 2.2, the envelope is composed of two pieces G1 and G2 and one

turning point (x(λ∗), y(λ∗)). The first piece G1 corresponds to the case where λ ∈
(−∞, λ∗) and the second G2 to the case where λ ∈ [λ∗,+∞). Furthermore, G1 is

the graph of a function y = G1(x) which is strictly decreasing, strictly concave,

and smooth over (−∞, x(λ∗)) such that G1 ∼ H−∞; and G2 is the graph of a

function y = G2(x) which is strictly decreasing, strictly convex, and smooth over

(−∞, x(λ∗)] such that G2 ∼ H−∞. By Theorem A.9, the dual set of order 0 of G is

an empty set.

Assume σ > 0 and a < 0. We have

(x(−∞), y(−∞)) = (+∞,−∞) and (x(+∞), y(+∞)) = (−∞,+∞).

Since {λ∗} is empty, the envelope G is the graph of a function y = G(x) which is

strictly decreasing, strictly convex, and smooth over R such that G ∼ H−∞. See

Figure 7.2. By Lemma 3.5, we also have G ∼ H+∞. In view of the distribution map

in Figure 3.20, (x, y) is a dual point of G if, and only if, y > G(x).

Fig. 7.2

7.1.5 ∇(n,n)-Polynomials

The general ∇(n, n)-polynomials contain too many parameters and are difficult to

handle. Therefore, we restrict ourselves to two special cases:

f1(λ|x, y, σ, n) = λn + (xλn + y)e−σλ (7.6)



January 12, 2009 14:53 World Scientific Book - 9.75in x 6.5in ws-book975x65

162 Dual Sets of Envelopes and Characteristic Regions of Quasi-Polynomials

and

f2(λ|x, y, σ, n) = λn + y + xλne−σλ, (7.7)

where σ ∈ R\{0}, x, y ∈ R and n ≥ 2 (if n = 0 or n = 1, the corresponding

quasi-polynomials can be handled by considering ∇(0, 0)- or ∇-(1, 1) polynomials).

For fixed σ ∈ R\{0} and n ∈ Z[2,∞), let Ωi(σ, n) be the C\R-characteristic region

of fi(λ|x, y, σ, n) for i = 1, 2. That is, for i = 1, 2,

Ωi(σ, n) = {(x, y) ∈ R2 : fi(λ|x, y, σ, n) has no real roots}.

Theorem 7.3. Let n ≥ 3 be an odd integer (and σ 6= 0). Let the parametric curve

G be defined by

x(λ) = −n + σλ

n
eσλ, y(λ) =

σλn+1

n
eσλ (7.8)

over λ ∈ [−n/σ,+∞).

(1) If σ > 0, then (x, y) ∈ Ω1(σ, n) if, and only if, x ≤ 0 and (x, y) ∈ ∨(G) (see

Figure 7.3).

(2) If σ < 0, then (x, y) ∈ Ω1(σ, n) if, and only if, (x,−y) ∈ Ω1(−σ, n).

Proof. First, we assume σ > 0. For the sake of simplicity, we also write

f(λ|x, y, σ, n) instead of f1(λ|x, y, σ, n) defined by (7.6). Consider the family

{Lλ| λ ∈ R} of straight lines defined by Lλ : f(λ|x, y, σ, n) = 0 for λ ∈ R. Since

f ′λ(λ|x, y, σ, n) = nλn−1 + (n − σλ)λn−1e−σλx− σye−σλ,

the determinant of the linear system f(λ|x, y, σ, n) = f ′λ(λ|x, y, σ, n) = 0 is

D(λ) = −ne−2σλλn−1,

which has a unique real root 0.

Note that the C\R-characteristic region of f(λ|x, y, σ, n) is the intersection of

the C\(−∞, 0)-, C\(0,∞)-, and C\{0}-characteristic regions of f(λ|x, y, σ, n). The

C\{0}-characteristic region is the set of points that do not lie on the straight line

L0, that is, C\L0 . As for the other two regions, the C\(−∞, 0)-characteristic region

is the dual set of order 0 of the envelope of the family Φ(−∞,0) = {Lλ|λ ∈ (−∞, 0)},
the C\(0,∞)-characteristic region is the dual set of order 0 of the envelope of the

family Φ(λ∗,∞) = {Lλ|λ ∈ (0,∞)}.
By Theorem 2.3, the envelope G1 of the family Φ(−∞,0) is described by the

parametric functions (7.8) for λ ∈ (−∞, 0) and the envelope G2 of the family

Φ(0,+∞) by the same parametric functions but for (0,+∞).

We have

(x(−∞), y(−∞)) = (0, 0), (x(+∞), y(+∞)) = (+∞,−∞),

lim
λ→0

(x(λ), y(λ))(−1, 0),
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x′(λ) = −σe
σλ

n
h(λ),

and

y′(λ) =
σλneσλ

n
h(λ)

where h(λ) = σλ+ (n+ 1) and for λ ∈ R\{0}.
The real root of h(λ) is −(n+ 1)/σ. Thus,

dy

dx
= −λn

and

d2y

dx2
=

1

σ
λn−1e−σλ

n3

h(λ)

for λ ∈ R\{0,−(n+ 1)/σ}.

Fig. 7.3

The envelope G1 is made up of two pieces G
(1)
1 and G

(2)
1 which correspond to the

case where λ ∈ (−∞,−(n+ 1)/σ) and where λ ∈ [−(n+ 1)/σ, 0) respectively. G
(1)
1

is the graph of a function y = G
(1)
1 (x) which is strictly increasing, strictly concave

and smooth over (0, x(−(n+ 1)/σ)) such that G
(1)
1 ∼ H0+ and G

(2)
1 is the graph of

a function y = G
(2)
1 (x) which is strictly increasing, strictly convex and smooth over

(−1, x(−(n + 1)/σ)] such that G
(2)
1 (−1+) = 0 and G

(2)′
1 (−1+) = 0. The envelope

G2, which corresponds to the restriction of G over the interval λ ∈ (0,+∞), is also

the graph of a strictly decreasing, strictly convex and smooth function y = G2(x)

defined on (−∞,−1) such that G2(−1−) = 0, G′
2(−1−) = 0 and G2 ∼ H−∞. By

Theorem 3.22 and the distribution map in Figure A.7c, (x, y) is a point of the

C\R-characteristic region of (7.6) if, and only if, x ≤ 0 and (x, y) ∈ ∨(G).

If σ < 0, since f(−λ|x, y, σ, n) = −(λn + xλn + (−y)eσλ), then (x, y) ∈ Ω1(σ, n)

if, and only if, (x,−y) ∈ Ω1(−σ, n). Hence this case can also be handled.



January 12, 2009 14:53 World Scientific Book - 9.75in x 6.5in ws-book975x65

164 Dual Sets of Envelopes and Characteristic Regions of Quasi-Polynomials

Theorem 7.4. Let n ≥ 2 be an even integer (and σ 6= 0). Then (x, y) ∈ Ω1(σ, n)

if, and only if, x ≥ 0 and y > 0 (see Figure 7.4).

Proof. First, we assume σ > 0. The proof is similar to that of Theorem 7.3 and

hence will be sketched. The parametric functions, the straight lines Lλ, the families

Φ(−∞,0) and Φ(0,+∞), the regions C\(−∞, 0)- and C\(0,∞)-characteristic regions

and the envelopes G1 and G2 are the same as in the proof of Theorem 7.3.

By similar reasoning in the proof of Theorem 7.3, we see that the envelope

G1 is made up of two pieces G
(1)
1 and G

(2)
1 which correspond to the case where

λ ∈ (−∞,−(n + 1)/σ) and where λ ∈ [−(n + 1)/σ, 0) respectively. G
(1)
1 is the

graph of a function y = G
(1)
1 (x) which is strictly decreasing, strictly convex and

smooth over (0, x(−(n+1)/σ)) such that G
(1)′
1 (0+) = −∞ and G

(2)
1 is the graph of

a function y = G
(2)
1 (x) which is strictly decreasing, strictly concave and smooth over

(−1, x(−(n + 1)/σ)] such that G
(2)
1 (−1+) = 0 and G

(2)′
1 (−1+) = 0. The envelope

G2 which corresponds to the case where λ ∈ (0,+∞), is also the graph of a strictly

decreasing, strictly convex and smooth function y = G2(x) defined on (−∞,−1)

such that G2(−1−) = 0, G′
2(−1−) = 0 and G2 ∼ H−∞. The C\R-characteristic

region of (7.6) is the intersection of the dual sets of order 0 of G
(1)
1 , G

(2)
1 and G2.

In view of the distribution map in Figure A.20c, (x, y) is a point of it if, and only

if, x ≥ 0 and y > 0.

If σ < 0, since f(−λ|x, y, σ, n) = λn + (xλn + y)eσλ, then Ω1(σ, n) = Ω1(−σ, n).

Hence this case can also be handled.

Fig. 7.4

Theorem 7.5. Let n ≥ 3 be an odd integer (and τ 6= 0). Let the parametric curve

G be defined by

x(λ) = − n

n− τλ
eτλ, y(λ) =

τλn+1

n− τλ
(7.9)

over (−∞, n/τ ).
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(1) If τ > 0, (x, y) ∈ Ω2(τ, n) if, and only if, x < 0 and (x, y) ∈ ∨(G) (see Figure

7.5).

(2) If τ < 0, (x, y) ∈ Ω2(τ, n) if, and only if, (x,−y) ∈ Ω2(−τ, n).

Proof. First assume τ > 0. For the sake of simplicity, we also write

f(λ|x, y, σ, n) instead of f2(λ|x, y, σ, n) defined by (7.7). Consider the family

{Lλ| λ ∈ R} of straight lines defined by Lλ : f(λ|x, y, τ, n) = 0 for λ ∈ R. Since

f ′λ(λ|x, y, τ, n) = nλn−1 + (n− τλ)λn−1e−τλx,

the determinant of the linear system f(λ|x, y, τ, n) = f ′λ(λ|x, y, τ, n) = 0 is

D(λ) = −e−τλ(n− τλ)λn−1,

which has the two real roots 0 and n/τ .

Let us set

λ∗ =
n

τ
.

Note that the C\R-characteristic region of f(λ|x, y, τ, n) is the intersection of the

C\(−∞, 0)-, C\(0, λ∗)-,C\(λ∗,∞)-,C\{λ∗}- and C\{0}-characteristic regions of

f(λ|x, y, τ, n). The C\{λ∗}-characteristic region is the set of points that do not lie

on the straight lineLλ∗ , that is, C\Lλ∗ and the C\{0}-characteristic region is the set

of points that do not lie on the straight line L0, that is, C\L0. As for the other two

regions, the C\(−∞, 0)-characteristic region is the dual set of order 0 of the envelope

of the family Φ(−∞,0) = {Lλ|λ ∈ (−∞, 0)}, the C\(0, λ∗)-characteristic region is

the dual set of order 0 of the envelope of the family Φ(0,λ∗) = {Lλ|λ ∈ (0, λ∗)}, and

the C\(λ∗,∞)-characteristic region is the dual set of order 0 of the envelope of the

family Φ(λ∗,∞) = {Lλ|λ ∈ (λ∗,∞)}.
By Theorem 2.3, the envelope G1 of the family Φ(−∞,0) is described by the

parametric functions (7.9) for λ ∈ (−∞, 0), while the envelope G2 of the family

Φ(0,λ∗) by the same parametric functions but for (0, λ∗), and the envelope G3 of the

family Φ(λ∗,∞) is described by the same parametric functions but for λ ∈ (λ∗,∞).

We have

(x(−∞), y(−∞)) = (0,+∞), (x(+∞), y(+∞)) = (+∞,−∞),

(x((n/τ )+), y((n/τ )+) = (+∞,−∞),

(x((n/τ )−), y((n/τ )−) = (−∞,+∞),

lim
λ→0

(x(λ), y(λ))(−1, 0),

x′(λ) = − nτeτλ

[−τλ + n]2
h(λ),
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and

y′(λ) =
nτλn

[−τλ+ n]2
h(λ),

where

h(λ) = −τλ + (n + 1), λ ∈ R\{λ∗, 0}.

The function h(λ) has a unique real root (n + 1)/τ. Note that −∞ < 0 < λ∗ <

(n+ 1)/τ. Thus,

dy

dx
= −λne−τλ

and

d2y

dx2
=

1

τ
λn−1e−2τt (−τλ + n)3

h(λ)

for λ ∈ R\{λ∗, 0, (n+ 1)/τ}.
The envelope G1, which corresponds to the case where λ ∈ (−∞, 0), is also the

graph of a strictly increasing, strictly convex and smooth function y = G1(x) defined

on (−1, 0) such that G1(−1+) = 0, G′
1(−1+) = 0 and G1 ∼ H0− . The envelope G2,

which corresponds to the case where λ ∈ (0, λ∗), is also the graph of a strictly

decreasing, strictly convex and smooth function y = G2(x) defined on (−∞,−1)

such that G1(−1−) = 0 and G′
1(−1−) = 0. The envelopeG3 is made up of two pieces

G
(1)
3 and G

(2)
3 which correspond to the cases where λ ∈ (λ∗, (n + 1)/τ ) and where

λ ∈ [(n + 1)/τ,∞) respectively. G
(1)
3 is the graph of a function y = G

(1)
3 (x) which

is strictly decreasing, strictly concave and smooth over (x((n+ 1)/τ ),∞) and G
(2)
3

is the graph of a function y = G
(2)
3 (x) which is strictly decreasing, strictly convex

and smooth over (x((n+1)/τ ),∞) such that G
(2)
3 (+∞) = −∞ and G

(2)′
3 (+∞) = 0.

By Lemma 3.5, we see further that G
(2)
3 ∼ H+∞. See Figure 7.5.

Fig. 7.5
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By Lemma 3.2, Lλ∗ is the asymptote of G2 and G
(1)
3 . This asymptote intercepts

the x-axis at the point −eτλ∗

which is strictly less than −1. In view of the distribu-

tion map in Figure A.18c, the dual sets of order 0 of the envelope G1, G2, G
(1)
3 and

G
(2)
3 are easily obtained. The intersection of these dual sets, C\Lλ∗ and C\L0, in

view of Theorem 3.22, then yields the desired characteristic region which is made

up of (x, y) that satisfies x < 0 and (x, y) ∈ ∨(G) = ∨(G1) ⊕ ∨(G2) ⊕∨(Θ0).

If τ < 0, since f(−λ|x, y, τ, n) = −(λn + (−y) + xλneτλ), then (x, y) ∈ Ω2(τ, n)

if, and only if, (x,−y) ∈ Ω2(−τ, n). This case can then be handled by the first.

Theorem 7.6. Assume n ≥ 2 is an even integer and τ 6= 0. Then (x, y) ∈ Ω2(τ, n)

if, and only if, x ≥ 0 and y > 0 (see Figure 7.6).

Proof. First, we assume τ > 0. The proof is similar to that of Theorem 7.5

and hence will be sketched. The parametric functions, the number λ∗, the straight

lines Lλ, the families Φ(−∞,0), Φ(0,λ∗) and Φ(λ∗,∞), the C\(−∞, 0)-, C\(0, λ∗)-,
C\(λ∗,∞)-characteristic regions and the envelopes G1, G2 and G3 are the same as

in the proof of Theorem 7.5.

We have

(x(−∞), y(−∞)) = (0,−∞), (x(+∞), y(+∞)) = (+∞,−∞),

(x((n/τ )+), y((n/τ )+) = (+∞,−∞),

(x((n/τ )−), y((n/τ )−) = (−∞,+∞),

lim
λ→0

(x(λ), y(λ)) = (−1, 0),

x′(λ) = − nτeτλ

[−τλ + n]2
h(λ),

and

y′(λ) =
nτλn

[−τλ+ n]2
h(λ)

where

h(λ) = −τλ + (n + 1), λ ∈ R\{λ∗, 0}.
The function h(λ) has a unique real root (n + 1)/τ. Note that −∞ < 0 < λ∗ <

(n+ 1)/τ. Thus,

dy

dx
= −λne−τλ

and

d2y

dx2
=

1

τ
λn−1e−2τt (−τλ + n)3

h(λ)
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for λ ∈ R\{λ∗, 0, (n+ 1)/τ}.
The envelope G1, which corresponds to the case where λ ∈ (−∞, 0), is also

the graph of a strictly decreasing, strictly concave and smooth function y = G1(x)

defined on (−1, 0) such that G1(−1+) = 0, G′
1(−1+) = 0 and G1 ∼ H0− . The

envelope G2, which corresponds to the case where λ ∈ (0, λ∗), is also the graph

of a strictly decreasing, strictly convex and smooth function y = G2(x) defined

on (−∞,−1) such that G2(−1−) = 0 and G′
2(−1−) = 0. The envelope G3 is

made up of two pieces G
(1)
3 and G

(2)
3 which correspond to the cases where λ ∈

(λ∗, (n + 1)/τ ) and where λ ∈ [(n + 1)/τ,∞) respectively. G
(1)
3 is the graph of

a function y = G
(1)
3 (x) which is strictly decreasing, strictly concave and smooth

over (x((n + 1)/τ ),∞) and G
(2)
3 is the graph of a function y = G

(2)
3 (x) which is

strictly decreasing, strictly convex and smooth over (x((n + 1)/τ ),∞) such that

G
(2)
3 (+∞) = −∞ and G

(2)′
3 (+∞) = 0. By Lemma 3.5, we see further that G

(2)
3 ∼

H+∞. See Figure 7.6.

Fig. 7.6

By Lemma 3.2, Lλ∗ is the asymptote of G2 and G
(1)
3 . This asymptote intercepts

the x-axis at the point −eτλ∗

which is strictly less than −1. In view of the distri-

bution map in Figure A.30c, the dual sets of order 0 of the envelope G1, G2, G
(1)
3

and G
(2)
3 are easily obtained. The intersection of these dual sets, C\Lλ∗ and C\L0

then yields the desired characteristic region which is made up of (x, y) that satisfies

x ≥ 0 and y > 0.

Finally, if τ < 0, since f(−λ|x, y, τ, n) = λn + y + xλneτλ, then Ω2(τ, n) =

Ω2(−τ, n). This case can then be handled by the first.

Corollary 7.1. Let n ≥ 2 be an integer. Let f(λ|y, σ, n) = λn + ye−σλ where

y, σ ∈ R and σ 6= 0. Then all roots of f(λ|y, σ, n) are not real if, and only if, y > K

where K is equal to 0 if n is even and is equal to nn/σnen if n is odd.
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7.2 ∇-Polynomials Involving Two Powers

There are good reasons to study ∇-polynomials of the form

f0(λ) + e−τλf1(λ) + e−σλf2(λ) (7.10)

involving two powers. For instance, if we consider exponential functions of the form
{

eλt
}

as solutions of the differential equation

x′(t) + px(t− τ ) + qx(t− σ) = 0, t ∈ R

where p, q ∈ R and τ, σ ∈ Z, then we are led to the quasi-polynomial

F (λ) = λ+ λ−τλp+ λ−σλq.

The C\R-characteristic region of the ∇-polynomial (7.10) is difficult to find.

Therefore we will restrict ourselves to the case where the degrees of f0 and f1 are

less than or equal to 1, and the degree of f2 to 0:

F (λ) = aλ+ b+ λ−τλ(pλ + q) + λ−σλr,

where a, b, p, q, r ∈ R, and τ, σ are distinct and nonzero real numbers (if τ = σ or

τσ = 0, the resulting ∇-polynomial can be handled by considering ∇-polynomials

involving only one power). In addition, we also consider the special case

λn + aλne−τλ + be−σλ

where a, b ∈ R, n is a positive integer, and τ, σ are distinct nonzero real numbers.

7.2.1 ∇(0, 0, 0)-Polynomials

A ∇(0, 0, 0)-polynomial is of the form

F (λ) = −a+ e−τλx+ e−σλy

where a, x, y ∈ R and τ, σ are distinct nonzero real numbers. If a = 0, then

F (λ) = e−τλ(x + e(τ−σ)λy). The corresponding C\R-characteristic region is equal

to that of the ∇(0, 0)-polynomial x + e(τ−σ)λy. If a 6= 0, by dividing F (λ) by a if

necessary, we may then assume without loss of generality that our ∇-polynomial is

of the form

f(λ|x, y, τ, σ) = −1 + e−τλx+ e−σλy, (7.11)

where x, y ∈ R and τ, σ are distinct nonzero real numbers.

For fixed and distinct τ, σ ∈ R\{0}, let Ω(τ, σ) be the C\R-characteristic region

of the ∇-polynomial f(λ|x, y, τ, σ) in (7.11). That is,

Ω(τ, σ) = {(x, y) ∈ R2 : f(λ|x, y, τ, σ) has no real roots}. (7.12)
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7.2.1.1 The Case τσ > 0

Suppose τσ > 0 in (7.11). If τ, σ > 0, then we may assume without loss of generality

that τ > σ > 0. If τ, σ < 0, then we may assume without loss of generality that

τ < σ < 0.

Theorem 7.7. Suppose τ and σ are distinct nonzero real numbers. Let

f(λ|x, y, τ, σ) and Ω(τ, σ) be defined by (7.11) and (7.12) respectively. Then

(1) If τ < σ < 0, then (x, y) ∈ Ω(τ, σ) if, and only if, x = 0 and y ≤ 0, or, x < 0

and

y <
τ

σσ/τ
(τ − σ)σ/τ−1 (−x)σ/τ .

(2) For τ > σ > 0, (x, y) ∈ Ω(τ, σ) if, and only if, (x, y) ∈ Ω(−τ,−σ).

Proof. Assume τ < σ < 0. Consider the family {Lλ| λ ∈ R} of straight lines

defined by Lλ : f(λ|x, y, τ, σ) = 0 where λ ∈ R. Since

f ′λ(λ|x, y, τ, σ) = −τe−(τ+1)λx− σe−(σ+1)λy,

the determinant of the linear system f(λ|x, y, τ, σ) = 0 = f ′λ(λ|x, y, τ, σ) is (τ −
σ)e−(σ+τ+1)λ which does not vanish for λ ∈ R. By Theorem 2.6, Ω(τ, σ) is just the

dual set of order 0 of the envelope G of the family {Lλ| λ ∈ R}. By Theorem 2.3,

the parametric functions of G are given by

x(λ) =
σ

σ − τ
eτλ, y(λ) =

−τ
σ − τ

eσλ, λ ∈ R.

Thus G is the graph of the function y = G(x) defined by

y < −τ (σ − τ )σ/τ−1
(x

σ

)σ/τ

, x < 0.

Fig. 7.7
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By computing G′ and G′′, we may easily see that G is strictly decreasing, strictly

concave and smooth on (−∞, 0) such that G(−∞) = ∞, G′(−∞) = 0, G(0−) = 0

and G′(0−) = −∞. See Figure 7.7. In view of the distribution map in Figure 3.12,

(x, y) is a dual point of G if, and only if, x = 0 and y ≤ 0, or x < 0 and y < G(x).

In case τ > σ > 0, note that f(λ|x, y, τ, σ) = f(−λ|x, y,−τ,−σ). Thus (x, y) ∈
Ω(τ, σ) if, and only if, (x, y) ∈ Ω(−τ,−σ). This case may then be handled by the

first. The proof is complete.

7.2.1.2 The Case τσ < 0

Suppose τσ < 0 in (7.11). In this case, we may assume without loss of generality

that τ > 0 and σ < 0 and consider the equivalent polynomial

f(λ|x, y, τ, σ) = −eτλ + x+ e(τ−σ)λy. (7.13)

Theorem 7.8. Suppose τ > 0 and σ < 0. Then (x, y) is in the C\R-characteristic

region Ω(τ, σ) of (7.13) if, and only if, x ≤ 0 and y ≤ 0, or x > 0 and

y >
τ

τ + σ

(

σ

τ + σ

)σ/τ
1

xσ/τ
.

Proof. Consider the family {Lλ| λ ∈ R} of straight lines defined by Lλ :

f(λ|x, y, τ, σ) = 0 where λ ∈ R. Since

f ′λ(λ|x, y, τ, σ) = −τe(τ−1)λ + (τ − σ)e(τ−σ−1)λy,

the determinant of the linear system f(λ|x, y, τ, σ) = 0 = f ′λ(λ|x, y, τ, σ) is (τ −
σ)e(τ−σ−1)λ which does not vanish for λ ∈ R. By Theorem 2.6, Ω(τ, σ) is just the

dual set of order 0 of the envelope G of the family {Lλ| λ ∈ R}. By Theorem 2.3,

the parametric functions of G are given by

x(λ) =
−σ
τ − σ

eτλ, y(λ) =
τ

τ − σ
eσλ, λ ∈ R.

Thus G is the graph of the function y = G(x) defined by

G(x) =
τ

τ − σ

( −σ
τ − σ

)−σ/τ
1

x−σ/τ
, x > 0.

By computing G′ and G′′, we may easily see that G(x) is strictly decreasing,

strictly convex and smooth on (0,∞) such that G(0+) = ∞, G′(0+) = −∞, G(∞) =

0 and G′(+∞) = 0. See Figure 7.8. In view of the distribution map in Figure 3.13,

(x, y) is a dual point of G if, and only if, x ≤ 0 and y ≤ 0, or x > 0 and y > G(x).

The proof is complete.



January 12, 2009 14:53 World Scientific Book - 9.75in x 6.5in ws-book975x65

172 Dual Sets of Envelopes and Characteristic Regions of Quasi-Polynomials

Fig. 7.8

7.2.2 ∇(1, 0, 0)-Polynomials

The general ∇(1, 0, 0)-polynomial is of the form

g(λ) = aλ+ b+ e−τλp+ e−σλq,

where a, b, p, q ∈ R and τ, σ are distinct nonzero real numbers. If a = 0, the above

function is a ∇(0, 0, 0)-polynomial. If a 6= 0, we divide g(λ) by a to yield

λ +
b

a
+ e−τλ

p

a
+ e−σλ

q

a
which can be written as

λ + ã+ e−τλp̃ + e−σλq̃.

Therefore we only need to find the C\R-characteristic regions for ∇-polynomials

of the form

f(λ|x, y, a, τ, σ) = λ + a+ e−τλx+ e−σλy. (7.14)

where in (7.14), a, x, y ∈ R and τ, σ are distinct nonzero real numbers.

For fixed a ∈ R and distinct τ, σ ∈ R\{0}, let Ω(a, τ, σ) be the C\R-

characteristic regions of the ∇-polynomial f(λ|x, y, a, τ, σ) in (7.14). That is,

Ω(a, τ, σ) = {(x, y) ∈ R2 : f(λ|x, y, a, τ, σ) has no real roots}. (7.15)

7.2.2.1 The Case τσ > 0

Suppose τσ > 0. If τ, σ > 0, then we may assume without loss of generality that

σ > τ > 0. If τ, σ < 0, then we may assume without loss of generality that σ < τ < 0.

Theorem 7.9. . Suppose τ and σ are distinct nonzero real and a ∈ R. Let

f(λ|x, y, a, τ, σ) and Ω(a, τ, σ) be defined by (7.11) and (7.15) respectively. Let the

parametric curve G (see Figure 7.9) be defined by

x(λ) =
−eτλ
σ − τ

(1 + σλ+ aσ), y(λ) =
eσλ

σ − τ
(1 + τλ+ aτ), λ ∈ [−1/τ − a,∞).

The following results hold:



January 12, 2009 14:53 World Scientific Book - 9.75in x 6.5in ws-book975x65

C\R-Characteristic Regions of ∇-Polynomials 173

(1) If 0 < τ < σ, then (x, y) ∈ Ω(a, τ, σ) if, and only if (x, y) lies strictly above G

when x ≤ x(−1/τ − a), or lies on or above the x-axis when x > x(−1/τ − a).

(2) If 0 > τ > σ, then (x, y) ∈ Ω(a, τ, σ) if, and only if, (−x,−y) ∈ Ω(−a,−τ,−σ).

Proof. Assume 0 < τ < σ. Consider the family {Lλ| λ ∈ R} of straight lines

defined by Lλ : f(λ|x, y, a, τ, σ) = 0 where λ ∈ R. Since

f ′λ(λ|x, y, a, τ, σ) = 1 − τe−τλx− σe−σλy,

the determinant of the linear system f(λ|x, y, a, τ, σ) = f ′λ(λ|x, y, a, τ, σ) = 0 is

(σ − τ )e−(τ+σ)λ which does not vanish for λ ∈ R. By Theorem 2.6, Ω(a, τ, σ) is

just the dual set of order 0 of the envelope G of the family {Lλ| λ ∈ R} . We solve

f(λ|x, y, a, τ, σ) = f ′λ(λ|x, y, a, τ, σ) = 0 for x and y to yield the parametric functions

x(λ) =
−eτλ
σ − τ

(1 + σλ + aσ), y(λ) =
eσλ

σ − τ
(1 + τλ + aτ), λ ∈ R.

We have

(x(−∞), y(−∞)) = (0, 0) and (x(+∞), y(+∞)) = (−∞,+∞),

x′(λ) = − eτλ

σ − τ
h(λ) and y′(λ) =

eσt

σ − τ
h(λ),

where

h(λ) = στ (λ+ a) + σ + τ, λ ∈ R.

So h(λ) has a unique real root λ∗ = −a − 1/τ − 1/σ. Furthermore, x(λ) is strictly

increasing on (−∞, λ∗) and strictly decreasing on (λ∗,+∞). Thus,

dy

dx
(λ) = −e(σ−τ)λ < 0,

d2y

dx2
(λ) = e(σ−2τ)λ (σ − τ )2

h(λ)
, λ ∈ R\{λ∗}.

Fig. 7.9
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As in Example 2.2, the envelope (see Figure 7.9) is composed of two pieces G1

and G2 and one turning point (x(λ∗), y(λ∗)). The first piece G1 corresponds to

the case where λ ∈ (−∞, λ∗) and the second G2 to the case where λ ∈ [λ∗,+∞).

Furthermore, G1 is the graph of a function y = G1(x) which is strictly decreasing,

strictly concave, and smooth over (0, x(λ∗)) such that G1(0
+) = 0 and G′

1(0
+) =

−1; and G2 is the graph of a function y = G2(x) which is strictly decreasing,

strictly convex, and smooth over (−∞, x(λ∗)] such that G2 ∼ H−∞. In view of the

distribution map in Figure A.3, the dual set of order 0 of G is the set of points (x, y)

that lies in the set ∨(G2) ⊕∨(Θ0). Since x(λ) has a unique real root −1/τ − a and

G1 is strictly decreasing, then y(−1/τ − a) < 0, and (x, y) ∈ ∨(G2)⊕∨(Θ0) if, and

only if, (x, y) lies strictly above G2 when x ≤ x(−1/τ − a), or lies on or above the

x-axis when x > x(−1/τ − a).

Since f(λ|x, y, a, τ, σ) = −f(−λ| − x,−y,−a,−τ,−σ), we see that (x, y) ∈
Ω(a, τ, σ) if, and only if, (−x,−y) ∈ Ω(−a,−τ,−σ). The second case 0 > τ > σ can

then be handled by means of the first. The proof is complete.

7.2.2.2 The Case τσ < 0

In this case, we may assume without loss of generality that τ > 0 and σ < 0. We

consider the following equivalent polynomial

f(λ|x, y, a, τ, σ) = λ + a+ e−τλx+ eσλy (7.16)

where a, x, y ∈ R and τ, σ > 0.

Theorem 7.10. Let τ, σ > 0 and a, x, y ∈ R. Let the parametric curve G (see

Figure 7.10) be defined by

x(λ) =
eτλ

σ + τ
(1 − σλ − aσ), y(λ) =

−e−σλ
σ + τ

(1 + τλ+ aτ), λ ∈ R.

Then the C\R-characteristic regions Ω(a, τ, σ) of (7.16) is the set of points (x, y)

that lies strictly above G when 0 < x ≤ x(−1/τ − a.), or lies on or above the x-axis

when x > x(−1/τ − a), or lies strictly below G when x ≤ 0.

Proof. Consider the family {Lλ| λ ∈ R} of straight lines defined by Lλ :

f(λ|x, y) = 0 where λ ∈ R. Since

f ′λ(λ|x, y, a, τ, σ) = 1 − τe−τλx+ σeσλy,

the determinant of the linear system f(λ|x, y, a, τ, σ) = f ′λ(λ|x, y, a, τ, σ) = 0 is

(σ + τ )e(σ−τ)λ which does not vanish for λ ∈ R. By Theorem 2.6, Ω(a, τ, σ) is just

the dual set of order 0 of the envelope G of the family {Lλ| λ ∈ R} . We solve from

the linear system for x and y to yield the parametric functions

x(λ) =
eτλ

σ + τ
(1 − σλ − aσ), y(λ) =

−e−σλ
σ + τ

(1 + τλ+ aτ), λ ∈ R.
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We have

(x(−∞), y(−∞)) = (0,+∞) and (x(+∞), y(+∞)) = (−∞, 0),

x′(λ) =
eτλ

σ + τ
h(λ) and y′(λ) = − e−σ

σ + τ
h(λ),

where

h(λ) = −στ (λ + a) − σ + τ, λ ∈ R.

So x′(λ) and y′(λ) have the unique real root λ∗ = −a − 1/τ + 1/σ. Furthermore,

x(λ) is strictly increasing on (−∞, λ∗) and strictly decreasing on (λ∗,+∞). Thus,

dy

dx
(λ) = −e−(σ+τ)λ < 0 and

d2y

dx2
(λ) = e−(σ+2τ)λ (σ + τ )2

h(λ)
for λ ∈ R\{λ∗}.

As in Example 2.2, the envelope is composed of two pieces G1 and G2 and one

turning point (x(λ∗), y(λ∗)).

Fig. 7.10

The first piece G1 corresponds to the case where λ ∈ (−∞, λ∗) and the second

G2 to the case where λ ∈ [λ∗,+∞). Furthermore, G1 is the graph of a function

y = G1(x) which is strictly decreasing, strictly convex, and smooth over (0, x(λ∗))

such that G1 ∼ H0+ ; and G2 is the graph of a function y = G2(x) which is strictly

decreasing, strictly concave, and smooth over (−∞, x(λ∗)] such that G′
2(∞) = 0. In

view of the distribution map in Figure A.2, the dual set of order 0 of G is the set of

points (x, y) that lies in the set ∧(G2χ(−∞,0])∪ (∧(G1) ⊕ ∧(Θ0)) . Since x(λ) has a

unique real root 1/σ − a, we see that (x, y) ∈ ∧(G2χ(−∞,0]) ∪ (∧(G1) ⊕∧(Θ0)) if,

and only if, (x, y) lies strictly above G1 when 0 < x ≤ x(−1/τ − a.), or lies on or

above the x-axis when x > x(−1/τ − a), or lies strictly below G2 when x ≤ 0.
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7.2.3 ∇(1, 1, 0)-Polynomials

The general ∇(1, 1, 0)-polynomial is

F (λ) = aλ + b+ e−τλ(cλ + x) + e−σλy

where a, b, c, x, y ∈ R and τ, σ are distinct nonzero real numbers. If a = 0 and

c 6= 0, then F (λ) is the product of e−τλ and

beτλ + cλ + x+ e−σλ+τλy,

and the latter function is a ∇(1, 0, 0)-polynomial. If a 6= 0 and c = 0, then F (λ) is

a ∇(1, 0, 0)-polynomial as well. Therefore, we may assume that ac 6= 0.

Since a 6= 0, by dividing F (λ) by a if necessary, we may then assume without

loss of generality that our ∇-polynomial is of the form

f(λ|x, y, a, b, τ, σ) = λ+ b+ e−τλ(aλ+ x) + e−σλy (7.17)

where a, b, x, y, τ, σ ∈ R, a 6= 0 and τ, σ are distinct nonzero real numbers.

There are five cases: (1) τ > 0, σ > 0; (2) τ > 0, σ < 0; (3) τ < 0, σ > 0; (4)

τ < 0, σ < 0 and τ > σ; and (5) τ < 0, σ < 0 and τ < σ.

In Case 2,

f(λ|x, y, a, b, τ, σ) = λ+ b+ e−τλ(aλ+ x) + eσλy (7.18)

where a, b, x, y ∈ R, a 6= 0, τ > 0 and σ = −σ > 0.

In Cases 3, 4 and 5,

f(λ|x, y, a, b, τ, σ) = e−τλ
{

(aλ + x) + eτλ(λ + b) + e(τ−σ)λy
}

= ae−τλ
{

λ +
x

a
+ eτλ

(

λ

a
+
b

a

)

+ e(τ−σ)λ y

a

}

.

The function in the bracket is either of the form (7.17) or of the form (7.18).

In summary, we only need to consider the Case 1 and Case 2.

7.2.3.1 The Case τ, σ > 0 and τ > σ.

We consider the equation (7.17) where τ > σ > 0. Consider the family {Lλ| λ ∈ R}
of straight lines defined by Lλ : f(λ|x, y, a, b, τ, σ) = 0 where λ ∈ R. Since

f ′λ(λ|x, y, , a, b, τ, σ) = 1 + ae−τλ − τaλe−τλ − τxe−τλ − σye−σλ,

the determinant of the linear system f(λ|x, y, a, b, τ, σ) = f ′λ(λ|x, y, a, b, τ, σ) = 0

is (−σ + τ )e−(σ+τ)λ which does not vanish for λ ∈ R. By Theorem 2.6, the C\R-

characteristic region Ω is just the dual set of order 0 of the envelope G of the family

{Lλ| λ ∈ R} . We solve from the linear system for x and y to yield the parametric

functions

x(λ) = eτλ

τ−σ

{

1 + (λ + b)σ + ae−τλ(1 − (τ − σ)λ)
}

,

y(λ) = −eσλ

τ−σ

{

1 + (λ + b)τ + ae−τλ
}

,
(7.19)
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for λ ∈ R. We have

(x(+∞), y(+∞)) = (+∞,−∞),

x′(λ) =
στeτλ

(τ − σ)
h(λ), y′(λ) =

−στeσλ
(τ − σ)

h(λ),

where

h(λ) = λ + b+
1

τ
+

1

σ
− ae−τλ

τ − σ

στ
, λ ∈ R. (7.20)

Theorem 7.11. Let b ∈ R, τ > σ > 0, a ≤ −σ
τ−σ

e
−τ

σ
−bτ−2 and the curve G be

defined by the parametric functions (7.19) where λ ∈ R. Then G is the graph of

a function y = G(x) defined on R and (x, y) is a point of the C\R-characteristic

region of (7.17) if, and only if, (x, y) is strictly above G.

Proof. Let G be defined by (7.19). We have

(x(−∞), y(−∞)) = (−∞,+∞).

The function in (7.20) satisfies h′(λ) = 1 + ae−τλ (τ − σ) /σ, and hence h′(λ) has

the unique real root λ = 1
τ ln(−a(τ − σ)/σ). Since

lim
λ→−∞

h(λ) = lim
λ→+∞

h(λ) = +∞,

we see that h(λ) has the minimal value at λ,

h(λ) =
1

τ
ln

(−a(τ − σ)

σ

)

+ b+
2

τ
+

1

σ
> 0,

when a < −σ
τ−σ

e
−τ

σ
−bτ−2 and h(λ) = 0 when a = −σ

τ−σ
e

−τ

σ
−bτ−2. Thus, h(λ) > 0 and

dy

dx
(λ) = −e−(τ−σ)λ < 0 and

d2y

dx2
(λ) = e−(2τ−σ)λ (τ − σ)2

στh(λ)
> 0

for λ ∈ R\{λ}. As in Example 2.2, G is the desired envelope. Furthermore, it is

the graph of a function y = G(x) which is strictly decreasing, strictly convex, and

smooth over R such that G′(+∞) = 0, G ∼ H+∞ and G ∼ H−∞. See Figure 7.11.

In view of the distribution map in Figure 3.20, the dual set of order 0 of G is the

set of points (x, y) that lies strictly above G.

Theorem 7.12. Let b ∈ R, τ > σ > 0 and a > 0. Then the C\R-characteristic

region of (7.17) is empty.

Proof. The functions x(λ) and y(λ) in (7.19) now satisfy

(x(−∞), y(−∞)) = (+∞,−∞).
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Fig. 7.11

Since h′(λ) = 1+ae−τλ (τ − σ) /σ > 0, limλ→−∞ h(λ) = −∞ and limλ→+∞ h(λ) =

+∞, we see that h(λ) has a unique real root α. Thus,

dy

dx
(λ) = −e−(τ−σ)λ < 0 and

d2y

dx2
(λ) = e−(2τ−σ)λ (τ − σ)2

στh(λ)

for λ ∈ R\{α}. The envelope is composed of two pieces G1 and G2 and one turning

point (x(α), y(α)). The first piece G1 corresponds to the case where λ ∈ (−∞, α)

and the second G2 to the case where λ ∈ [α,+∞). Furthermore, G1 is the graph

of a function y = G1(x) which is strictly decreasing, strictly concave, and smooth

over (x(α),+∞) such that G1 ∼ H−∞; and G2 is the graph of a function y = G2(x)

which is strictly decreasing, strictly convex, and smooth over [x(α),+∞) such that

G′
2(+∞) = 0 and G2 ∼ H+∞. See Figure 7.12. By Theorem A.9, the dual set of

order 0 of G is empty.

Fig. 7.12

Theorem 7.13. Let b ∈ R, τ > σ > 0, 0 > a > −σ
τ−σe

−τ

σ
−bτ−2. Then the function

in (7.20) has exactly two real roots α and β such that α < β. Let the curve G be
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defined by the parametric functions in (7.19) where λ ∈ R. Then (x, y) is a point of

the C\R-characteristic region of (7.17) if, and only if, (x, y) ∈ ∨(GχI) ⊕ ∨(GχJ)

where I = (−∞, α] and J = [β,+∞).

Proof. The functions x(λ) and y(λ) in (7.19) now satisfy

(x(−∞), y(−∞)) = (−∞,+∞).

Since h′(λ) = 1 + aτe−τλ (−σ + τ )/στ, h′(λ) has a unique real root λ =
1
τ ln(−a(−σ + τ )/σ). Then h(λ) has the minimal value at λ, and

h(λ) =
1

τ
ln(

a(−σ + τ )

−σ ) + b+
2

τ
− 1

σ
< 0.

Since limλ→−∞ h(λ) = limλ→+∞ h(λ) = +∞, . Thus, h(λ) has exactly two real

roots α and β such that α < β and

dy

dx
(λ) = −e−(−σ+τ)λ < 0 and

d2y

dx2
(λ) = e−(−σ+2τ)λ (−σ + τ )2

στh(λ)

for λ ∈ R\{α, β}. The envelope is composed of three pieces G1, G2 and G3 and

two turning points (x(α), y(α)) and (x(β), y(β)). The first piece G1 corresponds to

the case where λ ∈ (−∞, α], the second G2 to the case where λ ∈ (α, β) and the

third G3 to the case where λ ∈ [β,+∞). Furthermore, G1 is the graph of a function

y = G1(x) which is strictly decreasing, strictly convex, and smooth over (−∞, x(α)]

such that G1 ∼ H−∞; G2 is the graph of a function y = G2(x) which is strictly

decreasing, strictly concave, and smooth over (x(α), x(β)); and G3 is the graph of

a function y = G3(x) which is strictly decreasing, strictly convex, and smooth over

[x(β),+∞) such that G3 ∼ H+∞. See Figure 7.13. In view of the distribution map

in Figure A.14, the dual set of order 0 of G is the set of points (x, y) that lies in the

set ∨(G1) ⊕ ∨(G3).

Fig. 7.13
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7.2.3.2 The Case τ > 0, σ > 0 and τ < σ.

We consider the function (7.17) where τ > 0, σ > 0 and σ > τ . Consider the family

{Lλ| λ ∈ R} of straight lines defined by Lλ : f(λ|x, y, a, b, τ, σ) = 0 where λ ∈ R.

Since

f ′λ(λ|x, y, a, b, τ, σ) = 1 + ae−τλ − τaλe−τλ − τxe−τλ − σye−σλ,

the determinant of the linear system f(λ|x, y, a, b, τ, σ) = f ′λ(λ|x, y, a, b, τ, σ) = 0

is (τ − σ)e−(σ+τ)λ which does not vanish for λ ∈ R. By Theorem 2.6, the C\R-

characteristic region Ω is just the dual set of order 0 of the envelope G of the family

{Lλ| λ ∈ R} . We solve from the linear system for x and y to yield the parametric

functions

x(λ) = −eτλ

σ−τ

{

1 + (λ+ b)σ + ae−τλ(1 + (σ − τ )λ)
}

,

y(λ) = eσλ

σ−τ

{

1 + (λ + b)τ + ae−τλ
}

,
(7.21)

for λ ∈ R. We have

(x(+∞), y(+∞)) = (−∞,+∞)

x′(λ) = −στe
τλ

σ − τ
h(λ) and y′(λ) =

στeσλ

σ − τ
h(λ),

where

h(λ) = λ + b+
1

τ
+

1

σ
+ ae−τλ

σ − τ

στ
, λ ∈ R. (7.22)

Theorem 7.14. Let b ∈ R, σ > τ > 0 and a ≥ σ
σ−τ

e
−τ

σ
−bτ−2. Let the curve G

be defined by the parametric functions (7.21) where λ ∈ R. Then G is the graph of

a function y = G(x) defined on R and (x, y) is a point of the C\R-characteristic

region of (7.17) if, and only if, (x, y) is strictly above the graph G.

Proof. Let G be defined by (7.21) where λ ∈ R. We have

(x(−∞), y(−∞)) = (+∞, 0).

Since the function in (7.22) satisfies h′(λ) = 1 − ae−τλ (σ − τ ) /σ, h′(λ) has the

unique real root λ = 1
τ

ln(a(σ − τ )/σ). Since

lim
λ→−∞

h(λ) = lim
λ→+∞

h(λ) = +∞,

then h(λ) has the minimal value at λ, and

h(λ) =
1

τ
ln(

a(σ − τ )

σ
) + b+

2

τ
+

1

σ
> 0

when a > σ
σ−τ

e
−τ

σ
−bτ−2, and h(λ) = 0 when a = σ

σ−τ
e

−τ

σ
−bτ−2. Thus, h(λ) > 0

and

dy

dx
(λ) = −e(σ−τ)λ < 0 and

d2y

dx2
(λ) = e−(2τ−σ)λ (σ − τ )2

στh(λ)
> 0
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Fig. 7.14

for λ ∈ R\{λ}. As in Example 2.2, G is the desired envelope. Furthermore, it is

the graph of a function y = G(x) which is strictly decreasing, strictly convex, and

smooth over R such that G′(+∞) = 0 and G ∼ H−∞. See Figure 7.14. In view of

the distribution map in Figure 3.19, the dual set of order 0 of G is the set of points

strictly above G.

Theorem 7.15. Let b ∈ R, σ > τ > 0 and a < 0. Then the function h(λ) defined

by (7.22) has a unique real root α. Let the curve S be defined by the parametric func-

tions (7.21) where λ ∈ (α,+∞). Then (x, y) is a point of the C\R-characteristic

region of (7.17) if, and only if, (x, y) ∈ ∨(S) ⊕∨(Θ0).

Fig. 7.15

Proof. Let the curve G be defined by the parametric functions (7.21) where

λ ∈ (−∞,+∞). We have

(x(−∞), y(−∞)) = (−∞, 0).
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Since the function in (7.22) satisfies h′(λ) = 1 − ae−τλ (σ − τ ) /σ > 0,

limλ→−∞ h(λ) = −∞ and limλ→+∞ h(λ) = +∞, we see that h(λ) has a unique

real root α. Thus,

dy

dx
(λ) = −e(σ−τ)λ < 0 and

d2y

dx2
(λ) = e−(2τ−σ)λ (σ − τ )2

στh(λ)

for λ ∈ R\{α}. The envelope is composed of two pieces G1 and G2 and one turning

point (x(α), y(α)). The first piece G1 corresponds to the case where λ ∈ (−∞, α)

and the second G2 to the case where λ ∈ [α,+∞). Furthermore, G1 is the graph of

a function y = G1(x) which is strictly decreasing, strictly concave, and smooth over

(−∞, x(α)) such that G′
1(−∞) = 0; and G2 is the graph of a function y = G2(x)

which is strictly decreasing, strictly convex, and smooth over (−∞, x(α)] such that

G2 ∼ H+∞. See Figure 7.15. In view of the distribution map in Figure A.8, the

dual set of order 0 of G is (x, y) ∈ ∨(G2) ⊕∨(Θ0).

Theorem 7.16. Let b ∈ R, σ > τ > 0, 0 > a > −σ
τ−σ

e
−τ

σ
−bτ−2. Then the function

h(λ) defined by (7.22) has exactly two real roots α and β such that α < β. Let G be

defined by the parametric functions (7.21) where λ ∈ R. Then (x, y) is a point of

the C\R-characteristic region of (7.17) if, and only if, (x, y) ∈ ∨(GχI) ⊕ ∨(GχJ)

where I = (−∞, α] and J = [β,+∞).

Proof. Let G be defined by the parametric functions (7.21) where λ ∈ R. We

have

(x(−∞), y(−∞)) = (+∞, 0).

Since the function in (7.22) satisfies h′(λ) = 1 − aτe−τλ (σ − τ ) /στ, we see that

h′(λ) has the unique real root λ = 1
τ

ln(a(σ − τ )/σ). Then h(λ) has the minimal

value at λ, and

h(λ) =
1

τ
ln

(

a(σ − τ )

σ

)

+ b +
2

τ
+

1

σ
< 0.

Since limλ→−∞ h(λ) = limλ→+∞ h(λ) = +∞, . Thus, h(λ) has exactly two real

roots α and β such that α < λ < β and

dy

dx
(λ) = −e(σ−τ)λ < 0 and

d2y

dx2
(λ) = e−(2τ−σ)λ (σ − τ )2

στh(λ)

for λ ∈ R\{α, β}. The envelope is composed of three pieces G1, G2 and G3 and

two turning points (x(α), y(α)) and (x(β), y(β)). The first piece G1 corresponds to

the case where λ ∈ (−∞, α], the second G2 to the case where λ ∈ (α, β) and the

third G3 to the case where λ ∈ [β,+∞). Furthermore, G1 is the graph of a function

y = G1(x) which is strictly decreasing, strictly convex, and smooth over [x(α),+∞)

such that G′
1(+∞) = 0; G2 is the graph of a function y = G2(x) which is strictly

decreasing, strictly concave, and smooth over (x(α), x(β)); and G3 is the graph of

a function y = G3(x) which is strictly decreasing, strictly convex, and smooth over

(−∞, x(β)] such that G3 ∼ H−∞. See Figure 7.16. In view of the distribution map

in Figure A.16, the dual set of order 0 of G is the set ∨(G1) ⊕ ∨(G3).



January 12, 2009 14:53 World Scientific Book - 9.75in x 6.5in ws-book975x65

C\R-Characteristic Regions of ∇-Polynomials 183

Fig. 7.16

7.2.3.3 The Case τ > 0, σ < 0.

We consider the function (7.18) where τ > 0 and σ > 0. Consider the family

{Lλ| λ ∈ R} of straight lines defined by Lλ : f(λ|x, y, a, b, τ, σ) = 0 where λ ∈ R.

Since

f ′λ(λ|x, y, a, b, τ, σ) = 1 + ae−τλ − τaλe−τλ − τxe−τλ + σyeσλ,

the determinant of the linear system f(λ|x, y, a, b, τ, σ) = f ′λ(λ|x, y, a, b, τ, σ) = 0

is (σ + τ )e(σ−τ)λ which does not vanish for λ ∈ R. By Theorem 2.6, the C\R-

characteristic region Ω is just the dual set of order 0 of the envelope G of the family

{Lλ| λ ∈ R} . We solve from the linear system for x and y to yield the parametric

functions

x(λ) = eτλ

(σ+τ)

{

1 − (λ + b)σ + ae−τλ(1 − (σ + τ )λ)
}

,

y(λ) = −e−σλ

(σ+τ)

{

1 + (λ + b)τ + ae−τλ
}

,
(7.23)

for λ ∈ R. We have

(x(+∞), y(+∞)) = (−∞, 0−),

x′(λ) = −στe
τλ

σ + τ
h(λ) and y′(λ) =

στe−σλ

σ + τ
h(λ),

where

h(λ) = λ + b+
1

τ
− 1

σ
+ ae−τλ

σ + τ

στ
, λ ∈ R. (7.24)

Theorem 7.17. Let b ∈ R, τ > 0, σ < 0 and a ≥ σ
σ+τ e

τ

σ
−bτ−2. Let the curve G be

defined by the parametric functions (7.23) where λ ∈ R. Then G is also the graph

of a function y = G(x) defined on R and (x, y) is a point of the C\R-characteristic

region of (7.18) if, and only if, (x, y) lies strictly below G.
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Proof. Under our assumptions, we have

(x(−∞), y(−∞)) = (+∞,−∞).

Since the function in (7.24) satisfies h′(λ) = 1 − ae−τλ (σ + τ ) /σ, h′(λ) has the

unique real root λ = 1
τ ln(a(σ + τ )/σ). Since

lim
λ→−∞

h(λ) = lim
λ→+∞

h(λ) = +∞,

we see further that h(λ) has the minimal value at λ. Furthermore,

h(λ) =
1

τ
ln

(

a(σ + τ )

σ

)

+ b+
2

τ
− 1

σ
> 0

when a > σ
(σ+τ) e

τ

σ
−bτ−2 and h(λ) = 0 when a = σ

(σ+τ) e
τ

σ
−bτ−2. Thus, h(λ) > 0

and

dy

dx
(λ) = −e−(σ+τ)λ < 0 and

d2y

dx2
(λ) = −e−(σ+2τ)λ (σ + τ )2

στh(λ)
< 0

for λ ∈ R\{λ}. As in Example 2.2, G is the desired envelope. Furthermore, it is

the graph of a function y = G(x) which is strictly decreasing, strictly concave, and

smooth over R such that G′(−∞) = 0 and G ∼ H+∞. See Figure 7.17. In view of

the distribution map in Figure 3.19, the dual set of order 0 of G is the set of points

strictly below G.

Fig. 7.17

Theorem 7.18. Let b ∈ R, τ > 0, σ < 0 and a ≤ 0. Then the function in (7.24)

has a unique real root α. Let the curve S be defined by the parametric functions

(7.23) where λ ∈ (−∞, α). Then (x, y) is a point of the C\R-characteristic region

of (7.18) if, and only if, (x, y) ∈ ∨(S) ⊕∨(Θ0).

Proof. Under our assumptions, we have

(x(−∞), y(−∞)) = (−∞,+∞).
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Since h′(λ) = 1−ae−τλ (σ + τ ) /σ > 0, limλ→−∞ h(λ) = −∞ and limλ→+∞ h(λ) =

+∞, then h(λ) has a unique real root α. Thus,

dy

dx
(λ) = −e−(σ+τ)λ < 0 and

d2y

dx2
(λ) = −e−(σ+2τ)λ (σ + τ )2

στh(λ)

for λ ∈ R\{α}.The envelopeG is composed of two piecesG1 andG2 and one turning

point (x(α), y(α)). The first piece G1 corresponds to the case where λ ∈ (−∞, α)

and the second G2 to the case where λ ∈ [α,+∞). Furthermore, G1 is the graph of

a function y = G1(x) which is strictly decreasing, strictly convex, and smooth over

(−∞, x(α)) such that G1 ∼ H−∞; and G2 is the graph of a function y = G2(x)

which is strictly decreasing, strictly concave, and smooth over (−∞, x(α)] such that

G′
2(−∞) = 0. See Figure 7.18. In view of the distribution map in Figure A.8, the

dual set of order 0 of G is the set ∨(G1) ⊕∨(Θ0).

Fig. 7.18

Theorem 7.19. Let b ∈ R, τ > 0, σ < 0 and 0 < a < σ
σ+τ e

τ

σ
−bτ−2. Then the

function in (7.24) has two real roots α and β such that α < β. Let the curve G be

defined by the parametric functions (7.23) where λ ∈ R. Then (x, y) is a point of

the C\R-characteristic region of (7.18) if, and only if, (x, y) ∈ ∧(GχI) ⊕ ∧(GχJ)

where I = (−∞, α] and J = [β,+∞).

Proof. Under our assumptions, we have

(x(−∞), y(−∞)) = (+∞,−∞).

Since h′(λ) = 1 − ae−τλ (σ + τ ) /σ, h′(λ) has the unique real root λ = 1
τ ln(a(σ +

τ )/σ). Then h(λ) has the minimal value at λ, and

h(λ) =
1

τ
ln(

a(σ + τ )

σ
) + b+

2

τ
− 1

σ
< 0.
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Since limλ→−∞ h(λ) = limλ→+∞ h(λ) = +∞, h(λ) has two real roots α and β such

that α < λ < β and

dy

dx
(λ) = −e−(σ+τ)λ < 0,

d2y

dx2
(λ) = −e−(σ+2τ)λ (σ + τ )2

στh(λ)

for λ ∈ R\{α, β}. The envelope is composed of three pieces G1, G2 and G3 and

two turning points (x(α), y(α)) and (x(β), y(β)). The first piece G1 corresponds to

the case where λ ∈ (−∞, α], the second G2 to the case where λ ∈ (α, β) and the

third G3 to the case where λ ∈ [β,+∞). Furthermore, G1 is the graph of a function

y = G1(x) which is strictly decreasing, strictly concave, and smooth over [x(α),+∞)

such that G1 ∼ H+∞; G2 is the graph of a function y = G2(x) which is strictly

decreasing, strictly convex, and smooth over (x(α), x(β)); and G3 is the graph of a

function y = G3(x) which is strictly decreasing, strictly concave, and smooth over

(−∞, x(β)] such that G′
3(−∞) = 0. See Figure 7.19. In view of the distribution

map in Figure A.16, the dual set of order 0 of G is the set ∧(G1) ⊕ ∧(G3).

Fig. 7.19

7.2.4 ∇(n,n, 0)-Polynomials

In this section, we consider the special quasi-polynomial

f(λ|x, y, τ, σ, n) = λn + xλne−τλ + ye−σλ,

where x, y, τ, σ ∈ R, n is nonnegative integer and τ, σ are distinct nonzero numbers.

If n = 0, the above function is a special ∇(0, 0, 0)-polynomial. If n = 1, then the

above function is a special ∇(1, 1, 0)-polynomial. Thus we will assume that n is an

integer in Z[2,∞).

There are three cases: (1) σ, τ > 0 and σ 6= τ ; (2) σ, τ < 0 and σ 6= τ ; and (3)

στ < 0 and σ 6= τ.
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7.2.4.1 The case where σ, τ > 0 and n is odd

In this case, we may consider

f(λ|x, y, τ, σ, n) = λn + xλne−τλ + ye−σλ, (7.25)

where n is an odd integer in Z[3,∞), τ, σ, x, y ∈ R and τ ,σ > 0.

To facilitate discussions, we will also classify equation into three different cases

by means of the following exhaustive and mutually exclusive conditions according

to the sizes of the integers τ and σ: (i) τ > σ > 0, (ii) σ ≥
(

1 +
√
n+ 1

)

τ/2, and

(iii)
(

1 +
√
n+ 1

)

τ/2 > σ > τ.

Theorem 7.20. Assume n is an odd integer in Z[3,∞) and τ > σ > 0. Let the

curve G be defined by the parametric functions

x(λ) = − n+ σλ

(σ − τ )λ+ n
eτλ, y(λ) =

τλn+1

(σ − τ )λ+ n
eσλ (7.26)

over λ ∈ [−n/σ,+∞). Then G is the graph of a function y = G(x) defined over

(−∞, 0]. Furthermore, (x, y) is a point of the C\R-characteristic region of (7.25)

if, and only if, x ≤ 0 and y > G(x).

Proof. Consider the family {Lλ| λ ∈ R} of straight lines defined by Lλ :

f(λ|x, y, τ, σ, n) = 0 where f is defined by (7.25) for λ ∈ R. Since

f ′λ(λ|x, y, τ, σ, n) = nλn−1 + (n− τλ)λn−1e−τλx− σye−σλ ,

the determinant of the linear system f(λ|x, y, τ, σ, n) = f ′λ(λ|x, y, τ, σ, n) = 0 is

D(λ) = −e−(τ+σ)λ((σ − τ )λ+ n)λn−1,

which has exactly two real roots 0 and n/(τ − σ). Let us denote

λ∗ =
n

τ − σ
.

Note that the C\R-characteristic region of f(λ|x, y, τ, σ, n) is the intersection of

the C\(−∞, 0)-, C\(0, λ∗)-,C\(λ∗,∞)-,C\{λ∗}- and C\{0}-characteristic regions

of f(λ|x, y, τ, σ, n). The C\{λ∗}-characteristic region is the set of points that do not

lie on the straight line Lλ∗ , that is, C\Lλ∗ ; and the C\{0}-characteristic region is

the set of points that do not lie on the straight line L0, that is, C\L0. As for the

other three regions, the C\(−∞, 0)-characteristic region is the dual set of order 0 of

the envelope of the family Φ(−∞,0) = {Lλ|λ ∈ (−∞, 0)}, the C\(0, λ∗)-characteristic

region is the dual set of order 0 of the envelope of the family Φ(0,λ∗) = {Lλ|λ ∈
(0, λ∗)}, and the C\(λ∗,∞)-characteristic region is the dual set of order 0 of the

envelope of the family Φ(λ∗,∞) = {Lλ|λ ∈ (λ∗,∞)}.
By Theorem 2.3, the envelope G1 of the family Φ(−∞,0) is described by the

parametric functions (7.26) for λ ∈ (−∞, 0), while the envelope G2 of the family

Φ(0,λ∗) by the same parametric functions but for (0, λ∗), and the envelope G3 of the

family Φ(λ∗,∞) is described by the same parametric functions but for λ ∈ (λ∗,∞).
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We have

(x(−∞), y(−∞)) = (0, 0), (x(+∞), y(+∞)) = (+∞,−∞), (7.27)

(x((n/(τ − σ))+), y((n/(τ − σ))+) = (+∞,−∞),

(x((n/(τ − σ))−), y((n/(τ − σ))−) = (−∞,+∞),

lim
λ→0

(x(λ), y(λ))(−1, 0), (7.28)

x′(λ) = − τeτλ

[(σ − τ )λ + n]2
h(λ), (7.29)

and

y′(λ) =
τλneσλ

[(σ − τ )λ+ n]2
h(λ) (7.30)

where

h(λ) = σ(σ − τ )λ2 + n(2σ − τ )λ+ n(n+ 1), λ ∈ R\{λ∗, 0}.
The real roots of h(λ) are

r± :=
−n(2σ − τ ) ±

√

n2τ2 + 4nσ(τ − σ)

2σ(σ − τ )
.

Thus,

dy

dx
= −λne(σ−τ)λ (7.31)

and

d2y

dx2
=

1

τ
λn−1e(σ−2τ)λ ((σ − τ )λ + n)3

h(λ)
(7.32)

λ ∈ R\{λ∗, 0, r+, r−}.
Since

r+ =
−n(2σ − τ ) +

√

n2τ2 + 4nσ(τ − σ)

2σ(σ − τ )
<

−n(2σ − τ ) + nτ

2σ(σ − τ )
=

−n
σ

< 0 (7.33)

and

r− =
−n(2σ − τ ) −

√

n2τ2 + 4nσ(τ − σ)

2σ(σ − τ )
>

−n(2σ − τ ) − nτ

2σ(σ − τ )
=

−n
σ − τ

, (7.34)

we see that

r+ <
−n
σ

< 0 <
−n
σ − τ

< r−.

The envelope G1 is made up of two pieces G
(1)
1 and G

(2)
1 which correspond to the

case where λ ∈ (−∞, r+) and where λ ∈ [r+, 0) respectively. G
(1)
1 is the graph of a

function y = G
(1)
1 (x) which is strictly increasing, strictly concave and smooth over
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(0, x(r+)) such that G
(1)′
1 (0+) = +∞ and G

(2)
1 is the graph of a function y = G

(2)
1 (x)

which is strictly increasing, strictly convex and smooth over (−1, x(r+)] such that

G
(2)
1 (−1+) = 0 and

(

G
(2)
1

)′

(−1+) = 0. The envelope G2, which corresponds to

the restriction of G over the interval λ ∈ (0, λ∗), is also the graph of a strictly

decreasing, strictly convex and smooth function y = G2(x) defined on (−∞,−1)

such that G2(−1−) = 0 and G′
2(−1−) = 0. The envelope G3 is made up of two

pieces G
(1)
3 and G

(2)
3 which correspond to the case where λ ∈ (λ∗, r−] and where

λ ∈ [r−,∞) respectively. G
(1)
3 is the graph of a function y = G

(1)
3 (x) which is strictly

decreasing, strictly concave and smooth over (x(r−),∞) and G
(2)
3 is the graph of

a function y = G
(2)
3 (x) which is strictly decreasing, strictly convex and smooth

over (x(r+),∞) such that G
(2)
3 (+∞) = −∞ and G

(2)′
3 (+∞) = 0. By Lemma 3.5,

G
(2)
3 ∼ H+∞. See Figure 7.20. In view of the distribution map in Figure A.25c,

the dual sets of order 0 of the envelope G
(1)
1 , G

(2)
1 , G2, G

(1)
3 and G

(2)
3 are easily

obtained. The intersection of these dual sets and C\Lλ∗ as well as C\L0, in view

of Theorem 3.22, then yields (x, y) which lies in our desired characteristic region if,

and only if, x ≤ 0 and y > G(x). The proof is complete.

Fig. 7.20

Theorem 7.21. Assume n is an odd integer in Z[3,∞) and σ ≥
(

1 +
√
n+ 1

)

τ/2 > 0. Let the curve G be defined by the parametric functions (7.26)

over (n/(τ − σ),+∞). Then G is the graph of a function y = G(x) defined over

R. Furthermore, (x, y) is a point of the C\R-characteristic region of (7.25) if, and

only if, y > G(x).

Proof. Consider the family {Lλ| λ ∈ R} of straight lines defined by Lλ :

f(λ|x, y, τ, σ, n) = 0 where defined by (7.25) for λ ∈ R. Since

f ′λ(λ|x, y, τ, σ, n) = nλn−1 + (n − τλ)λn−1e−τλx,



January 12, 2009 14:53 World Scientific Book - 9.75in x 6.5in ws-book975x65

190 Dual Sets of Envelopes and Characteristic Regions of Quasi-Polynomials

the determinant of the linear system f(λ|x, y, τ, σ, n) = f ′λ(λ|x, y, τ, σ, n) = 0 is

D(λ) = −e−(τ+σ)λ((σ − τ )λ+ n)λn−1,

which has the two real roots 0 and n/(τ − σ). Let us denote

λ∗ =
n

τ − σ
.

Note that the C\R-characteristic region of f(λ|x, y) is the intersection of the

C\(−∞, λ∗)-, C\(λ∗, 0)-,C\(0,∞)-,C\{λ∗}- and C\{0}-characteristic regions of

f(λ|x, y, τ, σ, n). The C\{λ∗}-characteristic region is the set of points that do not

lie on the straight lineLλ∗ , that is, C\Lλ∗ ; and the C\{0}-characteristic region is the

set of points that do not lie on the straight line L0, that is, C\L0 . As for the other

two regions, the C\(−∞, λ∗)-characteristic region is the dual set of order 0 of the en-

velope of the family Φ(−∞,λ∗) = {Lλ|λ ∈ (−∞, λ∗)}, the C\(λ∗, 0)-characteristic re-

gion is the dual set of order 0 of the envelope of the family Φ(λ∗,0) = {Lλ|λ ∈ (λ∗, 0)},
and the C\(0,∞)-characteristic region is the dual set of order 0 of the envelope of

the family Φ(0,∞) = {Lλ|λ ∈ (0,∞)}.
By Theorem 2.6, the envelope G1 of the family Φ(−∞,λ∗) is described by the

parametric functions (7.26) for λ ∈ (−∞, λ∗), while the envelope G2 of the family

Φ(λ∗,0) by the same parametric functions but for (λ∗, 0), and the envelope G3 of the

family Φ(0,∞) is described by the same parametric functions but for λ ∈ (0,∞).

We have

(x((n/(τ − σ))+), y((n/(τ − σ))+) = (+∞,+∞),

(x((n/(τ − σ))−), y((n/(τ − σ))−) = (−∞,−∞),

and the conditions (7.27), (7.28), (7.29) and (7.30) hold where h(λ) = σ(σ− τ )λ2 +

n(2σ−τ )λ+n(n+1) and for λ ∈ R\{λ∗, 0}. Since limλ→−∞ h(λ) = limλ→+∞ h(λ) =

+∞ and n2(2σ − τ )2 − 4σ(σ − τ )n(n + 1) ≤ 0 (by σ ≥
(

1 +
√
n + 1

)

τ/2), we see

that h(λ) > 0 for λ ∈ R\{λ}, where

λ =
−n(2σ − τ )

2σ(σ − τ )
.

Thus, (7.31) and (7.32) hold for λ ∈ R\{λ, λ∗, 0}.
The envelope G1, which corresponds to the case where λ ∈ (−∞, λ∗), is also

the graph of a strictly increasing, strictly concave and smooth function y = G1(x)

defined on (−∞, 0) such that G1(0
−) = 0 and G′

1(0
−) = 0. The envelope G2, which

corresponds to the restriction of G over the interval λ ∈ (λ∗, 0), is also the graph

of a strictly increasing, strictly convex and smooth function y = G2(x) defined

on (−1,∞) such that G2(−1+) = 0 and G′
2(−1+) = 0. The envelope G3 which

corresponds to the restriction of G over the interval λ ∈ (0,+∞), is also the graph

of a strictly decreasing, strictly convex and smooth function y = G3(x) defined on

(−∞,−1) such that G3(−1−) = 0 and G′
3(−1−) = 0. See Figure 7.21. In view of

Figure A.12, (x, y) belongs to the desired C\R-characteristic region if, and only if,

y > G(x).
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Fig. 7.21

Theorem 7.22. Assume n is an odd integer in Z[0,∞) and
(

1 +
√
n+ 1

)

τ/2 >

σ > τ > 0. Let r+ and r− be defined by (7.33) and (7.34) and the curve G be defined

by the parametric functions (7.26) over (n/(τ − σ),+∞). Then (x, y) is a point of

the C\R-characteristic region of (7.25) if, and only if, (x, y) ∈ ∨ (GχI1)⊕∨ (GχI2)

where I1 = (x(r−), n/(τ − σ)) and I2 = (−∞, x(r+)).

Proof. The proof is similar to that of Theorem 7.21 and hence will be sketched.

The parametric functions, the number λ∗, the straight lines Lλ, the families

Φ(−∞,λ∗), Φ(λ∗,0) and Φ(0,∞), the C\(−∞, λ∗)-, C\(λ∗, 0)-,C\(0,∞)-characteristic

regions and the envelopes G1, G2 and G3 are the same as in the proof of Theorem

7.21.

The function h(λ) = σ(σ− τ )λ2 +n(2σ− τ )λ+n(n+ 1) for λ ∈ R has two real

roots defined by (7.33) and (7.34). Since

r+ <
−n(2σ − τ ) + nτ

2σ(σ − τ )
=

−n
σ

< 0

and

r− >
−n(2σ − τ ) − nτ

2σ(σ − τ )
=

−n
σ − τ

we see that λ∗ < r− < r+ < −n/σ < 0.

The envelope G1 is described by the parametric functions x(λ) and y(λ) defined

by (7.26) over the interval (−∞, λ∗), the envelope G2 by the same functions but

over the interval (λ∗, 0), and the envelope G3 by the same functions but over the

interval (0,+∞). We see that h(λ) > 0 for λ ∈ (−∞, r−)∪ (r+,∞) and h(λ) < 0 for

λ ∈ (r−, r+). Thus, x(λ) is strictly increasing on (r−, r+) and strictly decreasing on

(−∞, λ∗)∪ (λ∗, 0)∪ (0,+∞). With these and other easily obtained information, the

curves G1, G2 and G3 can be depicted as shown in Figure 7.22. The curve G1 is

the graph of a function y = G1(x) over (−∞, 0) which is strictly increasing, strictly

concave and smooth. The curve G2 is made up of three pieces G
(1)
2 , G

(2)
2 and G

(3)
2
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which corresponds to the cases where λ ∈ (λ∗, r−], λ ∈ (r−, r+) and λ ∈ [r+, 0)

respectively. The piece G
(1)
2 is the graph of a function y = G

(1)
2 (x) defined on

[x(r−),∞) which is strictly increasing, strictly convex and smooth. The piece G
(2)
2

is the graph of a function y = G
(2)
2 (x) defined on (x(r−), x(r+)) which is strictly

increasing, strictly concave and smooth. The piece G
(3)
2 is the graph of a function

y = G
(3)
2 (x) defined on (−1, x(r+)] which is strictly increasing, strictly convex and

smooth. The curve G3 is the graph of a function y = G3(x) over (−∞,−1) which is

strictly decreasing, strictly convex and smooth such that G3 ∼ H−∞ by Lemma 3.4.

By Lemma 3.2, the straight line Lλ∗ is the asymptote of the function G1 at x = −∞
and the function G

(1)
2 at x = +∞. See Figure 7.22. In view of the distribution maps

in Figures A.16 and 3.10, the dual sets of order 0 of the envelopes G1, G2 and G3

are easy to obtain. Furthermore, the intersection of these dual sets with C\Lλ is

given by ∨
(

G
(3)
2

)

⊕∨
(

G
(1)
2

)

⊕∨ (G3) . The proof is complete.

Fig. 7.22

7.2.4.2 The case where σ, τ > 0 and n is even

To facilitate discussions, we will also classify (7.25) into three different cases by

means of the following exhaustive and mutually exclusive conditions according to

the sizes of the integers τ and σ: (i) τ > σ > 0, (ii) σ ≥
(

1 +
√
n+ 1

)

τ/2 > 0, and

(iii)
(

1 +
√
n+ 1

)

τ/2 > σ > τ > 0.

Theorem 7.23. Assume n is a positive and even integer and τ > σ > 0. Then

(x, y) is a point of the C\R-characteristic region of (7.25) if, and only if, x ≥ 0

and y > 0.

Proof. The proof is similar to that of Theorem 7.20 and hence will be

sketched. The parametric functions, the number λ∗, the straight lines Lλ, the fam-

ilies Φ(−∞,λ∗), Φ(λ∗,0) and Φ(0,∞), the regions C\(−∞, λ∗)-, C\(λ∗, 0)-,C\(0,∞)-
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characteristic regions and the envelopes G1, G2 and G3 are the same as in the proof

of Theorem 7.20.

By the same derivations in the proof of Theorem 7.20, we see that

r+ <
−n
σ

< 0 <
−n
σ − τ

< r−

where r+ and r− are defined by (7.33) and (7.34). The envelope G1 is made up

of two pieces G
(1)
1 and G

(2)
1 which correspond to the case where λ ∈ (−∞, r+)

and where λ ∈ [r+, 0) respectively. G
(1)
1 is the graph of a function y = G

(1)
1 (x)

which is strictly decreasing, strictly convex and smooth over (0, x(r+)) such that

G
(1)′
1 (0+) = −∞ and G

(2)
1 is the graph of a function y = G

(2)
1 (x) which is strictly

decreasing, strictly concave and smooth over (−1, x(r+)] such that G
(2)
1 (−1+) = 0

and G
(2)′
1 (−1+) = 0. The envelope G2, which corresponds to the restriction of G

over the interval λ ∈ (0, λ∗), is also the graph of a strictly decreasing, strictly convex

and smooth function y = G2(x) defined on (−∞,−1) such that G2(−1−) = 0 and

G′
2(−1−) = 0. The envelope G3 is made up of two pieces G

(1)
3 and G

(2)
3 which

correspond to the case where λ ∈ (λ∗, r−] and where λ ∈ [r−,∞) respectively.

G
(1)
3 is the graph of a function y = G

(1)
3 (x) which is strictly decreasing, strictly

concave and smooth over (x(r−),∞) and G
(2)
3 is the graph of a function y = G

(2)
3 (x)

which is strictly decreasing, strictly convex and smooth over (x(r+),∞) such that

G
(2)
3 (+∞) = −∞ and G

(2)′
3 (+∞) = 0. By Lemma 3.5, G

(2)
3 ∼ H+∞. See Figure

7.23. The dual sets of order 0 of G1, G2 and G3, in view of the distribution maps

in Figure A.30, are easy to find. Furthermore, the intersection of these dual sets

with C\R, is also easily obtained so that a point (x, y) belongs to it, and only if,

x ≥ 0 and y > 0.

Fig. 7.23

Theorem 7.24. Assume n is a positive and even integer and σ ≥
(

1 +
√
n+ 1

)

τ/2 > 0. Let the curve G be defined by the parametric functions (7.25)
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over R. Then (x, y) is a point of the C\R-characteristic region of (7.26) if, and

only if, (x, y) ∈ ∨ (GχI1) ⊕ ∨ (GχI2) and x < 0, or x ≥ 0 and y > 0 where

I1 = (−∞, n/(τ − σ)) and I2 = (0,+∞).

Proof. The proof is similar to that of Theorem 7.21 and hence will be

sketched. The parametric functions, the number λ∗, the straight lines Lλ, the fam-

ilies Φ(−∞,λ∗), Φ(λ∗,0) and Φ(0,∞), the regions C\(−∞, λ∗)-, C\(λ∗, 0)-,C\(0,∞)-

characteristic regions and the envelopes G1, G2 and G3 are the same as in the proof

of Theorem 7.21.

We have

(x(−∞), y(−∞)) = (0, 0), (x(+∞), y(+∞)) = (−∞,+∞),

(x((n/(τ − σ))+), y((n/(τ − σ))+) = (+∞,−∞),

(x((n/(τ − σ))+), y((n/(τ − σ))+) = (−∞,+∞),

and the conditions (7.28), (7.29) and (7.30) hold where h(λ) = σ(σ− τ )λ2 +n(2σ−
τ )λ+ n(n+ 1) for λ ∈ R\{λ∗, 0}. Since h(λ) > 0 for λ ∈ R\{λ} and

λ =
−n(2σ − τ )

2σ(σ − τ )
.

Thus, (7.31) and (7.32) hold for λ ∈ R\{λ, λ∗, (n+ 1)/τ, 0}.

Fig. 7.24

The envelope G1 which corresponds to the case where λ ∈ (−∞, λ∗), is also the

graph of a strictly decreasing, strictly convex and smooth function y = G1(x) de-

fined on (−∞, 0). The envelope G2 which corresponds to the case where λ ∈ (λ∗, 0),

is also the graph of a strictly decreasing, strictly concave and smooth function

y = G2(x) defined on (−1,+∞) such that G2(−1+) = 0 and G′
2(−1+) = 0. The

envelope G3 which corresponds to the case where λ ∈ (0,+∞), is also the graph
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of a strictly decreasing, strictly convex and smooth function y = G3(x) defined on

(−∞,−1) such that G3(−1−) = 0 and G3 ∼ H−∞.

In view of the distribution map in Figure A.30c, the dual sets of order 0 of the

envelope G1, G2 and G3 are easily obtained. The intersection of these dual sets,

C\Lλ∗ and C\L0, then yields points (x, y) which lie in our desired characteristic

region if, and only if, (x, y) ∈ ∨(G1) ⊕ ∨(G3) and x < 0, or x ≥ 0 and y > 0.

Theorem 7.25. Assume n is a positive and even integer and
(

1 +
√
n+ 1

)

τ/2 >

σ > τ > 0. Let the curve G be defined by the parametric functions (7.26) over

R. Then (x, y) is a point of the C\R-characteristic region of (7.25) if, and only

if, (x, y) ∈ ∨ (GχI1) ⊕ ∨ (GχI2) and x < 0, or x ≥ 0 and y > 0 where I1 =

(−∞, n/(τ − σ)) and I2 = (0,+∞).

Proof. The proof is similar to that of Theorem 7.22 and hence will be

sketched. The parametric functions, the number λ∗, the straight lines Lλ, the fam-

ilies Φ(−∞,λ∗), Φ(λ∗,0) and Φ(0,∞), the regions C\(−∞, λ∗)-, C\(λ∗, 0)-,C\(0,∞)-

characteristic regions and the envelopes G1, G2 and G3 are the same as in the proof

of Theorem 7.22.

We have

(x(−∞), y(−∞)) = (0, 0), (x(+∞), y(+∞)) = (−∞,+∞),

(x((n/(τ − σ))+), y((n/(τ − σ))+) = (+∞,−∞),

(x((n/(τ − σ))+), y((n/(τ − σ))+) = (−∞,+∞),

and the (7.28), (7.29) and (7.30) hold where h(λ) = σ(σ−τ )λ2+n(2σ−τ )λ+n(n+1)

and for λ ∈ R\{λ∗, 0}. The function h(λ) has two real roots defined by (7.33) and

(7.34). Thus, (7.31) and (7.32) hold for λ ∈ R\{λ∗, r+, r−, 0}. Since

r+ <
−n(2σ − τ ) + nτ

2σ(σ − τ )
=

−n
σ

< 0

and

r− >
−n(2σ − τ ) − nτ

2σ(σ − τ )
=

−n
σ − τ

,

we see that λ∗ < r− < r+ < −n/σ < 0.

The envelope G1 which corresponds to the case where λ ∈ (−∞, λ∗), is also

the graph of a strictly decreasing, strictly convex and smooth function y = G1(x)

defined on (−∞, 0). The envelope G2 is made up of three pieces G
(1)
2 , G

(2)
2 and

G
(3)
2 which correspond to the case where λ ∈ (λ∗, r−], where λ ∈ (r−, r+) and

where λ ∈ [r+, 0) respectively. G
(1)
2 is the graph of a function y = G

(1)
2 (x) which

is strictly decreasing, strictly concave and smooth over [x(r−),+∞), G
(2)
2 is the

graph of a function y = G
(2)
2 (x) which is strictly decreasing, strictly convex and
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Fig. 7.25

smooth over (x(r−), x(r+)) and G
(3)
2 is the graph of a function y = G

(3)
2 (x) which

is strictly decreasing, strictly concave and smooth over (−1, x(r+)]. The envelope

G3 which corresponds to the case where λ ∈ (0,+∞), is also the graph of a strictly

decreasing, strictly convex and smooth function y = G3(x) defined on (−∞,−1)

such that G3(−1−) = 0 and G3 ∼ H−∞.

In view of the distribution maps in Figure A.29c, the dual sets of order 0 of the

envelope G1, G2 and G3 are easily obtained. The intersection of these dual sets,

C\Lλ∗ and C\L0, then yields points (x, y) which lie in our desired characteristic

region if, and only if, (x, y) ∈ ∨(G1) ⊕ ∨(G3) and x < 0, or y ≥ 0 and y > 0.

7.2.4.3 The case where σ, τ < 0

Suppose n is an integer in Z[2,∞), τ, σ, x, y ∈ R and τ, σ < 0. Let Ω(τ, σ, n) be the

C\R-characteristic region of

f(λ|x, y, τ, σ, n) = λn + xλne−τλ + ye−σλ.

If n is odd, then f(−λ|x, y, τ, σ, n) = −(λn + xλneτλ + (−y)eσλ). Hence

(x, y) ∈ Ω(τ, σ, n) if, and only if, (x,−y) ∈ Ω(−τ,−σ, n). If n is even, then

f(−λ|x, y, τ, σ, n) = λn + xλne−τλ + ye−σλ. Hence Ω(τ, σ, n) = Ω(−τ,−σ, n). In

either cases, we may apply the previous results for the case where σ, τ > 0 to derive

the desired regions.

7.2.4.4 The case where στ < 0

We consider

f(λ|x, y, τ, σ, n) = λn + xλne−τλ + ye−σλ, (7.35)
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where n is integer in Z[2,∞), and τ, σ, x, y ∈ R and στ < 0. If x = 0, the

corresponding function has been treated in Corollary 7.1. If x 6= 0, then

f(λ|y, τ, σ, n) = e−τλ
{

eτλλn + xλn + ye(τ−σ)λ
}

= xe−τλ
{

λn +
1

x
λneτλ +

y

x
e(τ−σ)λ

}

= xe−τλ
{

λn + aλneτλ + be(τ−σ)λ
}

,

where a = 1/x and b = y/x. Note that στ < 0 if, and only if, τ > 0 > σ or

σ > 0 > τ. In either cases, the previous conclusions can be applied to the function

in the last bracket.

7.3 ∇-Polynomials Involving Three Powers

There are good reasons to study ∇-polynomials of the form

f0(λ) + e−τλf1(λ) + e−σλf2(λ) + e−δλf3(λ) (7.36)

involving three powers. For instance, if we consider geometric sequences of the form
{

eλt
}

as solutions of the difference equation

x′(t) + px(t− τ ) + qx(t− σ) + rx(t− δ) = 0, t ∈ R

where p, q, r, τ, σ, δ ∈ R, then we are led to the quasi-polynomial

g(λ) = λ + e−τλp+ e−σλq + e−σλr.

The C\R-characteristic region of the ∇-polynomial (7.36) is difficult to find.

Therefore we will restrict ourselves to the case where the degree of f0 is less than or

equal to 1, the degrees of f1, f2 and f3 are 0, and δ, σ, τ ≤ 0 or δ, σ, τ ≥ 0. In cases

where any two of δ, σ, τ are the same, or, δστ = 0, g(λ) reduces to a ∇-polynomial

involving only one power or only with two powers. Hence we may assume that

δ, σ, τ are pairwise distinct nonzero numbers.

7.3.1 ∇(0, 0, 0, 0)-Polynomials

The general form of ∇(0, 0, 0, 0)-polynomials is

F (λ|a, b, p, q, τ, σ, δ) = a+ e−τλb+ e−σλp+ e−δλq

where a, b, p, q ∈ R and τ, σ, δ are pairwise distinct nonzero real numbers. There

are several possible cases based in the values of τ, σ and τ. We will, however, only

consider two cases: δ, σ, τ < 0 or δ, σ, τ > 0. Note that

F (−λ|a, b, p, q, τ, σ, δ) = a+ eτλb+ eσλp+ eδλq = F (λ|a, b, p, q,−τ,−σ,−δ),
we may therefore further assume without loss of generality that δ > σ > τ > 0. If

b = 0, the ∇-polynomial is equivalent to a ∇-polynomial involving only two power
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which has already been discussed before. If b 6= 0, by dividing F (λ) by b if necessary,

we may then assume without loss of generality that our ∇-polynomial is of the form

f(λ|x, y, a, δ, σ, τ) = a+ e−τλ + e−σλx+ e−δλy, (7.37)

where a, x, y ∈ R and τ, σ, δ are pairwise distinct nonzero real numbers. Let

Ω(a, δ, σ, τ ) be the C\R-characteristic region of this ∇-polynomial. That is,

Ω(a, δ, σ, τ ) =
{

(x, y) ∈ R2| f(λ|x, y, a, δ, σ, τ) has no real roots
}

.

Theorem 7.26. Assume x, y, a, δ, σ, τ ∈ R, a ≥ 0 and δ > σ > τ > 0. Let

f(λ|x, y, a, δ, σ, τ) be defined by (7.37) and the curve G be defined by the parametric

functions

x(λ) =
−eσλ
δ − σ

(δa+ (δ − τ )e−τλ), y(λ) =
eδλ

δ − σ
(σa + (σ − τ )e−τλ), (7.38)

where λ ∈ R. Then (x, y) ∈ Ω(a, δ, σ, τ ) if, and only if, x < 0 and (x, y) ∈ ∨(G) ⊕
∨(Θ0).

Proof. Consider the family {Lλ| λ ∈ R} of straight lines defined by Lλ :

f(λ|x, y, a, δ, σ, τ) = 0 where λ ∈ R. Since

f ′λ(λ|x, y, a, δ, σ, τ) = −τe−τλ − σe−σλx− δe−δλy,

the determinant of the linear system f(λ|x, y, a, δ, σ, τ) = f ′λ(x, y, a, δ, σ, τ) = 0 is

−(δ− σ)e−(τ+σ)λ which does not vanish for λ ∈ R. By Theorem 2.6, Ω(a, δ, σ, τ ) is

the dual set of order 0 of the envelope G of the family {Lλ| λ ∈ R} . We solve from

the linear system for x and y to yield the parametric functions in (7.38). We have

(x(−∞), y(−∞)) = (0, 0) and (x(+∞), y(+∞)) = (−∞,+∞)

and

x′(λ) =
−eσλ
δ − σ

h(λ) and y′(λ) =
eδλ

δ − σ
h(λ), (7.39)

where

h(λ) = aσδ + (δ − τ )(σ − τ )e−τλ, λ ∈ R. (7.40)

Since a ≥ 0, we see that h(λ) > 0 for λ ∈ R. Thus,

dy

dx
(λ) = −e(δ−σ)λ < 0,

d2y

dx2
(λ) = e(δ−2σ)λ (δ − σ)2

h(λ)
(7.41)

for λ ∈ R. By Theorem 2.3, G is described by the parametric functions x(λ) and

y(λ) over R. Furthermore, it is the graph of a function y = G(x) which is strictly

decreasing, strictly convex, and smooth over (−∞, 0) such that G ∼ H−∞ and

G′(0−) = 0. See Figure 7.26. In view of the distribution map in Figure 3.11, (x, y)

is a point of the C\R-characteristic region of f(λ|x, y, a, δ, σ, τ) if, and only if,

(x, y) ∈ ∨(G) ⊕∨(Θ0)
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Fig. 7.26

Theorem 7.27. Assume x, y, a, δ, σ, τ ∈ R, a < 0 and δ > σ > τ > 0. Let

f(λ|x, y, a, δ, σ, τ) be defined by (7.37) and the curve G be defined by the parametric

functions (7.38) where λ ∈ (−∞, α) and

α =
−1

τ
ln

( −aσδ
(δ − τ )(σ − τ )

)

.

Then (x, y) ∈ Ω(a, δ, σ, τ ) if, and only if, (x, y) ∈ ∧(G) ⊕∧(Θ0)

Proof. The proof is similar to that of Theorem 7.26 and hence will be sketched.

The parametric functions, the straight lines Lλ, the family Φ(−∞,+∞), the region

C\(−∞,∞)-characteristic region, the envelopes G are the same as in the proof of

Theorem 7.26.

Fig. 7.27

We have

(x(−∞), y(−∞)) = (0, 0) and (x(+∞), y(+∞)) = (+∞,−∞),

(7.39) and (7.40) hold. Since a < 0, then h(λ) has unique real root α. Thus,

the conditions (7.41) holds for λ ∈ R\{α}. As in Example 2.2, the envelope G
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is composed of two pieces G1 and G2 and turning points (x(α), y(α)). The first

piece G1 corresponds to the case where λ ∈ (−∞, α] and the second piece G2

corresponds to the case where λ ∈ (α,+∞). Furthermore, G1 is the graph of a

function y = G1(x) which is strictly decreasing, strictly concave, and smooth over

[x(α),+∞) such that G1 ∼ H+∞ and G2 is the graph of a function y = G2(x)

which is strictly decreasing, strictly convex, and smooth over (x(α), 0). See Figure

7.27. In view of the distribution map in Figure A.3, (x, y) ∈ Ω(a, δ, σ, τ ) if, and

only if, (x, y) ∈ ∧(G1) ⊕ ∧(Θ0).

7.3.2 ∇(1, 0, 0, 0)-Polynomials

The general form of a ∇(1, 0, 0, 0)-polynomial is

aλ+ b+ eτλp+ eσλq + eδλr

where a, b, p, q, r,∈ R and τ, σ, δ are pairwise distinct nonzero real numbers (oth-

erwise, the resulting ∇-polynomial is either a ∇-polynomial involving only one or

two powers). If a = 0, our ∇-polynomial is just a ∇(0, 0, 0, 0)-polynomial, which

has been handled before. If a 6= 0, by dividing F (λ) by a if necessary, we may then

assume without loss of generality that our ∇-polynomial is of the form

F (λ|x, y, a, b, δ, σ, τ) = λ + a + eτλb+ eσλx+ eδλy,

where a, b, x, y ∈ R and τ, σ, δ are pairwise distinct nonzero real numbers.

There are several possible cases based on the values of τ, σ and δ. We will,

however, consider only two cases: δ, σ, τ > 0 or δ, σ, τ < 0. Note that

F (−λ|x, y, a, b, δ, σ, τ) = −(λ + (−a) + e−τλ(−b) + e−σλ(−x) + e−δλ(−y)).
Thus,

F (λ|x, y, a, b, δ, σ, τ) = λ + a+ eτλb+ eσλx+ eδλy

does not have any real roots if, and only if,

F (λ| − x,−y,−a,−b,−δ,−σ,−τ ) = λ + (−a) + e−τλ(−b) + e−σλ(−x) + e−δλ(−y)
does not have any real roots. If the former case holds, then −δ,−σ,−τ > 0. Thus

it suffices to consider the quasi-polynomial

f(λ|x, y, a, b, δ, σ, τ) = λ + a + eτλb+ eσλx+ eδλy (7.42)

where a, b, x, y, δ, σ, τ ∈ R and 0 < τ < σ < δ.

Consider the family {Lλ| λ ∈ R} of straight lines defined by Lλ :

f(λ|x, y, a, b, δ, σ, τ) = 0 where λ ∈ R. Since

f ′λ(λ|x, y, a, b, δ, σ, τ) = 1 + τbeτλ + σeσλx+ δeδλy,

the determinant of the linear system f(λ|x, y, a, b, δ, σ, τ) = f ′λ(x, y, a, b, δ, σ, τ) = 0

is (δ− σ)e(τ+σ)λ which does not vanish for λ ∈ R. We solve from the linear system

for x and y to yield the parametric functions

x(λ) =
e−σλ

δ − σ
(1 − δ(λ+ a) − (δ − τ )beτλ) (7.43)
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and

y(λ) =
−e−δλ
δ − σ

(1 − σ(λ + a) − (σ − τ )beτλ) (7.44)

for λ ∈ R. Note that

x′(λ) =
−δσe−σλ
δ − σ

h(λ) and y′(λ) =
δσe−δλ

δ − σ
h(λ), (7.45)

where

h(λ) =
1

δ
+

1

σ
− (λ+ a) − (δ − τ )(σ − τ )

δσ
beτλ, λ ∈ R. (7.46)

Theorem 7.28. Let 0 < τ < σ < δ, b ≥ 0 and a ∈ R. Then the function h(λ)

in (7.46) has a unique real root α. Let the curve S be defined by the parametric

functions (7.43) and (7.44) where λ ∈ (−∞, α). Then (x, y) is a point of the C\R-

characteristic region of (7.42) if, and only if, (x, y) ∈ ∧(G) ⊕ ∧(Θ0).

Proof. We have

(x(−∞), y(−∞)) = (+∞,−∞) and (x(+∞), y(+∞)) = (0, 0). (7.47)

Since h′(λ) = −1 − (δ − τ )(σ − τ )bτeτλ/δσ < 0, limt→−∞ h(λ) = ∞ and

limt→∞ h(λ) = −∞, we see that h(λ) has a unique real root α. Thus,

dy

dx
(λ) = −e(σ−δ)λ < 0,

d2y

dx2
(λ) = −e(2σ−δ)λ (δ − σ)2

δσh(λ)
(7.48)

for λ ∈ R\{α}.

Fig. 7.28

As explained in Example 2.2, the envelope G is composed of two pieces G1

and G2 and one turning point (x(α), x(α)). The first piece G1 is described by the

parametric functions x(λ) and y(λ) for λ ∈ (−∞, α) and the second G2 for λ ∈
[α,+∞). Furthermore, G1 is the graph of a function y = G1(x) which is strictly
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decreasing, strictly concave, and smooth over (x(α),+∞) such that G1 ∼ H+∞;

and G2 is the graph of a function y = G2(x) which is strictly decreasing, strictly

convex, and smooth over [x(λ∗), 0) such that G′
2(0

−) = 0. In view of the distribution

map in Figure A.3, the dual set of order 0 of G is the set of points (x, y) that lies

in the set ∧(G1) ⊕ ∧(Θ0).

Theorem 7.29. Let 0 < τ < σ < δ, a ∈ R and

−eaτ
τe

δ

δ − τ
e

−τ

δ

σ

σ − τ
e

−τ

σ ≥ b.

Let the curve G be defined by the parametric functions (7.43) and (7.44) where

λ ∈ R. Then (x, y) is a point of the C\R-characteristic region of (7.42) if, and

only if, (x, y) ∈ ∧(G) ⊕ ∧(Θ0).

Proof. The proof is similar to that of Theorem 7.28 and hence will be sketched.

The parametric functions, the straight lines Lλ, the family Φ(−∞,+∞), the C\R-

characteristic region, and the envelope G are the same as in the proof of Theorem

7.28. We have (7.47) and (7.45) hold and h′(λ) = −1−(δ−τ )(σ−τ )bτeτλ/δσ. Since

limλ→−∞ h′(λ) = −1 < 0, limλ→∞ h′(λ) = +∞ and h′(λ) has the unique real root

λ = 1
τ

ln(−δσ/τ (δ − τ )(σ − τ )b), we see that h′(λ) < 0 on (−∞, λ) and h′(λ) > 0

on (λ,∞). Thus, h(λ) is strictly decreasing on (−∞, λ) and strictly increasing on

(λ,∞). Furthermore, at λ, h(λ) has the minimal value

h(λ) = −1

τ
ln

(−eaτ
τeb

δ

δ − τ
e

−τ

δ

σ

σ − τ
e

−τ

σ

)

≥ 0.

Thus, (7.48) holds for λ ∈ R\{λ}. The envelope G (see Figure 7.29) is the graph

of a function y = G(x) which is strictly decreasing, strictly concave, and smooth

over (0,+∞) such that G′(0) = 0 and G ∼ H+∞. In view of the distribution map

in Figure 3.11, the dual set of order 0 of G is the set of points (x, y) that lies in the

set ∧(G) ⊕∧(Θ0).

Fig. 7.29
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In view of the previous two results, we are left with one more case where

−eaτ
τe

δ

δ − τ
e

−τ

δ

σ

σ − τ
e

−τ

σ < b < 0. (7.49)

Before we handle this case, we first consider the function

g(λ) =
λ

λ− τ
e−

τ

λ ,

where τ < λ < +∞. Since

g′(λ) =
−τ2

λ(λ − τ )2
e−

τ

λ < 0 and lim
λ→+∞

g(λ) = 1,

we see that g(λ) > 1 for λ ∈ (τ,+∞). Hence

δ

δ − τ
e

−τ

δ > 1 and
σ

σ − τ
e

−τ

σ > 1.

Theorem 7.30. Let 0 < τ < σ < δ, a ∈ R and (7.49) holds. Then the function

h(λ) defined by (7.46) has exactly two real roots α and β such that α < β. Let the

curve G be defined by the parametric functions (7.43) and (7.44) where λ ∈ R.

Then the C\R-characteristic region of (7.42) is

(i) ∧(Gχ(−∞,α]) ⊕∧(Θ0) when −eaτ−1/τ ≤ b < 0, or

(ii) ∧(GχI) ⊕∧(GχJ) ⊕ ∧(Θ0), where I = (−∞, α] and J = [β,+∞), when

−eaτ
τe

δ

δ − τ
e

−τ

δ

σ

σ − τ
e

−τ

σ < b < −e
aτ−1

τ
.

Proof. The proof is similar to that of Theorem 7.28 and hence will be sketched.

The parametric functions, the straight lines Lλ, the family Φ(−∞,+∞), the C\R-

characteristic region, and the envelope G are the same as in the proof of Theorem

7.28. The conclusions (7.47) and (7.45) hold and h′(λ) = −1−(δ−τ )(σ−τ )bτeτλ/δσ.
Since limλ→−∞ h′(λ) = −1 < 0, limλ→∞ h′(λ) = +∞, and h′(λ) has the unique real

root λ = 1
τ ln(−δσ/τ (δ−τ )(σ−τ )b), we see that h′(λ) < 0 on (−∞, λ) and h′(λ) > 0

on (λ,∞). Thus, h(λ) is strictly decreasing on (−∞, λ) and strictly increasing on

(λ,∞). Furthermore, at λ, h(λ) has the minimal value

h(λ) = −1

τ
ln

(−eaτ
τeb

δ

δ − τ
e

−τ

δ

σ

σ − τ
e

−τ

σ

)

< 0.

Since limλ→−∞ h(λ) = limλ→∞ h(λ) = ∞, h(λ) has exactly two real roots α and

β with α < β. Thus, (7.48) holds for λ ∈ R\{α, β}. As explained in Example

2.2, the envelope G is composed of three pieces G1, G2 and G3 and turning points

(x(α), y(α)) and (x(β), y(β)). The first piece G1 is described by the parametric

functions x(λ) and y(λ) over λ ∈ (−∞, α], the second piece G2 over λ ∈ (α, β) and

the third piece G3 over λ ∈ [β,+∞). Furthermore, G1 is the graph of a function

y = G1(x) which is strictly decreasing, strictly concave, and smooth over [x(α),+∞)

such that G1˜H+∞; G2 is the graph of a function y = G2(x) which is strictly
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Fig. 7.30

decreasing, strictly convex, and smooth over (x(α), x(β)); and G3 is the graph of a

function y = G3(x) which is strictly decreasing, strictly concave, and smooth over

(0, x(β)] such that G′
3(0

+) = 0. Therefore, it is easy to see that the envelope G may

only look like one of the three curves depicted in Figure 7.30, Figure 7.31 or Figure

7.32.

Fig. 7.31

To find out the exact conditions for either one of the Figures to hold, note first

that if Figure 7.31 holds, then in view of (7.44) and (7.43), λ is a root of y(λ) if,

and only if,

b =
1 − σ(λ+ a)

σ − τ
e−τλ,

and, λ is a root of x(λ) if, and only if,

b =
1 − δ(λ + a)

δ − τ
e−τλ.
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Fig. 7.32

For this reason, let

bx(λ) =
1 − δ(λ+ a)

δ − τ
e−τλ and by(λ) =

1 − σ(λ + a)

σ − τ
e−τλ for λ ∈ R.

Since limλ→−∞ bx(λ) = +∞, limλ→+∞ bx(λ) = 0 and

b′x(λ) =
−δτeτλ
δ − τ

{

1

δ
+

1

τ
− (λ+ a)

}

,

we see that bx(λ) is strictly decreasing on (−∞, 1/δ+1/τ −a), is strictly increasing

on (1/δ+1/τ−a,+∞), and has a unique real root 1/δ−a. Similarly, by(λ) is strictly

decreasing on (−∞, 1/σ + 1/τ − a), is strictly increasing on (1/σ + 1/τ − a,+∞)

and by(λ) has a unique real root 1/σ − a. The functions bx(λ) and by(λ) can be

depicted as in Figure 7.33. Furthermore, we may easily see that bx(λ) < by(λ) when

λ < 1/τ − a and bx(λ) > by(λ) when λ > 1/τ − a, and their graphs intersect at

λ = 1/τ − a with

bx(1/τ − a) = by(1/τ − a) = −eaτ−1/τ.

If −eaτ−1/τ ≤ b < 0, then there is unique λb ∈ (1/σ − a, 1/τ − a] such that

by(λb) = b. So bx(λb) ≤ b. That is, y(λb) = 0 and x(λb) ≤ 0. Thus, G1 and G2

cannot intersect with each other (see Figure 7.31).

Suppose b < −eaτ−1/τ. If the equation by(λ) = b does not have a real solution,

then G1 and G3 intersect with each other (see Figure 7.32). Suppose the equation

by(λ) = b has a real root λb. Since by(λ) ≥ −eaτ−1/τ for λ ∈ (−∞, 1/τ − a], we see

that λb > 1/τ − a. So bx(λb) > b. That is, x(λb) > 0 and y(λb) = 0. Thus, G1 and

G2 intersect with each other as well (see Figure 7.30).

In summary, under the condition (7.49), G1 and G3 intersect with each other if,

and only if, b < −eaτ−1/τ.

In view of Figure A.13, the dual set of order 0 of G is the set of points (x, y) that

lies in the set ∧(G1)⊕∧(Θ0) when −eaτ−1/τ ≤ b < 0, and ∧(G1)⊕∧(G3)⊕∧(Θ0)

when
−eaτ
τe

δ

δ − τ
e

−τ

δ

σ

σ − τ
e

−τ

σ < b < −eaτ−1/τ.
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Fig. 7.33

The proof is complete.

7.4 Notes

Most of the results in this Chapter have been published in recent papers

[4, 8, 10, 17, 19–23]. However, our results are presented in a systematic man-

ner so that the specific reference for each result is difficult to pinpoint. Existence

and nonexistence of roots of functions have also been approached in different man-

ners. See for example the works by [15, 26–30, 38, 39]. In particular, the book [26]

contains material on distribution of complex roots.
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Appendix A

Intersections of Dual Sets of Order 0

A.1 Intersections of Dual Sets of Order 0

We collect here some dual sets of order 0 of plane curves that are made up of several

pieces of convex and concave functions. The principle for deriving these dual sets

are relatively easy as we may plot the distribution maps of the individual curves on

transparencies and overlay them on top of each other. Then the desired dual sets

can be obtained by inspection. Here, however, we may only simulate this process

by displaying the distribution maps side by side.

For easy reference, we will arrange our dual sets of order 0 according to the

number of component curves.

The first result has already been displayed in Figure 3.22 which is included here

for the sake of completeness. In this Figure, the rightmost subfigure will be referred

as Figure 3.22c. The other subfigures will also be named in similar manners.

Fig. A.1 Intersection of the dual sets of order 0 in Figures 3.5 and 3.17

Theorem A.1. Let c, d ∈ R such that c < d, G1 ∈ C1(c, d) and G2 ∈ C1[c,∞).

Suppose the following hold:

(i) G1 is strictly decreasing, strictly concave on (c, d) such that G1(c
+), G′

1(c
+) and

G(d−) exist as well as G′
1(d

−) = −∞;

(ii) G2 is strictly convex on [c,∞) such that G2 ∼ H+∞;

207
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(iii) G2(c) = G1(c
+) and G′

2(c) = G′
1(c

+).

Then the intersection of the dual sets of order 0 of G1 and G2 is ∨(G2χ[d,∞)).

The same principle can be used to derive a number of intersections of dual sets

of order 0 of various smooth convex or concave functions. We will be precise about

the conditions imposed on our functions and we will depict different dual sets of

order 0 as precise as possible. The proofs, however, will be sketched or omitted.

Theorem A.2. Let c, d ∈ R such that c < d, G1 ∈ C1(c, d) and G2 ∈ C1(−∞, d].

Suppose the following hold:

(i) G1 is strictly convex on (c, d) such that G1(c
+) = +∞ and G′

1(c
+) = −∞;

(ii) G2 is strictly concave on (−∞, d] such that G2(−∞) = γ ∈ R and G′
2(−∞) = 0;

(iii) G
(v)
1 (d−) = G

(v)
2 (d) for v = 0, 1.

Then the intersection of the dual sets of order 0 of G1 and G2 is ∧(G2χ(−∞,c]) ∪
(

∨(G1) ⊕ ∨(Θγχ(c,∞))
)

.

Fig. A.2 Intersection of the dual sets of order 0 in Figures 3.6 and 3.16

We remark that the conditions G2(−∞) = γ ∈ R and G′
2(−∞) = 0 imply

that G2 has the asymptote LG2|−∞ which is equal to Θγ . Since G1 is a strictly

decreasing function on (c, d), the equation G1(x) = γ has a unique root q in (c, d).

Hence, (α, β) ∈ ∨(G1) ⊕ ∨(Θγχ(c,∞)) if, and only if, α ∈ (c, q] and β > G1(α), or,

α > q and β ≥ γ.

Theorem A.3. Let c, d ∈ R such that c < d, G1 ∈ C1(c, d) and G2 ∈ C1(−∞, d].

Suppose the following hold:

(i) G1 is strictly concave on (c, d) such that G1(c
+), G1(d

−), G′
1(c

+) and G′
1(d

−)

exist;

(ii) G2 is strictly convex on (−∞, d] such that G2 ∼ H−∞;

(iii) G
(v)
1 (d−) = G

(v)
2 (d) for v = 0, 1.

Then the intersection of the dual sets of order 0 of G1 and G2 is ∨(LG1|c)⊕∨(G2).
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Fig. A.3 Intersection of the dual sets of order 0 in Figures 3.1 and 3.17

Theorem A.4. Let a, b, c ∈ R such that a < c and b < c, G1 ∈ C1(a, c) and

G2 ∈ C1(b, c]. Suppose the following hold:

(i) G1 is strictly concave on (a, c) such that G1(a
+), G′

1(a
+), G1(c

−) and G′
1(c

−)

exist;

(ii) G2 is strictly convex on (b, c] such that G2(b
−) = +∞ and G2 ∼ Hb−;

(iii) G
(v)
1 (c−) = G

(v)
2 (c) for v = 0, 1.

Then the intersection of the dual sets of order 0 of G1 and G2 is
(

∨(G2) ⊕ ∨(LG1|a)
)

∪
(

∧(G1χ(a,b]) ⊕∧(LG1|a

)

.

Fig. A.4 Intersection of the dual sets of order 0 in Figures 3.1 and 3.6

Theorem A.5. Let a, b ∈ R such that a < b, G1 ∈ C1(a, b) and G2 ∈ C1(−∞, b].

Suppose the following hold:

(i) G1 is strictly concave on (a, b) such that G1(a
+), G′

1(a
+) G1(b

−) and G′
1(b

−)

exist;

(ii) G2 is strictly convex on (−∞, b] such that LG2|−∞ exists;

(iii) G
(v)
1 (b−) = G

(v)
2 (b) for v = 0, 1.

Then the intersection of the dual sets of order 0 of G1 and G2 is
(

∨(G2) ⊕ ∨(LG1|a)
)

∪
(

∧(LG1|a) ⊕∧(LG2|−∞) ⊕∧(G1)
)
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Fig. A.5 Intersection of the dual sets of order 0 in Figures 3.1 and 3.16

Theorem A.6. Let a, b ∈ R such that a < b, G1 ∈ C1(a, b) and G2 ∈ C1(−∞, b].

Suppose the following hold:

(i) G1 is strictly concave on (a, b) such that G1(a
+), G1(b

−) and G′
1(b

−) exist and

G1 ∼ Ha+ ;

(ii) G2 is strictly convex on (−∞, b] such that LG2|−∞ exists;

(iii) G
(v)
1 (b−) = G

(v)
2 (b) for v = 0, 1.

Then the intersection of the dual sets of order 0 of G1 and G2 is ∨(G2) ∪
(

∧(LG2|−∞) ⊕ ∧(LG2|b)
)

.

Fig. A.6 Intersection of the dual sets of order 0 in Figures 3.5 and 3.16

Theorem A.7. Let c, d ∈ R such that c < d, G1 ∈ C1(c, d) and G2 ∈ C1(−∞, d].

Suppose the following hold:

(i) G1 is strictly concave on (c, d) such that G1(c
+), G1(d

−), and G′
1(d

−) exist and

G1 ∼ Hc+;

(ii) G2 is strictly convex on (−∞, d] such that G2 ∼ H−∞;

(iii) G
(v)
1 (d−) = G

(v)
2 (d) for v = 0, 1.

Then the intersection of the dual sets of order 0 of G1 and G2 is ∨(G2χ(−∞,c]).
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Fig. A.7 Intersection of the dual sets of order 0 in Figures 3.5 and 3.17

Theorem A.8. Let d ∈ R, G1 ∈ C1(−∞, d) and G2 ∈ C1(−∞, d]. Suppose the

following hold:

(i) G1 is strictly concave on (−∞, d) such that G1(d
−), G′

1(d
−), LG1|−∞ exist;

(ii) G2 is strictly convex on (−∞, d] such that G2 ∼ H−∞;

(iii) G
(v)
1 (d−) = G

(v)
2 (d) for v = 0, 1.

Then the intersection of the dual sets of order 0 of G1 and G2 is ∨(G2)⊕∨(LG1|−∞).

Fig. A.8 Intersection of the dual sets of order 0 in Figures 3.10 and 3.17

Fig. A.9 Intersection of the dual sets of order 0 in Figures 3.11 and 3.17
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Theorem A.9. Let c ∈ R, G1 ∈ C1(c,∞) and G2 ∈ C1[c,∞). Suppose the follow-

ing hold:

(i) G1 is strictly convex (c,∞) such that G1 ∼ H+∞;

(ii) G2 is strictly concave on [c,∞) such that −G2 ∼ H+∞;

(iii) G
(v)
1 (c+) = G

(v)
2 (c) for v = 0, 1.

Then the intersection of the dual sets of order 0 of G1 and G2 is empty.

Theorem A.10. Let c, d ∈ R such that c < d, G1 ∈ C1(c, d) and G2 ∈ C1(−∞, c].

Suppose the following hold:

(i) G1 is strictly concave on (c, d) such that G1(c
+), G1(d

−) and G′
1(d

−) exist and

G′
1(c

+) = 0.

(ii) G2 is strictly convex on (−∞, c] such that G2 ∼ H−∞;

(iii) G
(v)
1 (c+) = G

(v)
2 (c) for v = 0, 1.

Then the intersection of the dual sets of order 0 of G1 and G2 is ∨(G2)⊕∨(LG1|d)⊕
∨(Θ0).

Fig. A.10 Intersection of the dual sets of order 0 in Figures 3.1 and 3.17

Fig. A.11 Intersection of the dual sets of order 0 in Figures 3.1 and 3.16
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Theorem A.11. Let a, b ∈ R such that a < b, G1 ∈ C1(a, b) and G2 ∈ C1(−∞, a].

Suppose the following hold:

(i) G1 is strictly concave on (a, b) such that G1(a
+), G1(b

−) and G′
1(b

−) exist and

G′
1(a

+) = 0;

(ii) G2 is strictly convex on (−∞, a] such that G′
2(−∞) exists;

(iii) G
(v)
1 (c+) = G

(v)
2 (c) for v = 0, 1.

Then the intersection of the dual sets of order 0 of G1, and G3 is {∨(Θ0)⊕∨(G2)⊕
∨(LG1|b)} ∪ {∧(Θ0) ⊕∧(LG2|−∞)}

Theorem A.12. Let G1 ∈ C1(−∞, 0) and G2 ∈ C1(R). Suppose the following

hold:

(i) G1 is strictly concave on (−∞, 0) such that G1(0
−) = G′

1(0
−) = 0 and LG1|−∞

exists;

(ii) G2 is strictly convex on R such that G2 ∼ H−∞ and LG2|+∞ exists.

(iii) LG1|−∞ = LG2|+∞.

Then the intersection of the dual sets of order 0 of G1 and G2 is ∨(G2).

Fig. A.12 Intersection of the dual sets of order 0 in Figures 3.10 and 3.19

Theorem A.13. Let c, d ∈ R such that c < d, G1 ∈ C1[c, 0), G2 ∈ C1(c, d) and

G3 ∈ C1(−∞, d]. Suppose the following hold:

(i) G1 is strictly convex on [c, 0) with G′
1(0

−) = 0 and G1(0
−) = 0;

(ii) G2 is strictly concave on (c, d);

(iii) G3 is strictly convex on (−∞, d] such that G3 ∼ H−∞;

(iv) G
(v)
1 (c) = G

(v)
2 (c+) and G

(v)
3 (d) = G

(v)
2 (d−) for v = 0, 1.

Then the intersection of the dual sets of order 0 of G1, G2 and G3 is ∨(G1)⊕∨(G3)⊕
∨(Θ0).
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Fig. A.13 Intersection of the dual sets of order 0 in Figure A.3c and 3.7

We remark that the graphs G1 and G2 may or may not intersect. In case they

do not intersect, we may easily see that the more precise expression ∨(G3)⊕∨(Θ0)

holds for the intersection.

Fig. A.14 Intersection of the dual sets of order 0 in Figures A.3c and 3.17

Theorem A.14. Let c, d ∈ R such that c < d, G1 ∈ C1[c,∞), G2 ∈ C1(c, d) and

G3 ∈ C1(−∞, d]. Suppose the following hold:

(i) G1 is strictly convex on [c,∞) such that G1 ∼ H+∞;

(ii) G2 is strictly concave on (c, d);

(iii) G3 is strictly convex on (−∞, d] such that G3 ∼ H−∞;

(iv) G
(v)
1 (c) = G

(v)
2 (c+) and G

(v)
3 (d) = G

(v)
2 (d−) for v = 0, 1.
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Then the intersection of the dual sets of order 0 of G1, G2 and G3 is ∨(G1)⊕∨(G3).

Theorem A.15. Let a, b, c ∈ R such that a < b and a < c, G1 ∈ C1[a, b), G2 ∈
C1(a, c) and G3 ∈ C1(−∞, c]. Suppose the following hold:

(i) G1 is strictly convex on [a, b) such that G1(b
−) = +∞ and G1 ∼ H−∞;

(ii) G2 is strictly concave on (a, c);

(iii) G3 is strictly convex on (−∞, c] such that G3 ∼ H−∞;

(iv) G
(v)
1 (c) = G

(v)
2 (c+) and G

(v)
3 (d) = G

(v)
2 (d−) for v = 0, 1.

Then the intersection of the dual sets of order 0 of G1, G2 and G3 is ∨(G3χ(−∞,b))⊕
∨(G1).

Fig. A.15 Intersection of the dual sets of order 0 in Figures A.3c and 3.9

Fig. A.16 Intersection of the dual sets of order 0 in Figures A.3c and 3.16

Theorem A.16. Let a, c ∈ R such that a < c, G1 ∈ C1[a,∞), G2 ∈ C1(a, c) and

G3 ∈ C1(−∞, c]. Suppose the following hold:

(i) G1 is strictly convex on [a,∞) such that LG1|+∞ exists;

(ii) G2 is strictly concave on (a, c);

(iii) G3 is strictly convex on (−∞, c] such that G3 ∼ H−∞;

(iv) G
(v)
1 (a) = G

(v)
2 (a+) and G

(v)
3 (c) = G

(v)
2 (c−) for v = 0, 1.
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Then the intersection of the dual sets of order 0 of G1, G2 and G3 is ∨(G3)⊕∨(G1).

Theorem A.17. Assume a, b, c ∈ R such that a < b and a < c, G1 ∈ C1[a, b),

G2 ∈ C1(a, c) and G3 ∈ C1(−∞, c]. Suppose the following hold:

(i) G1 is strictly concave on [a, b) such that G1(b
−) = −∞;

(ii) G2 is strictly decreasing and strictly convex on (a, c);

(iii) G3 is strictly concave on (−∞, c] such that LG3|−∞ = Θγ ;

(iv) G
(v)
1 (a) = G

(v)
2 (a+) and G

(v)
3 (c) = G

(v)
2 (c−) for v = 0, 1.

Then the intersection of the dual sets of order 0 of G1, G2 and G3 is
(

∧(G1) ⊕ ∧(G3χ(−∞,b))
)

∪
(

∨(G2χ[b,c)) ⊕ ∨(Θγ)
)

.

Fig. A.17 Intersection of the dual sets of order 0 in Figures A.4c and 3.16

We remark that in case c > b and G2(b) < γ, or, c > b and G2(a
+) < γ, or,

c = b and G2(c
−) < γ, or, c < b, then the more precise conclusion

(

∧(G1) ⊕ ∧(G3χ(−∞,b))
)

∪
(

∨(Θγχ[b,∞))
)

holds in the above Theorem. See the last subfigure for the case where c > b and

G2(b) < γ.

Theorem A.18. Let c, d ∈ R, G1 ∈ C1(−∞, d), G2 ∈ C1(c,∞) and G3 ∈
C1[c,∞). Suppose the following hold:

(i) G1 is strictly convex on (−∞, d) such that LG1|−∞ exists, G1(d
−) = +∞ and

G1 ∼ Hd− ;
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(ii) G2 is strictly concave on (c,∞) such that G2(c
+), G′

2(c
+) and LG2|+∞ exist;

(iii) G3 is strictly convex on [c,∞) such that G3 ∼ H+∞;

(iv) G
(v)
2 (c−) = G

(v)
3 (c) for v = 0, 1;

(v) LG1|−∞ = LG2|+∞.

Then the intersection of the dual sets of order 0 of G1, G2 and G3 is ∨(G1).

Fig. A.18 Intersection of the dual sets of order 0 in Figures 3.13 and A.8c

Theorem A.19. Let c, d ∈ R, G1 ∈ C1(0, d], G2 ∈ C1(c, d) and G3 ∈ C1(−∞, c].

Suppose the following hold:

(i) G1 is strictly convex on (0, d] such that G1(0
+) = 0 and G′

1(0
+) exists;

(ii) G2 is strictly concave on (c, d) such that G2(d
−) and G′

2(d
−) exist, G2(c

+) =

G′
2(c

+) = 0;

(iii) G3 is strictly convex on (−∞, c] such that G3 ∼ H−∞;

(iv) G
(v)
1 (d) = G

(v)
2 (d−) and G

(v)
2 (c) = G

(v)
3 (c+) for v = 0, 1.

Then the intersection of the dual sets of order 0 of G1, G2 and G3 is ∨(G3) ⊕
∨(LG1|0) ⊕∨(Θ0).

Fig. A.19 Intersection of the dual sets of order 0 in Figures 3.1 and A.10c

Theorem A.20. Let c, d ∈ R such that c < d, G1 ∈ C1(0, d], G2 ∈ C1(c, d) and

G3 ∈ C1(−∞, c]. Suppose the following hold:
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(i) G1 is strictly convex on (0, d] such that G1(0
+) = 0 and G1 ∼ H0+ ;

(ii) G2 is strictly concave on (c, d) such that G2(d
−) and G′

2(d
−) exist, G2(c

+) =

G′
2(c

+) = 0;

(iii) G3 is strictly convex on (−∞, c] such that G′
3(c) = 0 and G3 ∼ H−∞;

(iv) G
(v)
1 (d) = G

(v)
2 (d−) and G

(v)
2 (c+) = G

(v)
3 (c) for v = 0, 1.

Then the intersection of the dual set of order 0 of G1, G2 and G3 is {(x, y) ∈ R2 :

x ≥ 0 and y > 0}.

Fig. A.20 Intersection of the dual sets of order 0 in Figures 3.8 and A.10c

Theorem A.21. Let a, b ∈ R such that a < b, G1 ∈ C1(0, b], G2 ∈ C1(a, b) and

G3 ∈ C1(−∞, a]. Suppose the following hold:

(i) G1 is strictly convex on (0, b] such that G1(0
+) = 0 and G1 ∼ H0+ ;

(ii) G2 is strictly concave on (a, b) such that G2(b
−) and G′

2(b
−) exist, G2(a

+) =

G′
2(a

+) = 0;

(iii) G3 is strictly convex on (−∞, a] such that G′
3(−∞) exists;

(iv) G
(v)
1 (b) = G

(v)
2 (b−) and G

(v)
2 (a+) = G

(v)
3 (a) for v = 0, 1.

Then the intersection of the dual set of order 0 of G1, G2 and G3 is {(x, y) ∈ R2 :

x ≥ 0 and y > 0} ∪ {∧(Θ0) ⊕∧(LG3|−∞)}

Fig. A.21 Intersection of the dual sets of order 0 in Figures 3.8 and A.11c
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Theorem A.22. Let c < 0, G1 ∈ C1(−∞, 0), G2 ∈ C1(c,∞) and G3 ∈ C1(−∞, c].

Suppose the following hold:

(i) G1 is strictly convex on (−∞, 0) such that G(0−) = G′
1(0

−) = 0 and LG1|−∞

exists;

(ii) G2 is strictly concave on (c,∞) such that LG2|+∞ exists;

(iii) G3 is strictly convex on (−∞, c] such that G3 ∼ H−∞;

(iv) G
(v)
2 (c+) = G

(v)
3 (c) = 0 for v = 0, 1;

(v) LG1|−∞ = LG2|+∞.

Then the intersection of the dual sets of order 0 of G1, G2 and G3 is ∨(G1)⊕∨(G3)⊕
∨(Θ0χ[0,∞)).

Fig. A.22 Intersection of the dual sets of order 0 in Figures 3.10 and 3.16

Fig. A.23 Intersection of the dual sets of order 0 in Figures 3.12 and A.8c

Theorem A.23. Let c, d ∈ R, G1 ∈ C1(−∞, d), G2 ∈ C1(c,∞) and G3 ∈
C1[c,∞). Suppose the following hold:

(i) G1 is a strictly convex on (−∞, d) such that LG1|−∞ exists, G1(d
−) = γ ∈ R

and G′
1(d

−) = +∞;

(ii) G2 is a strictly concave function on (c,∞) such that G2(c
+), G′

2(c
+) and

LG2|+∞ exist;
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(iii) G3 is a strictly convex on [c,∞) such that G3 ∼ H+∞;

(iv) G
(v)
2 (c−) = G

(v)
3 (c) for v = 0, 1;

(v) LG1|−∞ = LG2|+∞.

Then the intersection of the dual sets of order 0 of G1, G2 and G3 is
(

∨(G1χ(−∞,d))
)

∪
(

∨(Θγχ{d})
)

.

We remark that (α, β) ∈
(

∨(G1χ(−∞,d))
)

∪
(

∨(γχ{d})
)

if, and only if, α < d and

β > G1(α), or, α = d and β ≥ γ.

Theorem A.24. Let a, b, c ∈ R such that a < c and a < b, G1 ∈ C1(a, c], G2 ∈
C1(a, b) and G3 ∈ (−∞, b]. Suppose the following hold:

(i) G1 is strictly convex on (a, c] such that G1(a
+) and G′

1(a
+) exist;

(ii) G2 is strictly concave on (a, b) such that G2(a
+), G′

2(a
+), G2(b

−), and G′
2(b

−)

exist;

(iii) G3 is strictly convex on (−∞, b] such that LG3|−∞ exists;

(iv) G
(v)
1 (a) = G

(v)
2 (a+) and G

(v)
3 (b) = G

(v)
2 (b−) for v = 0, 1.

Then the intersection of the dual sets of order 0 of G1, G2 and G3 is (∨(G1) ⊕
∨(G3) ⊕ ∨(LG1|c)) ∪ (∧(G2) ⊕∧(LG1|c) ⊕∧(LG3|−∞)).

Fig. A.24 Intersection of the dual sets of order 0 in Figures 3.7 and A.5c

Theorem A.25. Let a, b, c ∈ R such that a < b, G1 ∈ C1(a, b), G2 ∈ C1(−∞, b],

G3 ∈ C1(c,∞) and G4 ∈ C1[c,∞). Suppose the following hold:

(i) G1 is strictly concave (a, b) such that G1(a
+), G1(b

−) and G′
1(b

−) exist and

G′
1(a

+) = +∞;

(ii) G2 is strictly convex on (−∞, b] such that LG2|−∞ exists;

(iii) G3 is strictly concave on (c,∞) such that G3(c
+), G′

3(c
+) and LG3|+∞ exist;

(iv) G4 is strictly convex on [c,∞) such that G4 ∼ H+∞;

(v) G
(v)
1 (b−) = G

(v)
2 (b) and G

(v)
3 (c−) = G

(v)
4 (c) for v = 0, 1;

(vi) LG2|−∞ = LG3|+∞.
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Then the intersection of the dual sets of order 0 of G1, G2, G3 and G4 is

∨(G2χ(−∞,a]).

Fig. A.25 Intersection of the dual sets of order 0 in Figures A.5c and A.8c

Fig. A.26 Intersection of dual sets of order 0 in Figures A.6c and A.8c

Theorem A.26. Let a, b, c ∈ R such that a < b, G1 ∈ C1(a, b), G2 ∈ (−∞, b],

G3 ∈ C1(c,∞) and G4 ∈ C1[c,∞). Suppose the following hold:

(i) G1 is strictly concave on (a, b) such that G1(a
+), G′

1(a
+), G1(b

−) and G′
1(b

−)

exist;

(ii) G2 is strictly convex on (−∞, b] such that LG2|−∞ exists;

(iii) G3 is strictly concave on (c,∞) such that G3(c
+), G′

3(c
+) and LG3|+∞ exist;

(iv) G4 is strictly convex on [c,∞) such that G4 ∼ H+∞;

(v) G
(v)
1 (b−) = G

(v)
2 (b) and G

(v)
3 (c−) = G

(v)
4 (c) for v = 0, 1;

(vi) LG2|−∞ = LG3|+∞.

Then the intersection of the dual sets of order 0 of G1, G2, G3 and G4 is ∨(G2) ⊕
∨(LG1|a).

Theorem A.27. Let c, d ∈ R such that c < d, G1 ∈ C1(−∞, 0), G2 ∈ C1[c,∞),

G3 ∈ C1(c, d) and G4 ∈ C1(−∞, d]. Suppose the following hold:
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(i) G1 is strictly concave on (−∞, 0) such that G1(0
−) = G′

1(0
−) = 0 and LG1|−∞

exists;

(ii) G2 is strictly convex on [c,∞) such that LG2|+∞ exists;

(iii) G3 is strictly concave on (c, d);

(iv) G4 is strictly convex on (−∞, d] such that G4 ∼ H−∞;

(v) G
(v)
2 (c) = G

(v)
3 (c+) and G

(v)
3 (d−) = G

(v)
4 (d) for v = 0, 1;

(vi) LG2|+∞ = LG1|−∞.

Then the intersection of the dual sets of order 0 of G1, G2, G3 and G4 is ∨(G2) ⊕
∨(G4).

Fig. A.27 Intersection of dual sets of order 0 in Figures 3.16 and A.16c

Fig. A.28 Intersection of dual sets of order 0 in Figures A.24c and 3.17

Theorem A.28. Let a, b, c ∈ R such that a < b, G1 ∈ C1[a,∞), G2 ∈ C1(a, b),

G3 ∈ C1(c, b] and G4 ∈ C1(−∞, c]. Suppose the following hold:

(i) G1 is strictly concave on [a,∞) such that LG1|+∞ exists;

(ii) G2 is strictly convex on (a, b) such that G2(a
+), G′

2(a
+), G2(b

−) and G′
2(b

−)

exist;

(iii) G3 is strictly concave on (c, b] such that G3(c
+) and G′

3(c
+) exist;

(iv) G4 is strictly convex on (−∞, c] such that G4 ∼ H−∞;

(v) G
(v)
1 (a) = G

(v)
2 (a+), G

(v)
2 (b−) = G

(v)
3 (b) and G

(v)
3 (c+) = G

(v)
4 (c) for v = 0, 1.
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Then the intersection of the dual sets of order 0 of G1, G2, G3 and G4 is ∨(G2) ⊕
∨(G4) ⊕ ∨(LG1|+∞) ⊕∨(LG3|c).

Theorem A.29. Let a, b, c ∈ R, a < 0, G1 ∈ C1(−∞, 0), G2 ∈ C1[b,∞), G3 ∈
C1(b, c), G4 ∈ C1(a, c] and G5 ∈ C1(−∞, a]. Suppose the following hold:

(i) G1 is strictly convex and strictly decreasing on (−∞, 0) such that G1(0
−) =

G′
1(0

−) = 0 and LG1|−∞ exists;

(ii) G2 is strictly concave and strictly decreasing on [b,∞) such that G2(b) < 0 and

LG2|+∞ exists;

(iii) G3 is strictly convex and strictly decreasing on (b, c);

(iv) G4 is strictly concave and strictly decreasing on (a, c];

(v) G5 is strictly convex and strictly decreasing on (−∞, a] such that G5 ∼ H−∞;

(vi) G
(v)
2 (b) = G

(v)
3 (b+), G

(v)
3 (c−) = G

(v)
4 (c), G

(v)
4 (a+) = G

(v)
5 (a) = 0 for v = 0, 1;

(vii) LG1|−∞ = LG2|+∞.

Then the intersection of the dual sets of order 0 of G1, G2, G3, G4 and G5 is

∨(G5) ⊕ ∨(G1) ⊕ ∨(Θ0χ[0,∞)).

Fig. A.29 Intersection of dual sets of order 0 in Figures 3.10 and A.28c

Fig. A.30 Intersection of the dual sets of order 0 in Figures A.8c and A.21c

Theorem A.30. Let a, b, c ∈ R such that a < c, G1 ∈ C1(0, c], G2 ∈ C1(a, c),
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G3 ∈ C1(−∞, a], G4 ∈ C1(b,+∞) and G5 ∈ C1[b,+∞). Suppose the following

hold:

(i) G1 is strictly convex on (0, c] such that G1(0
+) = 0 and G1 ∼ H0+ ;

(ii) G2 is strictly concave on (a, c) such that G2(a
+) = G′

2(a
+) = 0;

(iii) G3 is strictly convex on (−∞, a] such that G′
3(−∞) exists;

(iv) G4 is strictly concave on (b,+∞) such that G′
4(+∞) exists;

(v) G5 is strictly convex on [b,+∞) such that G′
5 ∼ H+∞;

(vi) G
(v)
1 (c) = G

(v)
2 (c−), G

(v)
2 (a+) = G

(v)
3 (a) and G

(v)
4 (b+) = G

(v)
4 (b) for v = 0, 1.

(vii) LG3|−∞ = LG4+∞.

Then the intersection of the dual set of order 0 of G1, G2 and G3 is {(x, y) ∈ R2 :

x ≥ 0 and y > 0}.
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